BY THE SAME AUTHOR 


Three Dimensional Differential Geometry (2nd Edition ) 
Mathematical Theory of Electromagnetism 
Elements of Tensor Theory 


(1966) 

( 1965 ) 

(1967) 



THEORETICAL 


H YDRODYNAMICS 

A VECTORIAL TREATMENT 
FOR POST-GRADUATE STUDENTS 


BANST LAL 


Second Edition 

Revised and Enlarged 


1967 

ATM A RAM & SONS 

DELHI— NEIV D ELHI — CHANDIG ARH— JAIPUR— LUCKNO W 



This book is supplied subject to the condition that it must 
not, by way of trade, be lent, re-sold, hired cm, or otherwise 
disposed of fully or in part without the written permission 
of the author and the publishers, in any form of binding 
or cover other than that in which it is published. No person 
U permitted to write a 'Key' to this book. 


First Edition March 1961 

Second Edition April 1967 

© 1967, ATMA It AM «£ SONS, DELHI. 6 

Pvblithtd by 
Ram Lnl Pury 
of 

ATMA RAM & SONS 

Booksellers & 

P. O, Box 
(H.O.) Kasbmcro 


" Brdutha 


Haur- Khos 
Chaura Rasta 
University Enclave 
17, Ashok Marg 


NEW DELHI 
JAIPUR 
CHANDIGARH 
LUCKNOW 


Price Rs. 16-50 only . 
Foreign $ 5-00 sh. 30 


Printed by Ilarbans Lai Gupta 
c: 

India Printers 
Esplanade Poad 
DclhiAi (India) 



To my 



(Mother) 


To whom l owe more than 


I can possibly express 



PREFACE TO THE SECOND EDITION 

Theoeetical Hybeodyxamics is the second edition of tho work, originally 
published under the title ‘Elejientap.y Hydeodyicamics’ in March 1951, In 
preparing the second edition of this book, I have been guided by suggestions 
kindly made to me by the users of the first edition of the book. These include 
a large number of teachers in the length and breadth of thi3 country, ns well 
a3 the students at the University of Delhi whom I taught out of this text for 
several years at tho University Campus. There appeared to be no compelling 
reasons for making major changes in the structure of this work. The greatest 
change, however, consists in the reorganization of tho material dealt v. ith 
besides some minor changes made throughout the text, some of which Bhould 
prove of great interest : 

Chapter 0 : “Some Subsidiary Results” has been inserted which provides the 
brief retsume of results on vectors, notational devices, tensors, complex- 
variable, etc. This makes the book self-contained with regard to the use of 
subsidiary results from various mathematical disciplines. Chapter 1 collects 
all (?) the ‘Hydrokinematics’ and contains ‘Reynolds transport theorem (p. 22) 
which I could use to developo Enlerian form of continuity-condition via 
Lagrangian system (p. 44). Hydrodynamicat eingularif'es (sources, vortices, 
etc.) are introduced much earlier (p. 38) than is usual and the continuity 
conditions are developed in the presence of all such singularities (p. 39, 45, 
47, 4S), the results obtained being more general than those ordinan'liy avail- 
able. A method of writing the continuity-conditions is also outlined (p, 53). 
Rotational and irrotational motions are regarded as two facets Of the general 
motion as a whole and hence both these aspects aro dealt with simultaneously. 
Chapter 2 introduces the ‘hydrokinetics’, and besides other vital concepts, 
exploits fully the ‘‘energy principle” (p. 102). The occurrence of vector 
potential in general fluid motion (p. 129) is also noted. Chapter 3, (pp. 124-234) 
is the largest in the text and is devoted to ‘special methods for non-viscous 
liquids’. Here, on extensive use is made of complex- vaiiablo theory and con- 
formal transformations, in dealing with rotational os well as irrotaticnal 
fluid motions. Images in two dimensions are extensively dealt with, and 
‘Circle theorem’ as well as 'Blassius theorem’ is used with advantage, Stokes 
stream function (p. 221) is introduced and is subsequently used in some three 
dimensional images. Chapter 4 deals with motion of cylinders and spheres; 
s.tudy of circular cylinder being separated from that of elliptic cylinder only 
for the sake of simplicity. Motion of sphere, though a three-dimensional motion, 
is included here in this chapter, as Butlers’ sphere theorem (p. 273) in three 
dimensions plays the same part as does the ‘Milne-Thompson circle theorem 
in two-dimensions, thus making the treatments similar. Chapter 5 deals with 
gravity- controlled liquid waves, and is reprinted almost unaltered from the 
first edition of this book. Chapter 6 depicts further use of con formal transfor- 
mations in fluid dynamics, with a particular reference to transformation of 
Joukowski, as well as those of Schwarz and ChriEtoffel. The book ends with a 
short account of viscosity, where my main purpose is to obtain Kavier-Stokes 
equations in various co-ordinate systems (e g. curvilinear). Viscous flow between 
parallel planes and concentric popes has also been studied, A brief account of 
‘Reynolds numbers’ and boundary layer theory is also offered. In the treatment 
of viscosity, slight use of cartesion tensors is made of. 

I have tried to refer to almost all the important result 0 by proper names, e.g, 
Lagrange acceleration relation (p. 24), Caucby-Stokes deeomoposition theorem 
(p. 23), integrals of tho Eulers’ equations of motion under various conditions 
(p. 73) as Cauchy’s pressure equation, Caacby-Bernoulli equation, Ceuchy-Euler 
equation, etc. I have, combined the results of Cauchy-residue theorem and 
Blasius theorem and have called this result by the name of ‘Cauehy-BJasius 
theorem (p. 153) thus offering shorter descriptions for calculations. Where proper 
names were not possible, the results aro pin-pointed by suitable labelling, e.g, 
problem of complete stream lining (p. 240), motion without (or with) circulation 
<p. 258) etc. - • 
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: Some Subsidiary Results 


0.10. Brief resume of vector analysis. Since the use of vectors not 
oniy simplifies and condenses the exposition of hydrodynamics but 
also makes mathematical and physical concepts more tangible and 
easy to grasp, it is proposed to give the vectorial treatment of what 
follows in these pages. Throughout this text book, bold face type is 
used to denote vector quantities. 

If a, b and c are any vector functions (of position), then with the 
vector notation 


a=ifl I -f-j£ 7 2 +kff 3 =(fl 1 , a „, a 3 ,) ; b =(b,, b 2 , b 2 ), etc. 
•we have the following rules of vector algebra : * 

a.b=b.a==fl 1 b 1 -f-fl,b 2 -}-i? 3 b 3 =ab cos ® 
axb=— bxa ~ab sin 0 n=£i (a 2 b 3 — n 3 h 2 ) 
a.(b+c)=a.b+a.c ; ax(b + c)=axb+axc 
a . (b x c)— (a x b) . c=b . (cx a)=S fli(&>c 3 — b s c s ) 
ax(bxc)=b(a .c)~c(a.b). 


The vector operator V (called del) is defined by 

v=i A. +1 A_ +k l.=(± A. JL\ 

dx dy dz ~\dx ’ d y ’ dz ) 

Then, if 4>(x, y, z) and a (at, y, z) have continuous first partial 
derivatives in a region, we have the following definitions : 

Gradient. The gradient of the scalar point function is defined by 

gra^-v^-iff+jg+kg. 

Divergence. The divergence of the vector point function a is defined 
by 


div a= 


-v a— — a.— ' 
■ V - a- 3* + 0y T 3z 


Curl. The curl of the vector point function a is defined by , 


Laplacian. The divergence of the grad <f> is called the Laplacian of $ ; 
fihus 
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SUMMARY OF VECTOR RESULTS 


[§ 0 . 10 ' 


02 02 02 

Then operator V 2 =g-^+,^p+;pp is called the LapTacicm operator. 


Formulae involving V operator 

div (a0)=0 div a+grad <f > . a (!)■ 

div (a x b)=b . curl a— a . curl b (2) 

curl (a$)=<£ curl a+grad cf>x a (3)' 

curl (axb)=a div b— b div a+(b. v) a— (a. V) b (4) 

grad (a.b)=(a. V) b+(b. V) a+axcurl b+bxcurla (5) 
(a. V) a=V(fl 2 /2)— axcurla (5'> 

curl grad $=0, div curl a=0 (6> 

curl curl a=grad div a— v 2 a (7) 


Note. The vector operator V 2 must be distinguished from the 
scalar V 2 , meaning div grad. 

In Cartesian coordinates only, v 2 q=(V 2 +, V 2 7 2 > 7 2 7 3 ). 

In any other coordinate system; V 2 q=grad div q— curl curl q. 

Vector integrals. Listed hereunder are the more common vector 
integral theorems ; q being any vector point function. 


Gauss’ divergence theorm : 

q.ds= div q dv 
s J c 

(8)> 


nxq ds— 1 curl q dv 
s J V 

(8') 

Green’s theorem : | v v ^ • V<1> • </s— J ^V 2 '}' dv 

(9)i 


=J <l>V<p.ds— J" ij/V 2 $ dv 

(9'> 

and hence : J^(^>v 2 4'— 1 'I'V 2 ^) 

(10} 

Stokes’ theorem : | q.rfr=J curl q.ds 

(11} 


The proofs of the last two theorems are given in §0.40, p. 6 andi 
§1.50, p. 30. 

Notes, (i) .ds=(d<f>!dn) ds 


(ii) </q=2g- dx=?(i i dx).( i ^r) q=(rfr. V) q 

(iii) d(f>-(dr.v) <p=dv .(V<j>)—dr . Y0 

v ' p F p <jn dn J V p dnJ dn J p J P - 
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§0.20] 


0.20 Brief resume of genera! orthogonal curvilinear coordinates 
Consider three independent orthogonal families of surfaces 

ffx, y, z)=oc, /«(*, y, z)=p, 

fs(x, y, z)=Y (1) 

where x, 7 , r, are the Cartesian coordi- 
nates. The surfaces 

a=const., p=const., y=const.. 
form an orthogonal system and the 
values of a, p, y may be used as the 
coordinates (< orthogonal curvilinear 
coordinates) of a point in space. The 
relation between the two systems of 
coordinates x, y, 2 and a, (3, y may be 
expressed by equation ( 1 ) or 

x=*0, [3, y), y=y(<x, (3, y), z=z(a, (3, y). 

The surfaces a=c 5 , p=c,, y=r 3 where c 3> c 2> c s are constants, are 
called coordinate surfaces. 

Let be the position vector of a point P. Then (1) can 

be written as r=r (a, p, y). A tangent vector to the a-curve at P 
(for which (3 and y are constants) is 3 r/ 3 a ; hence a unit tangent 
vector in this direction is 



where 


Her/ i §j *■ Ir”' 1 '' 1 


Similarly, the unit vectors e 2 and 03 to the [3-curve and y-curve are 
given by (3r/3P)=/; 2 e 2 and (.drldf)=Ji 3 e z . The quantities h x , h 2 , h z are 
called scale factors. 

From r=r (a, {3, y), we get 

dr=(3r/3a) dz-}-(3r/3p)£/p-f-(3r/3y) dy 
=h x d7. dp C 2 -rh 3 dy e 3 . 

Thus, ds 2 =dr . dt=hf~ d-P+hf dfP+hf- df. 


Also, along ct-curve, P and y are constants so that dr x =h x d% e,, 
whence dsx—hjda.. Similarly, the differential arc lengths along 
p-curve and y-curve at P are d.r 2 =/ 7 2 dp and ds 3 ~h 3 dy. If then we 
draw the surfaces corresponding to a, a+dx ; p, p-f dS ; y, y-f dy, we 
obtain an elementary curvilinear parallelopiped whose edges are 
/qda, /; 2 dp, h 3 dy (vide Fig. §1.73). 

We shall now require the following vector definitions ; for any scalar 
and for any vector q=(g l3 <j 2 , q 3 ) : 



J. M _1 3$') 

d 2 cP ’ d 3 3y / 


m 
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div ’“vbiljl (WA)+ W (, ' a,!)+ s 7 <v ' i?s) ] <2) 

Denoting curl q by (0 =(«i, w 2 , co 3 ) ; 

"■”85 JF {hA) ^'k (, ' !?!> . 

Also required is the vector curl <0, whose components are of the 
form (3) with (q t , q 2 , q 3 ) replaced by (6> lt m 2 , <o 3 ). 



Two special coordinate systems. 

(A) Cylindrical polarcoofdinates(r, 0 ,z). 

Here (a, ( 3 , y)=(;-, 0 , z) ; related to 
Cartesian coordinates by 

x=r cos 0, y—r sin 0, z—z 
(r> 0, 0 < 0 < 27 r, — oo<z<oo) 
scale factors : h x — 1, fa—r, h 3 —l. 
Volume element: dx dy dz=rdO dr dz 
For the scalar^ and vector q=(? 1 , q z ,q 3 ) 
in the directions (r, 0, z) : 




(Ax) 



(A?) 

(lt-1?' !?-!?• 7 £<**- 

1 3<7t\ 
‘ r 30 J 

(A 3 ) 



(Ax) 


<B) Spherical polar coordinates (r, G, 9) 

Here (a, [ 3 , Y)=(r, 0,9) ; relatad to 
Cartesion coordinates ray 

x=r sin 0 cos 9, ;> = rsin 0 sin 9, 
z=r cos 0 

(r>0, 0<G<~, 0'<9<2 tz) 

Scale factors : ^=1, h 2 —r, h 3 =r sin 0 
Volume element ; dx dy dz~- 

r 2 sin 0 dr dQ dtp 

For the scalar ty and vector q=(qi, q 2 , q 3 ) in the directions (r, 0 , 9) : 





§0.20] 


CONNECTED REGIONS 


5 


, , (c'b 1 C<P 1 d'P \ 

^ ^ \cE ’ r gO ’ rsinOg? J 
div <5= 7-r Jr fsin e <? 2 R 


I 8^3 


where 


/•sin 0 gF vol “ v 
curl q=6) =(g>j, <a 2 , ca 3 ). 


(Bj) 

(B 2 ) 


"-rsre[|-fe si " 6 >~§?]- -- Jr H 


(B 3 ) 


I 3 / ,8'i \ , 1 8 f , 1 8 z i 

V r 2 cA T or j r" sin 0 g0 V sm g0 J ' r- sin 2 6 g? 2 


0.30. A note on connectivity. A region of space is said to be con- 
nected if a path joining any two points of the same lies entirely in 
the given region. 

When the two paths taken together form a reducible circuit, they 
are termed reconcilable. And when one circuit can be continuously 
varied so as to coincide with another circuit without leaving the 
region, the two circuits are called reconcilable. 

A simply connected ( acyclic ) region is one in which all paths 
connecting any two points within the region can be deformed into 
one another without passing outside the region. Obviously, in sunply 
connected region, every circuit is reducible, i.e., it can be contracted 
to a point of the region without ever passing out of it. 

Examples of simply connected region : 

(i) The region between two concentric spheres. 

(ii) Un-bounded space. 

(iii) Region interior to sphere and region exterior to a sphere, etc. 



Triply Connected Simply Connected 

A region is said to be doubly connected if it can be made simply 
connected by the insertion of one barrier. 

Examples of Doubly Connected region : 

(i) Region between two co-axial infinitely long cylinders. 

(ii) Region exterior to an infinitely long cylinder. 
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(iii) Region interior to an anchor ring ; region exterior to an anchor 
ring, etc. 

In general, a region is said to be r-ply connected if it can be made 
simply connected by the insertion of (r— J) barriers. 

The above definitions can also be expressed as under : 

A domain is called simply connected, if the frontier thereof consists 
of a single continuum. Generally, a domain is called r-ply connected 
if the frontier of the same consists of r distinct continuua. 

Note : Fortunately, the multiply-connected regions which occur 
in most hydrodynamical problems are of an extremely simple kind, 
and that it is not necessary to develop a formal topological theory 
{i.e. the study of figures which survive twisting and stretching : rubber 
sheet geometry). 

0.40. Green’s theorem. If <f > 2 are two continuously differentiable 
scalar point functions such that V and V <0 2 are also continuously 
differentiable and S denotes a closed surface bounding any singly- 
connected region of space, then 

I" ( V&. V0 2 ) dv= — I & V-fodv— f 0 X d 4=- ds 
J v J v J s on 

where V is the region enclosed by S and Sn an element of the normal 
at any point on the boundary drawn into the region considered. 

Proof, From vector calculus 

V . (0F)=0(V • F)+F.(V0) (1) 

where $ is a scalar and F a vector point function. 

In (1), we put F= V02, 0=0 X ; and integrate it over V ; we get 

J v V . (0i V 0.) dv= (V . V <f> 2 )dv+ J v ( V 4>i) • (V fodv (2) 

By Gauss's divergence theorem, (2) reduces to 

— 1^.(0! V02)cfe= J v 0 1 V 2 02^>’+ J v (V0j). (Vfiz)dv (3) 

Since n. V02=30->/0 /i ; therefore, (3) reduces to 

J v (V0i) . (V0 2 )rfv= - ds (4) 

The form embodied in (4) is known as Green’s theorem in non- 
symmetric form. 

Cor. Since interchanging and 0 2 does not alter the left hand 
side of (4), another expression for the right hand side of (4) follows in 
which 0 X and <f> 2 are interchanged. Further, equating the right sides 
of (4) thus obtained gives 

J v (0 1 V 2 02-0 2 V 2 0 1 )rfv= J s (Vi ^ 2 — 0 2 | ds {Symmetric form) 
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If however, V^^O, v s (/> 2 =0, we get 

f a, , — f . d$i , 


j 302 r 
h w *■ 


{Reciprocal theorem) 


0.50. Material or total derivative of a functional determinant (i.e. 
Jacobian). Let 


3 ( x , y, z) 


1 dx 

dy 

dz 

da 

da 

da 

dx 

dy 

dz 

db 

db 

db 

dx 

dy 

dz 

be 

be 

be 


3 (a, b,c) 


•where the operator V stands for (3/3 a, djob, 3/3 c). 

We shall assume the validity of the operator 

d ±\- d JL etc 
dt\da)~da\dt ) da ’ 

Then the rule of differentiating products provides 

j—V.iX Vy ■ Vz+VxxVy ■ Vz+vxxVy . Vz 

dJ d(u.y, z) , 3(x, v, z) . 3(x, y, w) 


'3 {a, b, c ) 1 3(cr, A, c) T o(u, h, c) 


(x~dx/dt) 

(0 


_ T du dll dx du dy , on 3 z ... . ... 

Now, — =— — +— — ;with two more like equa- 

3 a dx da ‘3 y da ~ dz da ^ 

lions for dujdb and du/dc. Transposing dujda, du/db, and du/dc on 
the right sides of the equations and then eliminating du/dv and dti/dz 
from these three equations provide 


du 

dx 

_cu 

by 

dz 

cx 

da ' 

~8a 

da 

da 

du 

dx 

du 

by 

dz 

dx 

db ' 

db 

db 

db 

du 

dx 

du 

dy 

3z 

dx 

be ' 

fc 

be 

3c 


Splitting this determinant into two we get 

8h d(x,y,z) _ d(u,y, z) Qr du j jd(u,y, z) 

dx 3 {a, b, c) 3 (a, b, c) dx d(a, b, c) 

rn ; . 3l' r 3 (.X, V, z) __ A d W r 5{x, y, w) 

similarly . 

Adding these three equations and using (1) we obtain 
dJ T ( du 3 v aw \ dJ , 

ST"'' U + a 7 + 5 T ) * 
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0.60. A brief note on dyadic products. The indefinite or dyadic 
product of two vectors a and b is given by ab or a ; b and has no 
geometrical interpretation in contradiction with geometrically signi- 
ficant scalar and vector products a.b and axb. However, this type 
of product is very useful in vector transformations. 

A sum of dyadic products is called a dyad or tensor of rank two, e.g. 

(a ; b)+(c ; d) or a ; b+c ; d 

is a dyad. 

The scalar (or direct ) product of vector c with the dyad a ; b is the 
vector defined by 


c(a ; b)=(c. a)b and (a ; b)c=a(b. c) 

according as the vector c is a prefactor or post factor. The idem 
factor or unit dyad I is a dyad such that, for any vector a 

Ia=al=a (1) 

and may be expressed in terms of usual unit vector i, j, k as 
I— (i ; i)+(j ; j)+(k ; k) or simply ii+jj+kk. 

The equation (1) may be easily verified by taking a=fl 1 i-J-fl 2 j+^3k. 
We may define the differerential operator 


„ i =i l_4.iA4.ijZ. 

V- 8r 3x +J 3;> +t 


r=ix+jy-fkr. 

(7-v oy qz 

The dyadic product is 

v;r4; r =(i y x +-) 5 0*+-M 1 *+i ; 3+k ; k=I 

For a constant vector a, the scalar product is 

V(r. a)=(v ;r)a=Ia=a. 


Further, since 


d<fi _ 30 


dx 

. 3 


0r 

3 


1= 


30 3r 


-=j — — -f- i - 

3N dl J dm 


3r 

3 


dx 


, we may conclude 


-k -- where N—i/+jm-rkn ; 
oil 


and hence if a is a constant vector, then 


A N - a) =(w ;N > =Ia=a - 

, ., 3 ;r 3 ;r„ T . 3 ;r 3 _ 3 d 

We may also verify,— — =1, => —z xr — -57- ana 

3r 0 0r 3r 0 3r 3r 0 

Vo/=(v 0 ; r).v/. 

We may further note that if dxjd a—x a , v 0 r=3/8r 0 , i ; i=ii, etc. then* 

V 0 ; r=* a ii+j' a ij+r a ik+A'&ji+j'&jj+^&jk+A' c ki+j’ c kj-rr c kk. 
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0.70. Brief resume of complex function theory. A very powerful 
technique for dealing with two-dimensional problems in theoretical' 
hydrodynamics is furnished by the properties of analytic functions 
(i.e. functions possessing derivatives for all values of z~x+iy in a 
region) of a complex variable 2 . Thus, if /(z) is regular (analytic) in 
a domain D of the complex z-planc, and if we write 

W—f(z) = f(x, y) + id)(x, y) 

then it is shown in all texts on ‘complex variable’ that if/(z) is to 
possess a unique derivative, then it is necessary as well as sufficient 
that 


dfldx^ldy;dfldy=—dfldx (l> 

where it is supposed that these partial derivatives are continuous. 
These are called Cauchy-Riemann partial differential equations. The 
vector equivalent to (1) is 

grad </>=(grad i]i)xk ; k=(0, 0, 1) (2> 

An alternative single equivalent expression to (1) is d<f>/dn—dtyl ds 
where « and s are perpendicular directions related to each other in 
the anti-clockwise sense. 

If we eliminate <J/ and f in succession between equations (1), we get 


d-f _ d 2 <i> 
dx~ s xdy 


i.e. V 2 <f >— 0 ; likewise v 2 i!>— 0, 

dr 


where V 2 =(0 2 /0x 2 )-f (0 2 /3y 2 ). These two conjugate functions, f and' 
«ji t are called the velocity potential and stream function (or current 
function), though we could, of course, interchange <fi and it and as 
such write f{z)=f+if. 

Since <£ and ij; are harmonic functions (i.e. functions which satisfy the- 
Laplace’s equations V 2 </>=0, v 2 ^=0) these will be the possible 
velocity potential and stream function, and provided the necessary 
boundary conditions for a problem are satisfied, these will yield a 
unique solution to the problem. 

If W—f(z) provides the solution to a hydrodynamical problem, it 
is called the complex potenial characterizing the given fluid flow. 

It may be observed that equations (1) imply that the family of curves, 
fix, y)=const. (a set of equipotentials) and ^(x, y)=const. (a set of 
stream lines), are orthogonal families, since 

idfldxmidx)+(df/dymidy)=0. 

We now include clear statements of pertinent definitions, principles,, 
and theorems which are relevant to the study of Hydrodynamics. 

Cauchy’s theorem. If ffz) is analytic within the region bounded by 
C (a simple closed curve) as well as on C, then 

j c f(z) te=f c fi~)dz=0- 
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A simple consequence of this theorem is that y f(z)dz has a value 
i independent of path joining r-, and r„. 3 


Cauchy’s integral formulae. If /( z) is analytic within and on a simple 
closed positively oriented curve C, and z 0 is any point interior to C, 
then 


Lfc l^k) * : * 


where / {n, (r 0 ) is the nth derivative of f(z) at r=r n . 

Taylor’s series. Let f{z) be analytic inside and on a circle having 
its centre at z—a. Then for all points z in the circle 

/(") =f(a) -f (Z~a)f'(a)~[{z-art2 !]/'(a)-f[(r-fl) 3 /3 0 /"'(«)+ 

If a— 0, there results Maclcurin series. 

Singular points. A singular point of a function f(z) is a value of z at 
which f(z) ceases to be analytic. If f(z) is analytic everywhere in some 
-domain except at an interior point z—a, then z=eris called an isolated 
singularity of f(z) : [obviously z=l is an isolated singularity of 

f(z)=ii(z-m. ' 

Poles. If f(z)—F(z)l(z—a) n ; F(a)fO, where F(z) is analytic every- 
where in a region including z—a, and if n is a positive integer, then 
f(z) has an isolated singularity at z—a. This isolated singularity is 
called a pole of order n. If 77= I, the pole is called a simple pole ; if 
71=2, it is called a double pole, and so on. 

Laurent’s series. If /(z) is analytic inside and on the boundary of 
the ring-shaped region R bounded by two concentric circles (positively 
oriented) C x , C 2 with centre at a and respective radii If and Rz 
(7?i> 7?2), then for all z in R 


f(z ) =2 a„(z— a) n ~ 2 a_ Tt {z—d)~ n 

71=0 77=1 


where dz * n=0, 2 

2 nf\cz (r & 5 ” =1 ’ 2 ’"' 

With an appropriate change of notation and replacing C u Cz by some 
concentric circle C between C x and Cz, we can write the above as 


where 


/(z)= 2 a n (z-af 
n— — co 

1 r /(*) 


„= — f dll % dz n=0, ±1, ±2,... 

n 2ni\ c {z—a) n 


The part 2 a n (z — a) n is called the analytic part and the remainder 
n=0 
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S fl-o (z— fl) -n is called the principal pari. If the principal part is 
n— 1 

zero, the Laurent series reduces to a Taylor series. 

Residues. If f(z) be single-valued and analytic inside and on a circle 
C except at the point z=a, chosen as the centre of C, then Laurent 
series is given by 

/(-) =tf 0 -r a x (z— a) -f a„(z-a)-- f ... -f o)' 1 + <7_ 2 (z— a)~ z + ... 

wh' f e a -=L\c<0Sr' d! »“0. ±1. ±2.- 

Clearly, ^ J c /(z) *_ «z-.)V(z» 

-where n is the order of the pole. 

The coefficient is called the residue of / (z) at the pole z~a. For 
simple poles (»=1), o_j=Lim (z —d)f{z) as r— >a. 

Cauchy’s residue theorem. If/(z) is analytic on the boundary C of 
a region R except at a finite number of poles within R, then 

J /(r) dz=2-/[sum of the residues of /(z) at its poles]. 

Cauchy’s theorem and Cauchy’s integral formulae are special cases 
of this theorem. 

0.71. Conformal Representation. Suppose a bi-uniform mapping of a 
-.region of the z-plane on a region of the /-plane is connected by the 
relation 

(i) 

Let z, z x and z 2 be represented by the points A, B, and C respective- 
ly in the z-p!ane and let the corresponding values t, t t and / 2 be re- 
presented by points P, Q and R in /-plane. 

'Then 

h—t J(z i)—f(z ) . /a— / _ f(z 2 )-f(z) 

Zj Z Z 5 Z>> • — Z Zn — Z 



Provided that AB and AC are small enough, we have 

Kt-OI^-z)] =f'(z) ; [(/ 2 -/)/(z 2 -z]=/'(z) 
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and consequently — ~=^ — -=/'(z)=;r~. 

Zy Z Z o r ctz 


It follows, by taking arguments and modulus that 


AC_PR 
AB~ PQ 


and 0=i!>. 


Therefore, the triangles ABC and PQR are directly similar. 


Also 


tl-t 


(/'(--) 


dtldz 

Zi—Z 


1 

1 

1 


, it follows that the linear dimensions 


are in the ratio of 1 : \dtjdz !, and the ratio of the corresponding 
small areas, i.e. 


APQ R _ 

[yABC~ 


I /' ( 2)1 W '( 2)./'00 = 


dt_ 

dz 


are in the ratio 1 : dt/dz. 



Thus the mapping given by (1) is such that an infinitesimal triangle 
in one plane maps into a diiectly similar infinitesimal triangle 
in the other plane, preserving the angles and the similarity of the 
corresponding infinitesimal triangles. 


Since small elements of area are unaltered in shape, the transforma- 
tion is said to be Conformal. The factor | dtjdz | is often referred to a& 
the linear magnification. 


By a proper choice of formulae of transformation, motion with a 
complicated boundary can be deduced from that with a simpler 
boundary. An extensive use is made of several sets of transformations 
and applied successfully to potential flow in two dimensions. Thus a 
problem which stands unsolved in one physical configuration (say 
z-plane) may be solved into another configuration (say t-plane) by 
some suitable transformation. The problem may thus be regarded not 
as that of finding a direct solution, but of finding a proper transforma- 
tion into a configuration which admits of an immediate solution. 
Though not always applicable, it is the most reliable method to derive 
exact solutions. 

"■•ote. Some of the important conformal transformations which 
map the given regions into the upper half of i^-plane are as under : 


Transformation 

K=ic~ t,a 

K=ie~‘ la 

These results are simple consequences of Schwarz-Christofifeli 
transformation, vide Chapter VI. 


Senn-tnfimte Region 

Ti ansformation 

Infinite Region 

A'— 0, y=0,y=a 

£=cosh (~zja) 

Ci 

II 

o 

II 

rS 

x—0,y=±al2 

K—i sinh (~z/a) 

y=±a/2 

e 

11 

H 

o' 

0 

o" 

11 

C=— cos (~z/a) 

x—0, x=a 

y=0, x=±a/ 2 

sin (nz/a) 

II 

H- 
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Similarly ; s= ^ ^ z -\ j maps, half -plane with semicircle removed 

•on the upper £-plane ; and £=[(l-fz m )/(l — z m )f, ;m> 1/2 maps the 
sector of a circle of unit radius bounded by 

0 . 80 . Some notational devices 

Component notation. Sometimes, it will be convenient to adopt the 
following notations : 

(x, y, z)=(x u x 2 , x z ) ; (», v, U’)=0’u v 2 , v,) 
so that div q=X(dv { /dx,), (q . V)= 2 »y ( 3 / 0 .V , ,). 

Summation convention. Whenever in a term, a repeated suffix occurs, 
then a summation over all possible values of that suffix is implied. 
Thus 

-f- < 7 2 ^d + • • • asbu = a { b ( ; 

Vj ( 3 /c*i)"i~i’» (0/O-V2) +v 3 (c/S-v s )=iv (d/dx,), etc. 
•Consequently, the summation sign 2 is dispensed with. 

Kronecker delta. The two-sufnx symbal 8#, called Kronecker delta is 
-defined by 

S{j=0 (if /=£/) ; 3 <i=l (if i—j and no summation over i). 

Thus, Sn=l» 02j~l, 833=1, 5i2~0=o3i= : 82j, etc. 

And S«=Sxi+8 22 -r333=3. Obviously, on a, k ~a (k , elc. 

Permutation symbol. This is defined by 

€«it=l, — 1> 0 

.according as i, j, k is an even, or odd or non-distinct permutation of 
1,2,3. Thus, 

'€i 23 =€ 231 — €312= 1 ; €2l3=€s2l=€j32== — 1 
€ju=?i 22 =€ 323 = •••=€333 —0 

If | an | —a is a third order determinant, then it may be shown that 
€ufc n=£{ mn a £ i o > jn a kn . 

3 y a direct evalution, it may be further shown that 

€« m =8« 8, ;m — Z h j ; Q in d ljm —2 S !m . 

These concepts may be fruitfully utilized in coordinate transforma- 
tions. Thus, if R and r are the position vectors of a point referred to 
.a moving and a fixed orthonormal triad, then 

R=r— b yielding y&f^fa—bj) \ s ; (Vide § 0 . 81 , p. 14 ) 
Thus, Jf=e<. i, {x s ~b,)-l t} ix s -b s ) 

•where l {j is cosine of the angle between the ith rotating axis and the 
jth fixed axis. The large number of relations which l u satisfy are 
•embodied into a single expression 

hi 
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Definition of a tensor. A tensor is a quantity r i/2 ..„with n suffixes, 
which obeys the transformation law 

=(/.r hi hr ) 

and respresents a physical invariant. 

Stress tensor. It is a nine-component physical system 7V,-, indepen- 
dent of any coordinate system, and so designed that the force on any 
small element of area ds at a field point is 

oF~T {1 .ds—T { ].n' ! s or oF } =T t} ltids. 

This definition implies that the total force o\cr a closed surface is 

F= J^r,y.r/s=J^(v .T ( ,)dV (by Gauss's theorem). 

Note : In T iS , the first suffix refers to the direction of the normal to 
the plane surface ; the second suffix refers to the direction of the 
stress-component. Matrix representation of T, s is extremely useful. 

0.81*. Velocity and acceleration in Eulerian coordinates nith regard 
to rotating frame of reference. Let the position vector of a fluid 
particle at P with regard to axes moving with constant angular 
velocity (s)=(oj„ lu, u _.) be r^xe^i e 2 -rre 3 where c lt e 3 , c 3 arc unit 
orthonorma ) vectors along the moving axes. Let R be the position 
vector of P with regard to axes fixed in space ; and let the origin O 
of the moving system have the position vector R 0 and translate with 
velocity q 0 . Then with obvious notation (sec Fig.) 

R=R,+r (l)i 




If we use dots for total differentiation with regard to time t, we- 
immediately get the absolute velocity of the particle 

R =R 0 -H- (2) 

Now r=xe 1 -fjc ; 4-ac 3 , 

r =(.-cCi4-ye 3 -(-ze 3 )-r(aci-rJC ; .-fr^) 0) 

* This article is placed here for convenience,and must be reed only efter §1.31 
p.23. 
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To find e,, e 2 , e 3 we observe that if the xyz system turns through 
an angle §0! about the .v-axis, §0 2 about the y-axis and 88 3 about the 
z-axis, [vide Fig. (ii)] 

OC^Oa+AB+BC 

i.e. e,-}-8e 2 =e 2 -rS0 1 e 3 — 60 3 ej. 

Now cancelb'ng e 2 , dividing by St and proceeding to the limit we get 
e 2 =e 3 0j — e 2 0 3 = e 3 (o x — c 2 co 3 

Similarly, e 3 =e l co 2 — e 2 «j ; e l =e s co 3 — e 3 co 2 . 

Thus, xe l -{-}e,-hze 3 =(to 2 z—c) 3 y)e l +(cd 2 x~a 1 z)e,-{-(c} I y—a 2 x)e 3 
=(i)Xr 

Thus (3) yields, r=j'r<oxr and thereby (2) gives 

9=9o+9'+® y i‘ (4)- 

i.e. absolute velocity— velocity of the moving system relative velocity 
due to motion within the system-rvelocity due 
to turning within the system. 

To find the absolute acceleration a, we need differentiate (4) with 
regard to time t ; since q 0 and o) are constants, q 0 =0, <b =0. Hence 
we get 

a=q'iwxr (5) 

Now r=q'4-(sixr and q'=(.re 1 -Fye 2 +ce 3 ) - =a'-f mxq', 
a=a'+(U xq'T® x(q' + <0 Xr) by (5) 

= —: — f-(q'- V)q'+ 2 (i)xq'+( 0 X(©xr) (6> 

ct 

In Eulerian coordinates, we have the following identities : 

(0 If (® X r)=0, (ii) -| = -Ir (9o+9'+ ®Xr)= K. 

ct dt ct ct 

(ii) *(q'. V)q— (q'. V)q'+(0xq' 

Using these indentities in (6) we get 

a=-|5 +(q\ V)q+©x(q'-fcoxr) 

= |p+( 9'- V)q+(OXq, (neglecting q 0 ). 

0.90. Boundary value problems. Scientific problems are often formu- 
lated mathematically which lead to partial differential equations and 
associated conditions called boundary conditions. Consequently, the 
existence and uniqueness of the problem is of fundamental impo 
tance, from a mathematical as well as physical point of view. 

*(q. Vl<J=(q'. VlMo+q+kl xr)— (q'. VH'+«x(q'. V)r 

Since (ox (q'. V)r=cox(i/' p)=COXq' [ .* 

Thus (q' V) q=(q'. V)<i'+“ *q' 
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Two types of boundary, (i) the open boundary (wbre the region of 
interest extends indefinitely in one or more directions, without any 
specification of the solution in these directions), and (ii) the closed 
boundary (where the region of interest is completely surrounded, with 
boundary conditions specified in all directions) are usually considered 
along with three types of boundary conditions. 

(1) Dirichlet’s conditions : require the determination of a function 
d, satisfying Laplace’s equation in R and taking prescribed values on 
the boundary C. 

(2) Neumann's conditions : require the determination of a function 0 
satisfying Laplace’s equation in R and taking prescribed values of 
normal derivative (d<P/dn) on the boundary C. 

(3) Cauchy's conditions : require the determination of a function <6 
satisfying Laplace’s equation in R and taking prescribed values of $ 
as well as (df/dri) on the boundary C. 

Here R may be a simply-connected region bounded by a simple 
dosed curve C, or R may be unbounded region (y> 0). 

The general partial differential equation of the second order, viz. 

Rr+Ss+Tt+f(x, y, z, p, q)=0 

is classed under three heads : 

Hyperbolic if S 2 ~4RT>0, [e.g. (0 2 sr/3x=)=(3=z/3y 2 ) : Wave Eqn]. 

Parabolic if S z — 4RT—0, [e.g. (d 2 zjdx 2 )=(dz/dy) : Diffusion Eqn]. 

Elliptic if S 2 —4RT<0, [e.g. (d 2 z/dx 2 ) J r (d 2 z/dy 2 )=0, 

Harmonic Eqn.] 

The field of boundary-value problems is extensive and in the present 
text, only a few hydrodynamical problems based on the elliptic 
equation are dealt with. These problems originate from the fact that 
6=Const., is a rigid boundary and physical problem has other 
specified conditions,e.g. (0$/3u)=O,etc. For an extensive mathematical 
formulation of l physical problems as differential equations with 
initial and boundary conditions, with clear explanations is given in 
“A collection of problems on Mathematical Physics” by Budak, 
Samarskii and Tikhonov ; Pergamon Press London. 

Note : Elliptic equations are characterized by the fact that the 
differential operators are homogeneous in the second partial deriva- 
tives : they all occur with the same sign, e.g. Laplace’s and Poisson’s 
equations and Helmholtz’s equation. 

Hyperbolic equations are those where one of the second-order 
derivatives is opposite in sign to the others, e.g. the wave equation. 

Parabolic equations are those where the derivative with respect to 
one of the variables occurs only in the first order, e.g. the diffusion 
equation. 
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A fluid particle is a volume whose linear dimensions are negligible 
and it may be thought of as a geometrical point for the purpose of 
investigating its velocity and acceleration. 

1.11. Velocity of a fluid particle. Let the particle be at P at 
any time where 


OP=T 


and at time (tflot), it be at 0, where 
OQ= r-for- 

The velocity of the particle at P is 
then defined by the vector 


q= 


Lt T+or — t 
Ot~r0 {J-ot~t 


Lt Sr dt_ 

Zt-+Qot dt 



Thus the velocity q is a function of r and t and can be expressed 
mathematically as q=/(r, t). The form of the function / gives the 
motion of the fluid. 


To detect the motion of an individual particle, we illuminate it by 
some convenient device so as to make it a luminous particle. If the 
tracks of the luminous particle form the parts of the regular system 
-of curves, the motion is termed as stream line motion ;~and if the 
tracks are wildly irregular, the motion is called turbulent. 

Notes : ( 1 ) Flow across a surface. The instantaneous mass rate of 
flow across any surface S is defined by 

J s s (fl - n ) dS. 


(2) Velocity at a point by the Flux Method is measured thus : Hold 
a small plane surface at the point perpendicular to the direction of 
Sow : then the velocity at the point is measured by the time rate of 
flovr of volume of fluid per unit area across the surface. 

1.12. Stream lines : A stream line is a curve drawn in the fluid suck 
that, at any time, the direction of the tangent at any point of the curve 
coincides with the direction of the velocity of 
the fluid particle at that point. Thus if u, v. w 
be the components of velocity of the fluid particle 
at P(x, y, z). the direction ratios of the tangent 
being dr—(dx. dy, dz) at that point, the diffe- 
rential eauations of 'stream lines’ are 
qxdr=0 
dx dy dz 

U V w 

where q=ai-i-Ej-fiK’k. 

Stream fines form a doubly infinite set at any 
Time t. They are generally not material curves : a stream line through 


or 


( 1 ) 
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t 0 at time l Q does not. in general, consist of the same particles as the 
stream line which goes through r 0 at any other time t. The aggregate 
■of all stream lines is called the stream-pattern. 

The appearance and form of the stream-pattern is altered comple- 
tely if a uniform velocity is superimposed on the fluid as a whole, e.g. 
the solutions of 


dx dy dz 
u-ufl' v ~ W 


( 2 ) 


differ markedly from those of (1). Thus, the stream lines due to a 
fixed sphere in an infinite uniform stream are very different from 
those occasioned by the motion of a sphere in a still stream ; 
although the two systems are dynamically equivalent. 

The point where q=0 (the stagnation point) is such that the stream 
lines are not well-defined there at ; a stream line may divide into two 
branches at such a point. 


Path lines : A path line is a curve which a particular fluid particle 
■describes during its motion. The differential equations of the path 
lines ace 


x =u ; y—v ; z—w ( x—dxfdt ) 

where the dot denotes differentiation with respect to time. 
Path lines form a triply infinite set. 


Difference between the stream lines and path lines : Consider a 
particular stream line and take any three consecutive points A, B 
and C on it. Since the velocity' q is a function of r and t, any 
particle through A at time t will move along A B, but when 
it reaches B in time St, BC shall no longer be the direction 
of velocity at B. Consequently the particle will not move in 
the direction of the new velocity at B. However, in the case 
-of steady motion, the stream lines remain unchanged as the 
time passes, and so these are the same as the actual paths 
•of the fluid particle. In passing we may note that stream 
lines reveal how each fluid particle is moving at a ghen 
.instant, whereas the path lines show how a given particle is 
, moving at each instant. 

Stream tube : The stream lines drawn through each point 
•of a closed curve enclose a tubular surface in the fluid, called a 
stream tube or tube of flow. A stream tube of infinitesimal cross- 
section is called a stream filament. 



Ex. What are stream lines ? Are stream lines and the paths of particles of a 
fluid always the same ? Give reasons. ( Ag . 1956 ) 

Exp. Find the stream lines and the paths of the particles for the two-dimensional 
velocity field 


Sol. 


“=*/(I— /), v~Y, K-0. 
The stream lines at time t are the solutions of 


dx 

ds 


x 

TTP 


dy 




dz 

ds 


=0. 
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Thus, keeping z constant, (i.e. at a particular instant), the stream line through; 
r 0 {a, b, c) is 

A:=fle s /(i+0, y=be s , z=c. 

This is a curve (in the plane z=c) ; y/b=(x[a)( 1+t K 
The particle paths are solutions of 

dx x dy dz 

dt +t’ dt ~ y ’ 

These are x=a(\+t), y—bet, z—c : or the curves in the plane r=c given by 

y=be( x ~ a )la. 

Ex. 1. Show that if q/ | q j is independent of t , then stream l.nes coincide with’ 
path lines. 

Ex. 2. Find the stream lines when 

(i) a— ax, v= — ay, w=c [Intersections of 

(ii) u=ax, v—ay, iv=— 2 az [Intersection ory^z—k^ x=A 2 j] 

(m) u——a)/(xz+) 2 ) t V r=ax/(x 2 +y^), w—c [Helices on the cylinders x-+y'-=~b-) 
(iv) u=k(y-+z- — 2x-)jr 5 , v=— 3 kxylr 5 , \v=—3kxz/r° [(x 2 +y 2 ) 3 =c>- 4 J' 

Ex. 3 Show that the stream lines and the particle paths coincide for the velocity 
field [*/(!+/). >7(1+/), r/(I+/)). 

Ex . 4. Find the stream lines and particle paths for velocity field 
[x/(l+flZ), yl(l+bt), 2/(1 4-cz)]. 

1.20. The Eulerian and Lagrangian methods. Now we describe two 
methods by which the general problem of Hydro-dynamics can be 
dealt with. These are Eulerian (Flux) and Lagrangian Methods and 
refer to ‘Local time-rate ’ of change and ‘individual time-rate ’ of 
change. 

(1) Euler’s method : In this method we select any point fixed in 
space occupied by the fluid and observe the changes which take 
place in velocity, density and pressure as the fluid passes through 
this point. Obviously, the point being fixed x, y, z and t are inde- 
pendent variables and so x, x, etc. are meaningless in this method. 

Let us consider any scalar point function 

0 (x,y, z, t)=0 (r, 0 

associated with a fluid in motion. Then keeping the point P(x, y, z) 
as fixed, the change is 

, 0 (r, f+80-0 (r, t) 

whence the local time-rate of change, (30/?/ ) is 

8/-»0 


Thus 


90 Lim 

0Z~=§Z->O 


0(r, /+£/) — 0(r, /) 
5 / 


A similar expression can be established for a vector point function, i.e. 
,... f(r,/-f-S/)-f(r,/) 
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(2) Lagrangian method : In this method we seek to determine the 
the history of every fluid particle, i e. we select any particle of the 
fluid and pursue it on its onward course making observations of 
•changes in velocity, density and pressure at each instant and at each 
•point- 

Thus the expressions x, x , etc. have definite significance, and to 
specify a particular fluid-particle we need its initial position co-ordinates, 
say (a, b, c) or (r„) so that there are altogether four independent 
•variables {a, b, c, /) in Cartesian treatment and (r 0 , t) in vector 
treatment. 

Let us now consider any scalar point function 0(x, y, r, /),i.e. &(r, t) 
associated with a fluid in motion. Then keeping the particle fixed, 
the change is 

<£(r-f-Sr, f-a&O — 0( r, t). 

The change or in the position of the particle during the time 8 / 
-depends upon q, the velocity of the particle at time t. Thus 

or=qot. 

Lim t) d<f, 

Then 3 ,^ 0 St dt 


is the individual time-rate of change. 


1.201. Relation between the local and individual time-rates : Let 
iu, v, it*) be the components of velocity q along the co-ordinate axes, 
■so that 

q=ni-Hj-f irk ; where dxjdt=u, etc. 


Now 


dt 


0 

=<t>(x,y. 

z, t) 


30 dx 

, 30 dy 

, 20 

dz 

~dx dt 

~dy dt 

‘ c: 

dt ' 

00 , 
—u 4 

dd> , 

V pit 

.30 

30 

0-V 

cy 

it 

it 

— (ut-rvy 

4-uk) . ( 

r . ?0 

l ~ 

{ cx 

+j 


30 

'dt 


30 

dt 


-?.(V0+f. 


Thus, ^=q. (v0)-4^| =(q. v)04~. 

A similar expression for a vector point function f can be established 
an the form 

df cf , f _,r 

dt ~d t 1 (q - V)f 

1.30. Differentiation following the fluid motion. Consider some pro- 
perty of the fluid (e.g. density, fluid boundary, fluid velocity) typified 
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by some function G(x.y,z,t ) ; a scalar (or vector) point function. 
Then 

[ G = G(. x, y, z, t)—G (r, t ). 


The position vector r may depend upon time t and hence we may 
calculate dGjdt. 

Now G+SG=G(r+§r, t-f-St) 

8G=G(r+Sr,t+S0-G(r, t) 

=[G(r+Sr, /+ 8 /)-G(r, /+ 8 /)]+[G(r, t+St)-G(r, /)]> 
i.e. §G=5r. vG(r, t+Sr) -f §/ sG(r, r)/ 0 f [to first order] 

Dividing both sides by St and proceeding to limits, we get 

dGfdt=q.vG+dGldt (V*/<ft=»q) (1> 

This equation indicates the time rate of change of the quantity G as- 
a fluid particle moves about, but is written in terms of quantity 
observed at a point. 

The operator d/dt=(q.v)+d/dt is known as differentiation following 
the motion of the fluid or the material derivative. Often djdt is denoted 
by D/Dt. 


Notes: (1) The term (q.v)G represents the rate of change of G at 
a fixed time t due to the change of position from one point to the 
other ; and the term 0 G/ 0 t gives the rate of change of G at a fixed 
point. 


( 2 ) dp/dt = 0 implies incompressible fluid but not steady flow, but 
dpfdt—0 implies p is independent of t at a fixed point. Similarly, the 
fluid boundary /( r, t)— 0 , [boundary particles being distinguished 
from all others, since they lie on/= 0 ] always consists of the same 
fluid particles, we must have df/dt=0 (vide §1.80). 

(3) If G is replaced by the velocity vector q, we obtain particle 
acceleration, viz. 

a=dq/dt=(q.V) q+(0q /0r). 


Since q.V =«0/0x+»0/0y+w0/0r ; [v q=(i/, v, «’)] the acceleration 
components (a x , a v , a.) are given by 


\du du , dit , dii , du 
a *^yF == W' rU te +V: & +w te 
with twd more expressions for dvjdt, dw/dt, etc. 
For details, refer to §1.31 p. 23. 


T301. Reynold’s transport theorem. Let F( r, f) be any function 
(scalar or tensor component) and V(t) be a material volume (not 
necessarily infinitesimal) moving with the fluid. Then 

/(/)= (*F(r, t)dv ( 1 > 

m 


i.e. consisting of the same fluid particles. 
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is a function of t that can bs calculated. Because the integral is over 
the varying volume V{t), we cannot differentiate under the integral 
sign. However, if the integration was with regard to a volume in 
r 0 -space (Lagrangian or initial coordinates), it would be possible to 
interchange differentiation and integration for the simple reason that 
d{dt is material derivative keeping the initial vector r 0 constant. 

If V 0 is at /=0, what V(t) is at time t. then r=r(r 0 , /) and dv=Jdv 0 
provide 




“k(S +Fdiv q ) ,dr ° [■••?=•' diT9 > 10 - 50 ] 

-U£— > 

-Iv„0f +dMF,) > b £■ -f • ® 


The second term on the right can be transformed to a surface integ- 
ral over S(t) : the surface of F(r). 


1.31. Particle acceleration. Since the velocity field vector q is a 
function of both position and time, (Le. of four independent variables), 
we may write it as, say 


q=q(r, t) 


0 ) 


Suppose that the value of the velocity at time t~ It when theparticle 
has moved to a neighbouring position is q-f-Eq. Then 

oq=q(r-i-3r, t~ct)-q{r, t) 

=[q(r-r5r, t~St)—q(r, *T-o/)]-f [q(r, t~£t)-q(r, 01 (2) 

Now, to the first order of approximations 

q(r-fSr, /-for)— q(r, t--ct)=(or.V) q(r, t—ot) (3) 

q(r, /—£/)— q(r, t)=ot c q(ri t)jct (4) 

The acceleration vector a of the fluid particle at a point being 
Ltm(oq/s0, as £f~>0 ; we divide (2) by 3r, use (3) and (4) and proceed 
to the Limits. This yields 


a= S u !f- (q - v)ti 


( 5 ) 


Notes: (1) The expression (5) is in reality the Lagrangian accelera- 
tion. In the Eulerian concepts, it is composed of two factors : one a 
temporal acceleration (cq/eO at the point, and the other a convective 
acceleration, (q. V)q, resulting from flow entering the fluid element 
from regions having different velocities. 
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(2) Lagrange’s acceleration relation. Since 

(q.V)q= V(|q 2 )+<0 xq, (<j>=curl q) 

a=dq/di=(3q/30+ V(£<j 2 ) + <*> xq [vide §0.10(5')] (6) 

The acceleration vector given by (6) is Lagrange's acceleration rela- 
tion and its chief merit is that whereas the form (5) is not invariant 
under a change of coordinate system, the form (6) is invariant under 
change of coordinate system. 

The vector qxffl is called Lamb vector. 

(3) Particle acceleration in curvilinear coordinates. With velocity 
components [q u q 2 , q 3 ) in the (a, y)-directions and using the 
vector definitions 


where 


“>"4 [| M “ eto. 


we get the acceleration components (a u a 2 , a 3 ) from Lagrange’s 
acceleration relation 

a = {dqjdt)= (3q /dt) + V (iq 2 ) + to X q 

a i—(dqildt) -{• — — (?j c +(?2 2 -f<73 3 )+( w 293~ w 39:) (2) 

with similar expressions for a 2 and <7 3 . 

(4) Particle acceleration in cylindrical coordinates. With velocity 

components («, v, it’) in the (r, 6, z)-directions and using the vector 
definitions 

q=(», w); q-=tr+v + w- , V=[— , — - g0 - , gj J 

, f 1 r«’ dv dll 3u- 1 3 , . 1 8« 1 

curl q “|r » “a? • a? ~s7 ■ 7 if (re) - T so J 

in the Lagrange acceleration relation, we get 

a=|i+jf ~ , — 4' , T' )(h 2 +» 2 +R’ !! )+(«„o) 2 ,« 3 )x(«,v j U’) (i) 
o t \ c>' r oo o- / 


Putting ~r+u r-+— ' 
b 3? dr r 


3,3 d 

T0 + "’ 3i = dT 


( 8 ) 


and splitting the three components in (i), we get 
/ du v- dv nv dw 
a== {dT~T ’ df+T’ dt 

(5) Particle acceleration in space polar coordinates. With velocity 
components (u, v, ir) in the ( r , 0, <p)-directions and using the vector 
definitions 


> 
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, , „ „ 9 19 1 jM 

q=(u, v, ir), g-=ii-+tr+n~ , V gj . , — g0 , r sin q £? ) 

•curl q=<o=(co 1 , co 2 , 03 3 ) where 

(,, ' sin 8, ~fi ]• -^ (nr) ] 

in the Lagrange acceleration relation, we get 


3== c5_j-if L 

ct ' ~ \3 r 5 


1 9 


I 


— j - . -f. —)(«-- ft 2 -f-u ,5 )-r 
r o 6 r sin 0 09 / 

(“ 3 , o> 2 , te 3 ) X (it, v, w) 

ic S </ 

dt 


Putting § +"fr+f TS+rsinOg, 


■and splitting the three components in (i), we get 


rdu 

~.dt r 


dv 

~dt 


It ’ 5 cot 0 uv 

f 1 r* 


dw vw cot 9 
dt r 


(0 


(9) 


Ex. 1. Obtain the components of acceleration in the cylindrical and space polar 
•coordinates by evaluating 0Q/9 f +(Q • V)q by direct differentiation. 

[Hint: Let e x , e 2 , e 3 be the unit vectors in the (r, 0, r) directions ; then with 
•obvious notations : 


(S/o'-, 0/30, 3/3=)( e i> e e> e 3 )=l(0, 0, 0) ; (c 2 , -e a , 0) ; (0, 0, 0)], 

-with similar meanings for space polar coordinates : 

(0 Idr, 0/00, 3/3?)(c ls e 2 , e 3 )=[(0, 0, 0) ; (e 2 , -c lt 0) ; 

(e 3 sin 0, e 3 cos 0, — Cj sin 0— e 2 cos 0)] 

Substitutions into expansion of (q . V)q and simplifying we get the above 
•results (8) and (9)]. 

Ex. 2. Show that the rate of change of quantity >. appertaining to a particle of 
■fluid, in plane polar coordinates is 


ff?/ffr=;/ r (3x/0r) -K«j/rX3J /30) -H3I./30 

-where u r , u t are the radial and transverse (or circumferential) components of 
-velocity, respectively. 

Hence find the radial and transverse components of the acceleration of a fluid 
-particle in 2-dimensional motion. 

1.40. Rotational and irrotational motion 

Vorticity. If q be the velocity vector of a fluid particle, then the 
vector quantity.* 


© = V X q=curl q, or, rot q 


‘Among the writers using the definition or=curl q are Lamb, Milne-thompsoD, 
Drvden. Rutherford, Howarth, Goldstein. Aris, Temple. Birkhoff, Wilson, 
Robertson and Hunt. Authors using or —i curl q include Prandtle, Pai, Sneddon, 
-and Sommerfeld. 
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is called the vorticity vector or simply the vorticity and is a measure 5- 
of the angular velocity of an infinitesimal element. The components 
of spin are given by (£, r h 1) where 


/ CW 


• T ( £H- 

_c» \ 

■ --(£!- 

_8w\ 

Vay 

C= ) 

‘\dz 

dx J 

’ ’ \dx 

by ) 


A Vortex line is a curve drawn in the fluid such that the tangent to 
it at each point is in the direction of the t orticity vector (£> at that 
point. The tort ex line is often abbreviated into at -line. 


The definition of the vortex line implies that its analytical expression 
is given by dt'/at—Q, or its equivalent in Cartesian form by the 
differential equations 


d\ __dy _ dz 

T — £ 


[C0=(?, 7J, L)]. 


Vortex tube. The tort ex lines drav. n through each point of a closed 
cun e enclose a tubular space in the fluid called a torlex tube. Avotex 
tube of infinitesimal cross-section is called a vortex filament or simply 
a vortex. 


The motion of a fluid is said to be irrotational when the vorticity e> 
of every' fluid particle is zero so that c—0, 7j=0, ~=0. When the 
vorticity is different from zero, the motion is said to be rotational. 

Rotational motion is also called vortex motion. The definition implies 
that in an irrotational motion of the fluid, there are no vertex lines. 

Velocity potential. When the motion is irrotation, i.e. when G> = 
curlq=6, then since curl grad=0, it follows that the velocity vector 
q must be grad of some scalar point function $ (say) ; i.e. 

curl q=0 => q=~-Vtf.f 

Usually, <p is called the velocity potential or velocity function. 

We may observe that whenever velocity potential exists, the system 
of surfaces given by the differential equation 

q. dr—0 or udx-t-vdy-rttdz—O (O’ 

possess solution <£(r)=const., for 

0-=q. dr— — V0.dr = — d$ => $(r)==const. 

Further, these surfaces cut the stream lines qydr—0 orthogonally, 
since the \elocity vector which isparallel to dr for the stream lines, 
is perpendicular to dr in (1). 

Note. Vortex is flow in circles about a central point. It is termed 
free when motion is such that the tangential velocity q is inversely 
proportional to the radius, i.e q cr ]/r => qr=constant. Motion is 
irrotational and vorticity is zero; stream lines are circles and circula- 
tion is constant. 


* See 51.41 p. 27 for the physical interpretation of voriicity vector &> 
t The negative sign is due to convemion ; many authors define q=V<L 
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A vortex is termed forced when the motion is the result of some 
external force and the motion is such that q cc r. Here vorticity 
is constant. 

Ex. I. The velocity potential of a two-dimensional motion is <3 c.xy . Find the 
stream lines. [/ins: x- — -y-—a~] 

Ex. 2. A body of liquid is revolving about a vertical axis with angular speed 
which is a function of the perpendicular distance r from the axis. Show that / if the 
motion is irrotational, 

q — (a'r)e 2 , to— (uV 1 2 * )e 3 

where Cj, cj, e 3 are the unit vectors in the directions of (r. 0, z) with cylindrical 
coordinates ; oi denotes angular velocity. 

1.41. Physical interpretation of the vorticity vector ( 0 . Consider an 
element of fluid of mass m, whose centre of gravity is at P, with 
velocity q and whose principal moment 
of interia at P are equal. This ensures 
that the moments of inertia about all 
axes through P are equal. Let us denote 
their common value by 1. If Q be any 
neighbouring point within the element, 
with position vector relative to P, its 
velocity will be qf-dq. Since 
dq—S.(cqldx)dx=[(2i dx). (Si o/S-v)]c« 

=(*. V)q=(*n. V)q 
the velocity of Q shall be q-f (?1 - V)q- 
Now, the angular momentum h of the 
element about P is 

h=2m‘qx[q-rC r ). V)q]=2nj'flxq-r2m 7 lx( 7 l . 7)q (])• 

where summations extend to all the particles of the fluid within the 
element. Also, the centroid is at P, which when taken as the origin 
provides SmTixq=(SmYi)xq=0 ; hence (I) reduces to 

h=SmY)x(71. V)q (21- 

Let i, j, k be the unit vectors parallel to the principal axes of the 
element and jy'-fkr'. We may note that the partial deriva- 

tives have their values at P, the centroid of the element, and so may 
be regarded as constant in this discussion. We now have 

h=Sm(ix'~jy'fkz') x ( x' +?■£-+ - ' V 
\ ox ay oz j 

(3). 

because, the products of inertia are all zero by hypothesis. 

Further, Imx' 2 ='Ztny' z ='Zrnz' 2 ~ II, hence (3) may be rewritten as 

1 ir-J | j+k v x 

If now the element is suddenly solidified and detached from the- 

rest of the fluid, the angular momentum about P would remain 
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unaltered, for .the impulses for his soldification are absolutely internal 
Thus the motion of the element relative to P after solidification is an 
angular velocity m, such that 

/ (0 = J / curl q, 

( 0 =| curl q. 

Thus the air! of the velocity of any particle of a rigid body equals 
twice the angular velocity , 

Ex. Prove that through any point P of a fluid in motion there is in general at 
any instant one set of three straight Jines at right angles to each other sueh n t 
if the lines move with the fluid, then after a short time St. the angle between them 
remain right angles to the first order in St. and ihat the angular velocitv of his 
triad of lines, as it moves with the fluid is f curl q. where q is the fluiM velocity 
<U P. Prove also that, if a small portion of the fluid with its mass centre at P be 
instantaneously solidified without change of angular momentum, then its annular 
velocity immediately after slidification is * curl q, if and onlv if, the princinal axes 
of inertia for the resulting solid he along the above triad of line. ( London ) 

1.42. Cauchy-Stokes’ decomposition theorem : analysis of the most 
general displacement of a fluid element. Let P be the centroid of an 
infinitesimal fluid element and Q be 
any point of the element with posi- 
tion vector 71 relative to P. Let q be d 

the fluid velocity at P and q-Mq 1 

that at Q. Then 

q-f tfq=q-f (PQ . V)q=q+(7l . v)q 

0 ) 

To find (71. v)q we proceed as 
under : 

Consider the equation* 

[(71. V)q].7|=C (constant). (2) 

The left side of this equation is homogeneous and quadratic in the 
components of 71 and so represents a quadratic surface. It is a central 
quadric, for replacing V\ by — t\ does not alter the equation. If 
R( 7j + rf 7|) is a neighbouring point to Q on the surface, then the 
equation of the surface will be satisfied by 't\+d'T\. Hence replacing 
71 by 71 -f dy\ in (2) we get * * 



or 


{[(•n+(/7i).i 
ten. V)q+(t/7l 


V]q}.(71- 

V)q].(71- 


-r/71)=C 

-d't\)=C 


or 


[Cn.V)q].7) + [(r/71. V)q][71 

+[(*». v}q].(/7i+[(rfYi. V )q].JT| = C (3) 

Subtracting (2) from (3) and neglecting the term containing d~t\ .dt\, 


we get 


r 


l(dr\ . v)q] . 71 


rHCfl ■ V)q]. rf7l=0 


(4) 


* Thus if P=(.v, v, r), Q = (.x+X, y-£Y, r+Z), V=(X, Y, Z), then 

KV ■ 7)q] • 1 7=O«/9x;XH/ovra>’)y :! -!-(3»'/0-)Z i +(aW3r+0ii’/3r)yz 

/ + (S«/02+0i*73-v)ZX+O , '/0T+3 t, /0^’)XY 

=oX2+bY2 |-cZ2+2/YZ4-2j?ZXi-2/iXY (sdy). 
it may be noted that 7 operates only on q and not on . 
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Since V operates on q but not on B (i.e. B is treated as constant), 

[(rfB.V)q].B=(</B. V)(q.B)=<fB.V(q.B) (5) 

Also, V(q.B) = (q.V) B+(B • V) q+qx curl q+ B X curl q 

=(B. V) q+Bxcuri q (6) 

as V operates on q but not on T). Hence from (4), (5) and (6), 
we have 

[(B- V)q].dB+[(B. V)q-(V xq)x B]. r/B=0 
or [2(B- V)q— (V xq)x B].rfB=0. 

But the normal at 0(B) is perpendicular to the tangent vector dB.- 
therefore. it must be in the direction of the vector 

2(B - V)q-(VXq)xB=2f(B)=2B/(n) (say) 
hence (B . V)q=/(B)-f](VXq)x B- (7> 

The unit vector n is in the direction of B; i.e. is in the direction of the 
normal at Q. 

From (1) and (7), it follows that the velocity at 0 is 

q+dq=q-H(VXq)XB+/(B) (8) 

Thus the velocity at Q consists of the following three parts : 

(1) The velocity q at P, the velocity of translation which carries the 
element as a whole. 

(2) The velocity i (V X q)x B due to rotation, carries the element 
as a whole with angular velocity | V X q. 

(3) A velocity /(B) relative to P, which is in the direction of the 
normal/(B) to the quadric of the system of central quadrics {(B. V)q}. B 
—const., on which Q lies. This part of the motion is called a pure 
strain and is characteristic of any deformable substance. 

Note. The pure strain motion is such that lines drawn parallel to 
the three perpendicular axes of symmetry of a central quadric under- 
go elongation at a uniform rate. Figure illustrates the deformation of 
a sphere to an ellipsoid. 
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Ex. (I) Show that the most genet al displacement of a fluid clement consists of a 
ourc strain compounded with a rotation. 

(ii) Give a ph) si cal interpretation when the motion of the fluid is irrotational. 

( Del 1953) 

[(il) When the motion is irrotational, curl q=a>=0. Physically interpreted, it 
uneans that the relative displacement of a fluid element consists of a pure strain 
•together with motion of translation only.] 

1.50. Firm. If A, P be any two points in a fluid, then ( a. dr is called 

J A 

the flow along the path from A to P. It is evident that when velocity 
potential exists, i.e. q= — then 

Filow— — | 'V(f>.dr~(pA~f>p. 

Circulation. The flow round a closed curve C is known as circulation ; 
and is usually denoted by F. Thus 

F=J q . dr. 

^Obviously, when a single-valued velocity potential 0 exists, circulation 
■round C is zero ; it being equal to 
Stokes’ theorem. This theorem deals with the concept of rotation in 
terms of circulation and states as under : 

If q is the velocity vector point Junction and S is a surface bounded 
by a curve C, then 

J q.r/r— J curlq.r/S; i.c. F—J (O.n dS 

where the unit normal vector n at any point of S is drawn in the sense 
in which a right-handed screw would move when rotated in thesense of 
description of C. 

Proof. Firstly, we observe that any surface can be divided up into a 
network of small meshes or curvilinear parallelograms and integra- 
ting round all these parallelograms, all the integrals will cancel, be- 
cause each integration-path is des- 
cribed in two opposite directions 
except those round the bounding 
curve C. Thus, 

circulation round C=sum of the 
ci ret dat ions in all the meshes. 

Therefore, it is sufficient to consi- 
der the theorem for a single mesh, 
or since each mesh can be divided 
into two curvilinear triangles, it 
suffices to consider the theorem for 
a single triangular mesh ABC (say) whose sides are of infinitesimal 
length. Let D, E, Fbc the mid-joints of the sides and P the cent- 
troid of this triangle. {Fig. p. 31]. tet us set 
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AB=x ; BC = y ; CA=—(x J r y). 

Let qM stand for the value of q at M. Then setting contour ABC=1, 
■we get 

J q.(/r=AB.qp-~BC.q D -i-CA.qE 

=x.q F -f y-qD— (x— y) q E 
=i.(q F -q E )~y. (q D — qn). 

'.Since q F — qp~(PF. V )q P : q E — qP— (PE.V) qp 

therefore, by subtraction, q F — qE=(Ef-V)qp=— J(5'.V)qp. 

Similarly qo—qc =|(x.Vjqp ; replacing F by D. 

"With these values, the last integral can be written as 

£ q.*=Hy(x. V)-X(y.v)] . q? 

=i [(xxy)x V] .q p 

=l(xxy).(V/q P ) (1) 

Now ndS=l(xxy), where dS is the area of L \ ABC 


| n.(V xq) dS=Uxy\)Ay yq) 


From (1) and (2) 


J q.dr=J n.(V ,<q)dS 


Hence by summation, we get the circulation round any dosed curve 
■C as 


q. dr ~J s n -(V X q)dS. 


Note. Stokes’ theorem is true for any vector F ; the use of velocity 
vector q in place of F simply reflects its hydrodynamical interpreta- 
tion. 

Ex. The circle ;e 2 -f-.> ,2 —2u’x=0 is situated in a two-dimensional shear flow with 
-n=0, v-cy. f-ind the circulation in the circle (i) by direct calculation and (it) by 
integration of the vorticity. 



32 


HELMHOLTZ'S VORTICITY THEOREMS 


[§I .51 


1.51. Kelvin’s circulation theorem. The circulation T around anv 
material closed curve moving with the inviscid fluid is constant for all 
times, provided the external forces are conservative and derivable from 
a single valued potential function y_ and the density is a function of the 
pressure only. 

For a closed material curve C, the circulation T is defined by 
r=| q.dr. 

H “ ce W=lufs- ,ll= f c (i) 

For barotropic flow of a perfect fluid under conservative system of 
forces, the acceleration vector is irrotationaF so that dqldt= — vH, 
hence (1) reduces to 

df = -j>lvH.dr-d{\ d(H-\cf)=[\q^-H]c (2) 

Since all the quantities involved in the integral (2) are single valued, 
the change expressed in [H— ^q"]c on passing once round the circuit 
is zero. Hence 

drjdl—0 => r=const ; independent of t. (3) 

As the substantial derivative djdt is involved, this means that the 
constancy of circulation is a fluid-bound property, i.e. one that is 
carried about with the fluid particles. The fluid contour C involved 
in the T-definition moves with the fluid particles. 

Note : This theorem may be generalized, vide Chapter VI. 

1.52. Helmholtz’s vorticity theorems 

(1) The product of the cross-section and vorticity at any point on a 
vortex filament is constant along the filament. 

Let C be a reducible circuit 
abcdefgh a drawn on the 
surface S of a vortex tube. 

Then 

r= I q . dr— curl q . ndS 
jc J s 

Since o>.n=0, we have 
r=0 ; i.e. the circulation in 
any reducible circuit drawn on the surface of a vortex tube is zero. 
Such a circuit fghabcdef can be taken to consist of two cross- 
sections of a vortex tube joined by close parallel lines (See Fig.). Thus, 

* This statement needs a proof (must be inserted here) which follows readily 
from Euler’s equation of motion : dqldt^V— (l/p)VP = — 'V'— VP=— V(-H-T) so 
that dq!dt= — VH Although Euler’s equation of motion is dealt with later on, 
(vide §2.10), the above theorem is placed here for convenience ; for its frequent 
use is made of in some sections which follow. 
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0= jq.r/r=j q.r/r-f Jq.rfr+Jq.rfr+jq. dr. 

fgha ab bcde ef 

In the limit, the flows along ab and ef cancel out ; the two cross- 
sections reduce to two oppositely oriented circuits C 1 and C» enclosing 
the vortex tube. Hence 


0=Jq.r/r— Jq. dr => rci=Fc 2 (1) 

fghaf edcbe 

Thus, the circulation along any circuit enclosing the vortex tube 
is the same. The strength of a vortex tube is defined as the circulation 
around any circuit enclosing the tube. If (0 is the vorticity and A the 
normal cross-section of the vortex tube, supposed small, then 


r= 



(0 .ds~ | o> i A— w A = constant, by (1). 


Hence, in particular, u I A 1 —cd 2 A s 

Note. We have proved that at the instant considered , circulation in 
every simple circuit embracing the tube and described on its surface 
is constant: and not that circulation is time-invariant. However, time- 
independence of circulation is guaranteed only for barotropic inviscid 
fluids under conservative body forces : a consequence of Kelvin’s 
circulation theorem. 

(2) When pressure is a function of density and inviscid fluid moves 
under conservative forces, the vortex lines move with the fluid. 

Consider a vortex tube and take any . 

small simple circuit Cj on its wall [of j * 

surface area 5' 1 =r//l), not encircling it. 

Then 

T= J q.dr=| s curl q.nr/5'=0 

(v o>.n = 0). 

Thus, the flux of rotation vector across 
this small element dA, i.e. the circulation along its contour has the 
constant value zero. But according to Kelvin’s circulation theorem, 
constancy of circulation is a fluid-bound property ; therefore circula- 
tion and hence the flow across this surface element dA, considered as 
a fluid surface, must always be zero for all times. By piecing together 
all these areas dA and so obtaining the whole vortex tube, we see 
that the total flow across its wall, considered as a fluid surface, must 
always remain zero. In other words, those fluid elements which at 
one time form a vortex tube form it for all times, i.e. the fluid particles 
within the vortex tube always remain there. Thus a vortex tube (and 
hence a vortex filament) is always composed of the same fluid ele- 
ments and so moves with the fluid as if vorticity in it is frozen. 
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(3) A vortex tube cannot have an end within the fluid. Suppose the- 
vortex tube terminates abruptly at A. Let 
C be a circuit embracing the vortex tube 
and lying wholly in the fluid. With C 
as an edge describe surfaces S', and S 2 
lying wholly within the fluid ; intersecting 
the vortex tube in the circuit C, and not 
intersecting it at all. Now 



r c =r Cl =r : the strength of the vortex tube. 

But r c =0, from the consideration of S 2 as there is no vortex tube. 
We have therefore arrived at a contradiction. Hence the vortex tube 
cannot end in the fluid : it must either be a closed loop (e.g. torus) 
lying wholly in the fluid or end on the boundary of the fluid. 

Ex. (a) Define (i) Vorficity, (ii) Vortex line, (iii) Vortex filament, and prove 
the following: 

(1) The product of the cross-section and angular velocity at any point on a 
vortex filament is constant all along the vortex filament and for all times. 

(2) The vortex lines move with the fluid. [Alig 1963, 56 ; Mad 59 ; Osm 59] 


(6) If 'v— 0 ! investigate the nature of the motion of 

the liquid. * [Alig 1963 ; Bom 63} 

Exp. 1. (i) Pro\c that (he necessary and sufficient condition that the vortex lines 
may be at right angles f o the stream lines is 


u,v. 


H’=p 


( 80 

\ 3 * ’ 


30_ 30 \ 

" 3 y ’ ) 


where p and 0 are f mictions of x,y, z and t. 

(ii) Find the necessary and sufficient condition that vot ex lines may be at right 
angles to the sti earn lutes. 

[ Bom 1963 ; Mad 59 ; Osm 63] 


Sol. The vortex lines and the stream lines are the field lines of the vectors q 
and curl q (=oe) To establish the necessity, consider the differential equation 
q . dr— 0. The condition that this differential equation is integrable is known 
to be 

q . curl q=0 =)■ q.co— 0. 

Thus, under this condition, which implies that vortex lines are at_ right angles to 
the stream lines, the equation q . dr—0 is integrable. However, it is certainly not 
an exact equation ; because its exactness implies q=grad 0 and hence, curl q 
=0 ; i.e. vortex lines cease to exist. Hence, there exists an integrating factor 
p -1 (sa>) such that p~iq . dr—0 is an exact differential equation. Thus 

p -1 q . dr—Q=d<p =$■ q=pV0* (*1 

The three components of (1) are, what is the result required. 

To establish sufficiency* , we let 


q-pV0. s ° that V xq~ V * 

or <o=pcurl grad 0+grad px V0=grad pxV0 

Thus, q . cc==grad px V0 • fl-8rad p . qxqp _1 =0 [by (1)] 

Hence vortex lines cut stream lines at right angles. 


* To prove that q . curl q— 0 \\ hen q — p(70, we prove that q . dr — 0 is inlcgrabi:.- 
Now q.dr-0 py0 . dr-=0, i.e. (p^O). 

Hence p=const, is the solution. 
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Exp. 2. In an incompressible fluid the t orticity at every point is constant in 
magnitude and direction. Prove that the components of velocity (u, v, ie) are 
solutions of Laplace’s equation. f Del 1955 ; Kuril 64 ; Mad 59, 5ij 

Sol. We are given that go =curl q is constant, say c ; so that 
curl curl q=curl c=0 
or grad div q— 7 2 q=0 

Since div q=0, for incompressible fluids, by virtue of continuity equation (p. 40, 
the preceding equation reduces to 

V 2 q=0 =*■ V 2 tt= 0, Vt>2=0, V 2 m’— 0. 

Ex. If q and q' are the velocities of some fluid particle relative to two frames 
of reference S, S' moving in any manner, the angular velocity of S' relative 
to S being 03, show that if the vorticities at P relative to S and S’ are £ and £' , 
then 


£=£'+ 03 . 


Show also that if T, I' be the circulations in the same closed contour C, relative 
to S, S', then 

r=r+21 to | A, 

where A is the area enclosed by the projection of C on plane perpendicular to 03 . 


Exp. 3. Every particle of a mass of liquid Is revolving uniformly about a fixed 
axis with the angular velocity varying as the nth power of the distance from the axis. 
Show that the motion is irrotational only if «+2=0. , 

If a very small spherical portion of the liquid be suddenly solidified, prove that it 
will begin to rotate about a diameter with an angular velocity (;/+ 2)/2 of that with 
which it was revolving about the fixed axis. [Alig 1962 ; Bom 52 ; Del 63] 


Sol. Since motion is symmetrical about z- axis, the problem may be consi- 
dered as 2-dimensional. If o> is the angular velocity, we have (o =^Ar n k, whence 
from ordinary kinematics of Dynamics, we have 

q= 03 X r= Ar”k X (ad+yj) 

Thus u=~dr n y, v=Ar n x, r-=x 2 fy-. 

Now motion is irrotational if curl q=0, 


ue. 


dx a y 


Since 

dv_ 

dx 


0£_ 

dx 


X 

r 


^A(r n +mflr n ~' 1 ), 


9 y 
du_. 
9 y 


■ —A(r n 4-ny 2 rn~ 2 ) 



substitutions in (I) provide 

2 Ar^+nArn-!(x 2 +y 2)=0 0 r A(n+2)r«=0. 


Since ry^O, we must have «+2=0. 


The required angular velocity 03i=l curl (f=i(n+2)(Ar”k). 

Thus, ' 03i=J(n-f2)o3. 

1.60. Irrotational motion and velocity potential, Jf the motion is 
irrotational, the velocity potential necessarily exists, and conversely , 
if the velocity potential exists, the motion is necessarily irrotational. 
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Let the motion of a fluid in a simply 
tional. Let A be any fixed point and 
P any arbitrary point in the region 
under consideration. We join A and 
P by two different routes ABP and 
ACP both lying in the region in 
question. 

By Stokes' Theorem, applied to the 
closed curve ABPCA 


connected region be irrota- 



Jq.rfr+Jq.dr=Jn.(V xq)dS (1) 

ABP PC A S 

where S is the surface lying entirely in the fluid having ABPCA for its 
rim. Since the motion is irrotational, V xq=0 so that from (1), we 
get 

Jq.dr=Jq.</r=— (say). (2) 

ABP ACP 

Clearly $p is a scalar point function depending on the position of P 
alone (for A is fixed) and not on the various routes from A to P. 


Consider now a point Q very close to P such that the velocity vector 
q may be constant along PQ. 

Let f\ be the position vector of Q with respect to P so that PQ— "fl. 
Then by (2), 

Jq.c/r= — $q. Thus, — $q— (— ^p)=Jq.^r— j"q. dr 
ABPQ ABPQ ABP 


Hence, 


-(0Q-0p)==Jq.r/r==7l.q 

PQ 


( 3 ) 


for q is constant along PQ. Since <j6q — <jf>p = B . V$p (by Taylor’s 
series), we get from (3) 

7). q= — 7i. v$p => q= — Y<f>p= — V<f> (say) (4) 

because *fl is an arbitrary vector as Q is an arbitrary point. 

Thus when the motion is irrotational, there does exist a velocity 
potential connected with velocity vector by the relation (2). 

Conversely, let the velocity potential exist, so that q= — V<f>- 

But VXq=[-VX(V0)]=O 

because the curl of the gradient of a scalar point function is zero. 

Therefoie, the condition curl q = 0, ensures that the motion is irrota- 
tional , 
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Cor. When the external forces are conservathe and are derived from 
a single-rained potential and pressure is a function of density only, then 
if once the motion of a non-viscous fluid is irrotational, it remains 
ir rotational ever afterwards. 

If the motion is initially irrotational, the circulation is zero for every 
closed circuit. But the circulation in any such circuit is constant for 
all times and therefore remains zero for all times. Hence, at an}' sub- 
sequent time, by Stokes' Theorem, 



dS—0, or, curl q=0 ; i.e. ft) =0 


Hence the irrotational motion is permanent. 

Ex. 1. Point out the important physical distinction that exists in the character 
of rotational and irrotational motion of a perfect fluid, and prove the theorem 
that if in a perfect fluid under the action of a conservative system of forces a 
velocity potential ever exists there will always exist a velocity potential. 

(At; 1952 ad 59] 

Ex. 2. State and prove Stores’ theorem and use it to obtain the theorem of the 
permanence of irrotational motion. \Pb 1954 ] 

Exp. I. Distinguish between (i) stream lines, fii) paths of the particles in the case 
of motion of a perfect fluid. Obtain the equations of stream lines in fa) three- 
dimensional polar co-ordinates, (b) cylindrical co-ordinates when the motion is 
irrotational. [Del 1550, 55] 

Sol. Stream lines are the field lines of the velocity vector q and are determined 
by the equation 

qy.dt—Q. (1) 

If the motion is irrotationai. q=— grad 0. For the two systems we get 
space polar co-erdinates (r, 0, o) : dr— (dr, rdO, r sin 0 df). 


grad 0 - 


.(20 


or 


1 00 1 oO\ 

r o<7’ r sm b g? / 


cylindrical co-ordinates (r, 0, r) ; dr— (dr, rd<>, dz). 


grad 0 


/C0 
'G r ’ 


I 00 C0\ 
r o') ’ c- / 


Substitutions in (I) yield the results 


dr rdh r sin 0 ds 

— (00/2'')“ -(!/r_) (op/6>) _ -ii;r tin 0) IcOlc?) 


_ dr rdO _ dz 

—ib0idn -TffrYtfflrfi) -( d0!cfl 

Exp. 2. Define circulation and prose that the circulation in any closed path mov- 
ing with the fluid is independent of time. 

Shore that if the tele city potential of an irrotational fluid motion is (Aire) - cos 6 
where ( r . 0, o) are the polar co-ordinates of any point, the lines of flow lie ^ar. the 
series of surfaces ' ' “ 


r=f; sine <3. 


[Fb 1948] 
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Sol. The differential equations for the stream lines in polar spherical co-ordi- 
nates are 


dr_ 


rdf) r sin n 



( 1 ) 


Here F=-^- 9 cos 0. .-. <? r =— ^-=^5 ? cos 0 

q = - — |^ = 4 9 sin 0, q =— 4 _ W=± £° s 0 
0 r 00 r 3 9 r sm 6 g ? sid 0 

Thus (1) is equivalent to 

</r rdO r sin 0 d o 

29 cos 0~ 9 sin 0 ~ —cot 0 

The first two members give 

dr 2 cos 0 

T' “IST^ 0 

Integration gives : log r=log k sin 2 0, or r— k sin 2 0. 

Ex. 1. Show that if the velocity potential of an irrotational fluid motion is equal 
-a 

to A(x 2 +y-+z 2 ) 2 r tan'i 0 >/.y) ; the lines of flow will lie on the series of 
surfaces 

(x 2 +y 2 +z 2 ) =£ a (xz+yt) I [Alig 1 957 ; Jab 62\ 

Ex. 2. The vorticity vector of every fluid particle inside an infinitely long 
circular cylinder of fluid parallel to Oz, is uk, o constant, and zero outside the 
cylinder. Calculate the fluid velocity inside and outside this cylindrical vortex. 


1.61. Hydrodynamical singularities : three-dimensional sources and 
dipoles. 

If the motion of a liquid consists of an outward symmetrical radial 
flow in all directions, issuing from a point, the point is called a simple 
source. 


If the total flow across a small surface surrounding the point source 
is 4-m, then m is called the strength of the source. 

A sink is a negative source and hence m is negative. The tiltimate 
combination of a source and a sink, placed indefinitely close to each 
other, is called the doublet. 

For a sink of strength —m at B and source of strength m at A, where 
BA=Ss, when Bs-^0, m->eo, but //t&r->a finitelimitp, then p istermed 
the strength of the doublet. The direction BA gives the axis of the 
doublet. 

Velocity potential of a source. The velocity q r distant r from the 
source situated at<0, will be purely radial and hence a function of r 
only. With centre o and radius r, draw a sphere and consider a small 
area dS which subtends a small solid angle a at O. Then the flow 
through dS gives a m~S>rq r , hence 
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where n is a unit radial vector. We infer from (1) that q = — v(«?/r) 
and hence motion isirrotational. Thus, 

■0 exists and is given by 

0=m/r. (2) +6r 

Velocity potential of a point doublet. 

For a sink —m at B and source m at 

A, by superimposing their fields, we jj Vm 9 

get -m'\ ^ ,'+m 

6 = -m— n = — mSr . 

9 r+8r r r(r+ Sr) \<> 

Let AN be perpendicular to PB pro- ^ 

duced, then 

§rA=BN=—AB cos 6. 

Thus, <p=m AB. cos 0/r(r+8r). (3) 

Now, as A-+B along BA, m—>co, AB-yO, but m .AB—>ix, then the 
•velocity potential of a doublet is 

0=|x cos 0/r 2 . (4) 


VA' 

V' 


_. , ix cos 0 3 ( 1 'V 

Cor. Since 0=X-p— =p. - 


it follows that velocity potential due to a doublet may be obtained 
from that of a source by differentiation in the direction of the axis of 
the doublet. 

„ , , ,, , . 30 2 fx cos G 

Note. Radial Velocity = — — = pg — . 

_ 1 30 jx sin 0 

‘Cross-radial Velocity = — tttt — g — • 


^ 1 30 jx sin 6 

Cross-radial Velocity = — = g — • 

r ov 

1.70. Equation of continuity or conservation of mass. Let p denote 
the density of the fluid at a point F(r) of the mass of the fluid con- 
tained in any closed surface S fixed in space and containing a volume 
V. The continuity equation is based upon the following maxim. 

The rate at which the mass of fluid inside any volume is increasing 
is equal to the source rate of mass within the volume minus the rate at 
which mass flows out through the surface of the volume. 

Now, if mass of the fluid within this fixed 
surface is m, then * JS1|^ 

7xr= -Jr f P*=f ^dv (1) / ^8 

3 1 dt Jv J v 31 f . T] 

since volume does not vary with time, u' y 

Further, if R is the source rate of mass per \_ /[\ .A 
unit volume, then the fluid mass generated y 


Also the rate at which mass flows out= pq . dS 
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The above maxim now provides the mathematical formulation 

< 3 ') 

= Rclv— J^div (pq )dv [by Div. theorem] 

or J v [jf + div (4) 

The result (4) will hold for any arbitrarily chosen volume V. Hence 
the integrand itself must vanish and the continuity equation can be 
written as 

3p/3?+div (pq)=7?. (5) 

For the very special but important case, when i?=0, the source-free 
equation of continuity is 


, 3p/3t+div (pq)=0. (6) 

/Note 1. In the absence of sources within the surface, i.e.whenjR=0, 
the continuity maxim simply reads thus : 


‘The increase in the mass of the fluid within the fixed surface during 
the time 8 1 must he equal to the excess of the mass that flows in over 
the mass that flows out in the same interval St.’ 


Note 2. The forms (3') and (5) or (6) are known as the integral and 
differential forms of the equation of continuity. 


Cor. 1. Since V) (p q) — p (v •q)-f-q.(Vp), the equation of continuity 
may be written as! 


3p_ 

3 1 


Mq. 


Since q=z/i-fvj-}l 


|V)p+p(V .q) = 0 or ^-+p(V.q)=0. 

d(up)j_d(vp) , 8(wp) 


uk ; V . (p q)= 


dx dy dz 
the equation of continuity (7) can be put in the Cartesian form 


£P 
3 1 


+ 


Id 


,(«?) + £(*)+£ 0*>-o 


or 


3p 


op 




— — j-u + v ^_+ w m. -l_p ( —+ —+■ 

3 1 ^ dx ^ dy dz 1 P \3-v 3y 32 


+p (?« + ?i + *!!)»& 

\dx T dy T dz J 


( 7 ) 


Cor. 2. If the fluid be incompressible, dp/dt=0, so that the equation 
of continuity reduces to 


V . q=0, or 


dx ‘ dy ‘ dz 


Thus the velocity vector qis Soleroidal. Obviously (V .q) gives the 
rate of volume expansion of a fluid element. For this reason, it may 
be called dilatation or expansion. 
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Cor. 3. If the motion is irrotational, q=-grad 0, and hence 

div q=0, a- V 2 0 = O by (5) Laplaces' equation 

Cor. 4. For the incompressible irrotational flow {dp/dt—O and' 
q=— - v<£) we obtain from (5) 

V 2 <J , j =— R (Poisson’s equation) 

Noth. Since div q — ~{dpjdt)lp, we can interpret div q as the relative 
rate at which the density is decreasing. Thus, div q>0 => (dp/dt)<0' 
and consequently an attenuation of the fluid at the point considered ; 
hence the term divergence. 


Ex. t What physical significance is implied in the equation of continuity ? 
Express the equation of continuity m the form 

Op/30+div (pq)=0. [q denotes the velocity vector] [Del I960] 

Ex. 2. By taking any region in a fluid bounded by a closed surface, show that" 
the equation of continuity is 

1 7-+V • (PV)-O. 


What is the physical meaning of V xV=0 ? 

When this condition is satisfied and the motion is steady, show that the equation 
of continuity can be put in the form 

V 2 0i _ V 2 ?i 

0i Pi 

where p 1 =p^, 0i=P"0i V=— y0. ( Mad 1 957) 

Exp. 1. A pulse travelling alone a fine straight uniform tube filled with gas causes 
the density at time t and distance x ftom the origin uhere the \elocity is u 0 to 
become p 0 <p(vt~x). Pro\e that the velocity u (at time t and distance x from the 
origin ) is ghen by 

. 0(tf) 

V+ 0{vt~x) • V> el 1956 Pna 19f > 4 \ ’ 


Sol. The equation of continuity in the present case is 


Since 


Sp, 

d‘ 


( £ u)-0 


or 


§L 4-0 3" . „ 
0T +F +" 



P=F 0 <t>(vt—x)=p 0 0(z) say, [by hypothesis] 

3p_ =r d jL 3f_ _ , d 0 _ , c 

dx Fo dz fix f0 dz F °^ Say 


(0- 


With these 


d? d(b 7)z 
values (1) reduces to 


v0'(r)— 0(r) 0»/0c— u 0'(r)=O (g x——^z) 

or d(h 

v—u ~ q~~ ' 

Integrating this equation, we get 

log (t>-H) + log 0=]og A 
0r (»-«) 0 = A. 

At any time t, when x=0, ii=u a , so that Q( v t—x)=$(vt). Hence 

A-(y-u 0 ) 0(trf) 
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• or 


(v-u) <p=O-« 0 ) 0(t’/) 


, ("o-*0 0(«) 
+ 0(*f-X) • 


Ex. For a fluid in motion, explain the process of differentiation following tho 
stream lines and derive the equation of continuity. 

A gas is moving in a uniform straight tube. Prove that if the density be 
f(at~x) at a point, where t is the time and x is the distance of the point from 
an end of the tube, its velocity is 


af(at—x)+(v—a)f(at) 

f(at-x) 

where v is the velocity at that end of the tube and a is a constant [Bom 1952] 

Exp. 2. If q is the resultant velocity at any point of a fluid which Is moving irro- 
tationally in tnv dimensions , prove that 


[Ban 65 ; Bom 56; 52; Del 65 ; Gat 59, 5 3 ; Gor 60 ; Jad 58 ; Mad 59, 57 ; 

Osm 63 ; Pb 50 ; Pna 60] 

Sol. Since the motion is irrotational and density is constant, we have 

0 2 =0* 2 +0i, 2 ; 0„ tf =O (1) 

where suffixes indicate partial derivatives. 


To get the form of qV-q, we have to appeal to Laplacian expansion 

V 2 (a*)=flV 2 f'+f'V 2 a+2(Vo) • (V*) 

where we put a~b—q to obtain 

V 2 ? 2 =2[<7V 2 <7+(V<7) 2 ] P) 

NOW V 2 g 2 =V 2 (0a; 2 + 0i/ 2 ) = V 2 0* 2 + V 2 0i/ 2 

=2[0 K V 2 0*+ (V 0z) 2 ]+2[0„V 2 0„+(V 0„) 2 L as in (2) 

=2[(V0*) 2 +(V0i/) 2 1 [v V 2 0x=0(V 2 0)/9-v=O, etc.] 

~2[(i0 ra: +j0 w ) 2 +(* 0xi/+i 0w/) 2 ] 

=4 [0 2 xx+0 2 w] I" 0av = — 0*il ( 3 > 

Further, taking the gradient of first of (1) we get 

<?V9=0x V0*+0iA70v 

—i(<Px 0x3+01 1 0X1/1+K0X 0VX+0V 0vv). 

<7 2 (V<7) 2 =(0 2 x+0 2 !/) (0 2 xx+ 0 2 «) 0vv=-0xx] 

or (V</) 2 =0 2 xx+0 2 xv by (I) (4) 

From (3) and (4) we get V 2 <7 2 =4(V?) 2 5 whence (2) yields 

4(79) 2 =2[9 V 2 <7+(V<7) 2 ] =* (5Jq)-~q V 2 q *, 
which is the required result. 

1.71. Equation of continuity in the Lagrangian method. Let us 
consider a fluid particle of infinitesimal volume dv and density p at 
time t. Since the mass of the fluid-particle is invariant as it moves 
about, we must have 


d_ 

dt 


(p dv)=0 


p </y=const.=p 0 dv 0 (say), 

■ where p 0 dv 0 refers to the mass of the particle in its initial position. 


( 1 ) 
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'In cartesian rectangular co-ordinates 

dv=dx dy dz ; dv B =da db dc ; 
dx dy dz—J da db dc 
•where J=d(x, y, z)[d(a, b, c). 

Thus in the present notation, the equation of continuity (1) becomes 

pJ=9o- 


Note. It is not necessary that r 0 =ai-j-6j-}-ck should be the initial 
position vector. Any variable vector which can serve to identify a 
particle and which changes continuously from one particle to another 
will serve the purpose. 


Ex. Explain the difference between Eulerian and Lagrangian methods in Hydro- 
•dynamics, and deduce the equation of continuity in each case. (Ban 1947) 


Exp. Show that in the motion of a fluid in two dimensions if the co-ordinates (x,y) 
■of an element at any time be expressed in terms of the initial co-ordinates (a, 6) 
- and the time, the motion is irrotational, if 


d(x,x) d(y,y) n 
3(a, b) ^ 0(o, b) 


[Jab 1 960] 


Sol. If u, are v the components of velocity parallel to co-ordinate axes, then 
x—it ; y—v. 


Also <HL=J>a_dx_,dt‘ P 

go dx da ^9 y da’ db dx db dX db 
-and two more expressions for 3i>/0o and 3 v/06. Now 

d(x,x) 0(y,T) ^/3a 3*._3«_ 3^\ , /3JL <LL_ 3£ 3Z.\ 

0(a, 6) 3(«. b) '3« 3 b db 0o/ \0o 06 06 0o / 

c =0£.fil 3 £j .3". dy_\-dx_/dj<_ dx_,da 3t.\ > 

06 V0.r da 3 y 0o ) da \3* 06 ^dX db ) 

dx_(df_ 3£ , 3^_ 3v\ 3. y_(df_ dx ,dv_dy\ 
db\dx da dX da) 0«V0x 06 0y 06 / 
_0«_/3^ &v_ 3 *_ dx_\,dv_/dx_ dy__dx_ 0x\ 

dX '3 b da 0o 06 ) 0* \0o 06 0o 06 ) 

V3fL by _dx_ df\/dy_du_\ d(x,y) 

'3* dX ' '3 a 3 6 da db) \0* dy ) d(a, b)' 

Now d(x,y)ld{a,b)y£0 by virtue of Lagrangian equation of continuity, there- 
fore 


d(x,x) 3 (y,y) n 

0(0,6) ' _ 0(o, 6) 

if and only if — =0, i.e. only if the motion is irrotational. 

ox py 

1.72. Equivalence of the Eulerian and (he Lagrangian forms of the 
equation of continuity. For the sake of simplicity, we transform 
•equation of continuity in Lagrangian form to the Eulerian form. As 
such, we differentiate the form p/=p 0 and get 


J(dpl<tt) + p(dJfdl)—Q. (I) 
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Since dJjdt—J div q (§0.50, p 7) ; equation (l) reduces to 
(dp/dt )+ p div q=0. 

Conversely, let ~r+P div q=0 be the Eulerian’s continuit)'-ccndi- 
tion so that, setting/ div q ~{dJJdt), we have 


This leads to p/=constant=p 0 (say), which is the Lagrangian form- 
of continuity condition. 

Hence the two forms are essentially equivalent. 

Ex. Find the equation of continuity in the Lagrangian method and show that if 
is equivalent to 

(rfp/r*)+pdivq=0. . (Ag 1953). 

1.720. Eulerian form of continuity condition via Lagrangian system. 
Let p(r, /) be the mass per unit volume of a homogeneous fluid at 
any point r and time t. 

Then the mass of any finite volume V is 

w=jv p(T) ^ dv ‘ 

If V is a material volume having no sources or sinks within its 
medium, then putting F=p in § 1.301, p. 22, (i.e. Reynold’s transport 
theorem), we get 

We take it as a principle that the mass of a material volume does 
not change so that dmfdt= 0. Now this is true for an arbitrary volume,, 
and hence the integrand itself must vanish everywhere, it being a. 
continuous function. Hence 

dpjdt+p div q=0. (1)' 

Notes. 1. If we put F=pf in the Reynold’s transport theorem, we 
have 


w\v ffd ° = jv[sr (p/)+p/div q ]* 

= tod) 

2. In the above derivation, the material volume has been permitted 
to move in the Lagrangian fashion. But the result obtained is identi- 
cal with Euler’s approach in which the surface is held fixed. In view 
of this fact, § 1.72 is indeed superfluous. 
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§1.73. Equation of continuity in orthogonal cnrrilinear coordinates. 
Let p denote the density of the fluid at P(y., £3, y) and with this point 
.as centre construct a small 
curvilinear parallelopiped with 
•edges of length h^h., h 2 d$, 

Judy (see adjacent Fig.). Let 
The components of the velo- 
city vector q in the (a, [3, y) 
directions be (g„ q«, q 3 ). The 
■continuity equation is based 
upon the following maxim : 

The rate at which the mass of 
Jluid inside any volume is in- 
creasing is equal to the source 
rate of mass within the volume minus the rate at which mass flows out 
through the surface of the volume. 

Now, if mass of the fluid within this fixed surface is m, then 

“*= hJi 3 dy.d^dy J=/; 1 /i 2 /; 3 dzd&dy ? ~~ (1) 

because volume does not vary with time. Further, if R is the source 
a-ate of mass per unit volume, then the fluid mass generated is 

Rdv=Rh 1 hzh 3 dy.d$dy. (2) 

Also, the rate at which mass flows out—-f^ ?q.dS (3) 

The above maxim now provides the mathematical formulation 

—=Rdv-J s pq.ds ( 4 ) 

To calculate the value of the integral in (4), we need find the flux of 
•vector pq across all the six faces of the surface. Now flux across the 
■curvilinear area A BCD is oqfi^h z dy=f (cr,(3,y) say ; hence the flux 
across the faces A„B„C 2 D„ and A l B 1 C 2 D 1 shall be f(y.-fldy, £s. y) and 
J( y.—ldy , [3, y) respectively. Thus, the net flux across these two 
faces is 

f(y.+ldx, S, y) f{y. ida., (3, y)=dx ~ = dydfidy —(zq.hdu)- 

Similarly, the net flux across the faces A«A 2 D X D„ and JSJSjQQis 

dv-dpdy c{?qJtJh)ldf> ; 

.and that the net flux across the faces A 1 A i B„B 1 and C X D X D,C. 2 is 

dxdfidy oipqfhhdjjoy. 

Summing now over all the six faces, the total flux of pq is 

J^(?7Afci)+ ~ (pq 3 hju) Jdzclpdy= J s pq . dS (5) 
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Substitutions from (1), (2), (5) into (4) yield 

if + JijiJi'Ld* ( ' 9qih ~ h ' ) ^(PftMa)] =7?. 


( 6 ). 


Note. If there are no sources within the surface, R= 0 ; which 
implies that the increase m the mass of fluid within the surface in any 
time 8 1 must be equal to the excess of the mass that flows in over the 
mass that flows out. And the equation of continuity in that case 
reduces to 


It + h^_k ipqA,h)+ ^(P9 3 /»A)]=0. (7) 

Exp. Obtain equation of continuity of an inviscid fluid in orthogonal curvilinear 
coordinates by using the expression for div of a vector. Hence deduce the same 
in cylindrical and spherical polar coordinates. 

Sol. Let ej,e 2 , c 3 denote unit vectors tangent to the coordinate curves at any* 
point. 

Let q=9iei+? 2 C2+93 e 3 

so that (q lt q 2 . q 3 ) are velocity components of q along c 1( e 2 , e 3 respectively. 

The equation of continuity is 

ff +v • or 


We know from vector calculus that for any vector point function f, with usual 
notation [Vide §0.20(2), p. 4]. 

v • r= hkfll* r (/l/ ' 2/ ' 3)+ ^^ 2/,3/,l)+ ^ (/3/ 'i / ^] ; 

where f=/ie 1 +/ 2 c 2 +/ 3 e 3 . 

Replacing / by pq and/ x by pq lt etc. we get 

V • (pH) — A 1 /; 2 // 3 [^^ f? A^ 3)+ Jp(P?2^u)+ ] ( 2 )i 

Hence the equation of continuity is, by (1) and (2) 

! + vkI > w ]-“■ < 3 > 

(i) For cylindrical coordinates’, hi—l, /i 3 =r, /; 3 = 1 ; (a, (3, y)=(r, q, z). With* 
fix, < 7 2 , < 7 3 ) in the (r, q, z)-direc(ions, (3) provides 

jjf-> s, [s*nt>+£-0«>+ k <w) ]"° 

» r+T- 

(ii) For spherical coordinates •,hx=\,hz=r.h s — r sinO, (a, (3 ,y) 3(0 ®, ?)• With'; 
(< 7 i, 9 2 > <73) in the (r, q, ^-directions, (3) provides 

0T + rTO [ F (??ir2 sin ° )+ g 3 0 ' (p(72r sin 0)+ -| (p93r) ] =° 

0r fr+'fr Jr (p9i r2 )"h 7^1 sin 0)+ -|(P?3)=0. 

Ex. 1. Obtain the equation of continuity in generalized orthogonal system of" 
coordinates and deduce the equation of continuity (i) in spherical polar coordi- 
nates, and (ii) in cylindrical coordinates. {Del 1961 ,6 7> 
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Ex. 2. Show that if t„ X, be the orthogonal coordinates and if (u, v, w) be the 
corresponding component velocities, the equation of continuity is 

g7+ pO«1+^ 2 + M'S 3 )+// jl J; (p« // t _,A(pv)+/l3 Jr (p'‘0 = O, 

where ~ =(|| )"+(|^)"+(3|. ) 2 ; etc. and fl , j 2 , j 3 are respectively the- 

sums of the principal curvatures of the three orthogonal surfaces. 

If the motion is steady, deduce the equation in spherical polar coordinates for 
a liquid and show that for irrotational flow, the velocity potential 0 satisfies- 
Laplace’s equation. [Lkn 1959 ] 

Ex. 3. If a thin stratum of liquid moves irrotationally on the surface of a* 
sphere, prove that the velocity potential 0 satisfies 



30\ , S 2 0 
do' 8“ 2 


=0. 


Obtain the general solution of this differential equation. 


[Bom 1935]' 


1*74. Equation of continuity in cylindrical coordinates. Let p denote 
the density of the fluid at (r, 0, z) and with this point as centre cons- 
truct a small curvilinear parallelopiped with edges of length dr, rdQ. 
dz (See Fig.). Let the components of the velocity vector q in the 
(r, 0, ^-directions be (q lt q 2 , q 3 ) respectively. The continuity equation* 
is based upon the following maxim : 



The rate at which the mass of fluid inside any volume is increasing- 
is equal to the source rate of mass within the volume minus the rate at 
which mass flows out through the surface of the volume. 


Now, if mass of the fluid within this fixed surface is m, then 


dd drdz)=rdddrdz~~ (1) 

because volume does not vary with time. Further if R is the source 
rate of mass per unit volume, then the fluid mass generated is 

’ R dv~R rdddrdz (2) 
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Also, the rate at which mass flows out== + J ^ pq . d S (3) 

The above maxim now provides the mathematical formulation 

d ~=Rdv~ j^q.dS (4) 

To calculate the value of the integral in (4), we need find the flux of 
-vector pq across all the six faces of the surface. Now flux across the 
-curvilinear area LM through P is ?q t rdOdz=f(r, 0, z) say ; hence the 
flux across the faces ABCD and A'B'C'D' shall be f(r—hdr, 0, z) and 
f(r+ldr, 6, z) respectively. Thus, the net flux across these two 
-faces is 

f(r+i dr, 0, z)—f(r — \dr, 0, z)=dr =drdOdz ~ (pq 1 r). 

Similarly, the net flux across the faces AA'D'DA and BB'C'CB is 
dr dOdz d(?qi)jcQ ; 

.and the net flux across the faces AA'B'BA and D'C'CDD' is 

fidO dz c(p(7ar)/2z. 

Summing now over all the six faces, the total flux of pq is 

(p<7ir)+z|-(p?2)+^-(?%0] ^ dO j^q . dS (5) 

Substitutions from (1), (2) and (5) into (4) yield 

fr +f [f <^>+ <*"» ]-* 

For the very special but important case, when R .— 0 — e - c t 

If + t[£ <*'>+ J- <«■>+ k rt ]=<>• m 

Ex. Develop from first principles the polar form of the equation of continuity 
for two-dimensional incompressible flow 

3(«r)/0r+2W3o=°- 

If, in a particular flow, «=— ti cos 8/r 2 , determine the value of v and find the 
magnitude of the resulting velocity q. [Ans : t>=— p. sin o/r : , tf=p/r 2 ] 

1'75. Equation of continuity in spherical polar coordinates. Let p 
denote the density of the fluid at P{r, 0, o) and with this point as 
centre construct a small curvilinear parallelopiped with edges of 
length dr, rdO, r sin 0 do (See Fig.). Let the components of the velo- 
city vector q in the (r, 0, ?) directions be {q u q 2 , q s ) respectively. The 
continuity equation is based upon the following maxim : 

The rale at which the mass of fluid inside any volume is increasing 
is equal to the source rate of mass within the volume minus the rate at 
which mass flows out through the surface of the volume. 

Now, if mass of the fluid within this fixed surface is m, then 

~= J-(pr 2 sin 0 dr dO do)=r 2 sin 0 dr dd do 
o t V t ot 


(1) 
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because volume does not vary with time. Further if R is the source 
Tate of mass per unit volume, the fluid mass generated is 



Also, the rate at which mass flows out of the surface= J pq . dS (3) 
The above maxim now Drovides the mathematical formulation 
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Substitutions from (1), (2), (5) into (4) yield 

I'+r* sin J> ° | r(p?ir2)+r sin °)+ ^(fW)]=.R. 
For the very special but important case, when J?=0, we get 


( 6 ). 


3p - 1 
St + r" 


S_ 

Si- 


ft <hr-)- 


1 


r(p?a sin 0)- 


1 


r sin 0 SO 0,11 u ' _r r siTo 3^ (m3):=0 - (7 ^ 

Ex. Find the source-free equation of continuity of an imiscul fluid in cylindrical 
and spherical polai coordinates, by using the expression for di\ of a vector. 

Sol. (i) Let the components of the velocity vector q in the (r, 0, redirections 
be (<7i, < 72 , <7a). The source-free equation of continuity is- 

Sp/gt+div (pq)=0 ( 1 ) 

Setting f=pq in the expression for div f=-I.jj2 (rf£+ ^+|r ] and using 
(1) we obtain 


( 2 ) 


(ii) Let the components of the velocity vector q in the (/, 0, ^-directions be- 
(<7i> Qi, ? 3 >- Setting f=pq in the expression (m spherical polar coordinates) for 


di v f 

and using (1) we get 


W a7^ ;i)+ rsin0 


(sin0/ 2 ) + _l_ | k 


‘ dP -+-k 


do 

Jr (sin 0?(? 2 )+ 


r sin 0 

dpd'i 

r sin 0 "gy’ 


(3) 


' r r" Sr v <r ' ,± ' 1 r sin 0 3 0 

1’76. Some symmetrical forms of the equation of continuity. When 
the motion (possesses certain symmetrical properties, the equation of 
continuity 'can always be simplified. We shall consider three such 
useful cases] 

(i) Sphericjal symmetry. Here motion is symmetrical about thc- 
centre andi velocity q in the direc- 
tion OP is\ a function of r and t 
only. Let us^consider two concentric 
spheres. JVIa^ss gained by the flow 
througliUhe inner suiface is 
4~W p=/(r, t ) (say) 

Mass lost tby the flow through the 
outer surface 

f(r+8r, 1 ) 

Mass belfyeen the two spheres at 
time t 

=L4-/- ? p.Sr 

Hence, by continuity-principle. 


-ft • 471 ^.S r=/(r, /) -/(,-+ or, /)=-g-Sr=-Sr. 



(4- r- q T . p) 


0) 


V 



§1.76] CYLINDRICAL & AXIAL SYMMETRY 

If p is constant, 3p/3t=0, hence 
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r”q r —F{t)=R z v- (say). (2) 

In a steady flow, F(t) shall be an absolute constant. 

Note. The relation (2) at once follows from §1.75(7), p. 50 by 
deleting the terms containing references to 8 and 9. The above 
derivation is from first principles. 

(ii) Cylindrical symmetry. Here the velocity q at any point P is 
perpendicular to a fixed axis OZ and is a function of t and r, where 
t is the time and r is the perpendicular distance of P from OZ. 

Consider two cylinders of radii r, r+Sr with OZ as axis, bounded by 
barrier planes at a unit distance apart. 

Rate of flow across the inner surface=p^. 2w=/ (/, r) (say) (1) 

Rate of flow across the outer surfac e=/ (t, r-j-Sr) (2) 


0 

Rate of change of mass =— (p.2 -r. Sr) 

ot 

Hence, by the principle of continuity 

(3p/3 0 2 nr. 8r=f (t, r)-f (/, r-f Sr) 

=-S rdfldr 

= — Sr d(pq 2~r)ldr. 


(3) 


Thus, f+4- — (pqr)=Q (4) 

If p is constant, 8p/3t=0 and hence 

rq=F(t)—RV (say). (5) 

In a steady flow, F(t) is an absolute constant. 

Note. The relation (4) at once follows from §l - 74(7), p. 48, by delet- 
ing the terms containing references to 0 and z. The above derivation 
is from first principles. 

(iii) Axial symmetry.* If the motion is such, that velocity at P is in 
the plane XOP and depends only on x, £5, t (Fig.) and motion is the 


* Axially symmetric flow is 3-dim. flow such that with a suitable choice of 
cylindrical polar coordinates (r, 8 , 2 ) every physical variable is independent of 
0 ; or with a suitable choice of-'spatxrpolar r coodinatcs fr, 0 . oh every physical 
variable is independent of 9 . 
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same in all the planes passing through a fixed axis OX, it is said to 
possess an axial symmetry. 



Consider a rectangle ABCD in the plane XOP with P as centre 
and with AB— 8x parallel to OX and AD= S3 perpendicular to OX. 
Let (u, v) be the components of 
velocity at P parallel and per- 
pendicular to OX, Let EF, GH 
be the centre-lines of the rect- 
angle as shown in the Fig. Then 
the area generated by EF on 
rotating about OX is 

2it 3 fix. 

Area generated by GIi on rotat- 2 . 
ing about OX is < ' 

7t (3 + i S3) 2 — “ (3 — ^ Sw) 2 =2~ 3 S3 

Rate at which mass crosses the area 2- 3 Sx from below to above 

py. 2tz 3 S.\=/j ( t , x, 3). Sx (say). 

Rate at which mass crosses the area 2 t: 5 83 from left to right 

pit 2- 3 83=/o ( t , x, 5). 83 (say). 

Rate of gain of mass through the curved surfaces of the ring formed 
by the rotation of the rectangle 

— /1 0’ x > 3— i S 3 ) Sx— /i (/, x, 3+| S3) 5x 
s- 

— —Sx. 63. - 

23 


17 h a 

I ^ I 


E 


hi 

it 

F 

p \ 

"Z. 

1 

• 

1 

* 


A G 

w 

B 


M 

! 

Jz 




= — Sx. S3 — (py 2a; 3). 

OO) 

Rate of gain of mass through the plane faces of the ring 
= fo (t, X — i Sx, 3) S3 — fn (t, X + l Sx, 3) S3 
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=— s.v. 

3* 

= — Sx. S5 — - (cu2~Ss) 

o-V 

The mass within the ring is p. 2-5. Sx. 65. 
Hence by conserving the mass we get 


2x5 Sx'. S5+SX 55 y— (p u 2x5) -f oX'. 65 —— (pp. 2x5)=0 

oi ox ooj 

47+~ (pw)+4r-^r (p f5)=0. 

Ql OX CO CCO 


If p is constant, gp/0f=O, then the last equation can be written as 

5 x~-r~ (t?5)=0 or f-(«5)-f^:(»5)=0. 
ax 05 v J 5-v cS ’ 

Ex. Homogeneous liquid moves so that the path of any particle P lies in the 
plane POX, where OX is fixed axis. Prove that if OP—r and Z.XOP=O t the 
equation of continuity may be written as 


(Hr ”) — ~~ (er sin 6)=0, 


where u, v are the component velccities along and perpendicular to OP in the 
plane POX and p=cos 0. (, Del 1956) 

P77. Method of writing the continuity-conditions. Let p be' the density' of the 
fluid and construct a parallelopiped whose edges arc tJx, prfp, 'id y in any coordi- 
nate system. Write 


lengths of elements : J dr jid? -idy 

components of velocity : u v w 

To calculate the flux along the first length, take the negative derivative with 
regard to the first length of the product 

density y. velocity in the first direct ion x product of remaining lengths 

Then multiply this by the first length itself. Thus, the first flux is 

A QC C 

Now calculate the remaining fluxes similarly ; add them up and equate this 
sum to the time derivative of the mass (i.e. f/.ds. \id$ 

To be exact, let us write the continuity equations in the various systems already 
dealt with. 

f dx dy dz 

Cartesians : l 

( u v IV 

~ g|-(F ltdydz) dx— ~p (fvdzdx) dy-~ (pwdxdy) dz= ^-(ydxdydz) 

or -(pa)- 1 - ~ (?»’)+ 

C x O.v C z C r 
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Cylindrical s : 



0 dz 


V It’ 


- (furdOdz) dr — (p vdzdr) rdO~ -L- (pity irrdO) dz= —(pdr.rdO. dz), 


r lr+f £<*">+t 

We can similarly write the continuity- condition in space polar coordinates. 
1 .78. Problems with solutions 


(1) Equation of continnity in dipolar coordinates. In the motion of a homogene- 
ous liquid in two dimensions, the velocity at any point is given by two components 
v, v' along the directions which pass through the fixed points distant a from one 
another. Show that the equation of continuity is 
3u , 0i>' , r2+r'2-a' > - 
> + dr' 2 rr' 


/0V 0t/v £_ d 

\0r' d r / ‘ r + r’ ’ 


where r, r' are the distances of 
any point of the liquid from 
the fixed points. ( Del 1958, 36) 

Sol. The dipolar coordi- 
nates of P arc (r, r ') and we 
need construct an elementary 
parallelogram PQRS with ex- 
tremities at (/-, r'),(r, r'+dr'), 
(r+dr r'+dr') and {r+dr, r') 
respectively. For this pur- 
pose, draw arcs of radii r, 
r+dr and r', r'+dr' withcentres 
at O and O' ( 00'=a ), their 
intersections giving the requir- 
ed figure. 

We thus have the usual 
parallelogram with edges, and 
the velocities in these direc- 
tions as : 

edges : 
directions : 


v \ R (r+dr, r+dr') 



Then, the fluxes across the edges dr' cosec 0 and dr cosec 0 arc respectively 

L__ -JL [-(v'+v cos 0) dr cosec ol dr' cosec 0 ; 

cosec 0 0r' ' ‘ 

JL Ip(v+v' cos 0) dr' cosec 0] dr cosec 0. 

cosec 0 9 r rv ' 1 

Since the time-rate of change of mass is 9fp dr’ cosec 0. dr cosec 0]/gr,the conti- 
nuity condition obtained by equating the sum of fluxes to time rate of mass, 
after some reduction, is 


cosec 0 


3p_ 

0/ 


4 ,[ 


?(v+v' cos p) 
sin 0 


W 


p(v'+V cos II) 


sin 0 


’]=o. 


For incompressible fluids, 0?/0r=O ; hence this reduces to 


_0_ 

2r 


jv+v' cos 0 
iin 0 


->u 


’ v '+v cos o 
sin 0 
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•Carrying out (he indicated differentiations we obtain 

_I_r^+ 3 — +(' 9 - + ^'> cos 04V 3^0 9^0501 

•sinO L 0r 0r' + \0r 0r'J ° + 0r ^r' J 

n f i -ft/ cost) 00 u'-fticosO 00 ] 

cos0 L sined §7+ T,n2 0— §F J =0 <*> 

Now A(cosO)=-L('Jf±£^l£LW ±(JL + Jl_fL) 

0 r x ' a r\ 2rr' J [0r V r" r rr’ ) 

/ 1 a 2 \ _ /- 2 -»' 2 +a 2 

-\"F i* Jr Wr > ) 2 rV 2 

2 r 2_( r 2 +r <2_ fl 2) 1 cos 0 

— 2r 2 r' ~ r' ~ r 

•Similarly 0(cos 6)/0r , =(l//)— (cos 0// '). 

Further, 0(cos O)/0r=— sin 6 0 fl /0r ; 0 (cos O)/0r'=— sin 0 0 o /0r' 

Substitutions in (1) provide the result 


dr dr' Vgr ;_lrV \r r / \r J / 

£+f-+-*($ + £) + f + >° w 

Putting for cos 0 =(r 2 -f r' 2 — a-)j2n in (2), the result follows. 

Aliter. The equation of continuity for a liquid in two dimensions is 

1 7+Jr=° « 2/j ^ |F ir' 

and we need transform it to the dipolar \ p /j 

coordinates. [/ 

Now for any function r',0, 8') 1 

we always have _£> ^ ^'^IlYr 

01=1111 uM&L 4-11 M Jl/w Xe if Yv 

f 9r . 3/ ' ■ 9r ' 3 " 3 « 3 " 3o ' 3/; iffl; 1L s 

Bv seffmi* h—x and It=v m turn, wp vet * — 2 — >- CL - * ' 2 7 ' 


By setting /r=* and h=y in turn, we get 
the operators 


l_ = ll JL+ 9 £l JL+ 9 o JL + 9 i'JL ' 

0x 0x 0r 0x 0r'~ r 0x 0 o ^ 0* 0 9 ' 

_9 .= 9 £ _L +i£ ^_+^o _0_,^o' X ' 

3 t 9 >- 0r dydr' dy 09 0y 00' } 

Now with reference to the adjacent figure 
> 2 =(x-ia) 2 +y 2 , '•' 2 =(w+ifl) 2 +y2, 0=tan-i D 7 (*— *«)]» 0'=tan-i [y!(x+la) 
dr _ x— ja 0r'_ x+jg 0i ^ y 0r' = y 
0* r ’ 0.x f' ’31 r ’ 5? ’ r’ 

3n = ~ T - 0ol = zZ. . Ja = fl 3o'_*+*a 

0AT .v 2 +(at— la)2 r 2 ’ 0X r' 2 ’ 0y r 2 ’ 0y r- 
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Substitutions in (a) yield the results 


t* =cos0 

X +COS 0' X , - 

3 r 3r r 

do 

r> 

do 

-§-=sin 0 

0 +sin 0' 0 , + C0S 6 

±+. 

cos 0' 

0 I 

dy 

3' dr' r 

do 

d 

d0‘ J 


Putting U—v cos o+v' cos O', V—v sin 0+v' sin 0' in (1) and applying the 
operators in (0) to (1) we get 


( C0S 6 Tr +C ° S °' b di ~ 4') C ° S ° +V ' C0$ °' )+ 


(sinO-^+sinO' iL^+ C0 ^° |p) («> sin o+v' si„0')=0 (2) 
These give, after collecting terms 

-|^-+^7-+(cos 0 cos O'+sin 0 sin O') (|p- +^/)+")r+7r= 0 (3) 

because 3i>’)3o\ gi</0O, o l !co', d v 'lco all vanish separately ; as v and v’ are 
functions of r and r' only. Also, 

cos 0 cos O'+sin Osin G'=cos (0— 0')=(r 2 +r'2— tfi)l2rr'. 

Substitution in (3) yields 

&L+W + r2 ±f!t^l(^+3l\+JL+jL =0 

0r T dr' 2rr' \ 0r T dr') r T r' 

(2) If every particle mores on the surface of a sphere, prove that the equation of 
continuity is 

JpC° s °+-| j -(po C0 s 0)+ A <?»' cos 0)=0 

p the density 0, 9 the latitude and longitude of any element and a, o' the 

angular velocities of the element m latitude and longitude respectively. 

[ Ag 1965, 56, 53 : Ban 47 ; Bom 57; Del 64, 55, 42, 34 ; Jab 59 ; Jad 58 ; 

Kr 59 ; Mad 59 ; Osm 63, 61 ; Pb 56 ; Sag 55] 

Sol. By definitions, /LQOP— 0 (latitute), f_XOQ— 9 (longitude). In order to con- 
firm with the space polar coordinates, we write 90—0=0' and hence, in this system, 
the coordinates of any point P are 

( [r , o', 9). Obviously', when 0' increases, - 

0 decreases. Since r is constant for P, it 
being a point on the surface of sphere. 
qr—O—ti. Let us construct the usual 
arallclopiped with edges, and the 
velocities in those directions as : 
edges : dr rdf)’ r sin O'r/9 1 

velocities: o ro r sin 0'co' 

Then the flux across the face of area 
rdO’.r sin 0V9 is zero ; those of the 
faces of areas dr r sin OV9 and r drdO" 
are respectively 

1 

— -gg, (pra dr.r sin OV/9) rdO', 

-_L_ (o rsin 0' o'. dr.r r/0')x 

r sin OV/9. A 

Since the time-rate of change of mass is 3(p dr. rdif. r sin 0' do)idU the: 


m 
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continuity-condition obtained by equating the sum of fluxes to time-rate of mass,, 
after some reduction, is 

~ sin e'+^r (P“ s ‘n 0')+-^ (p“' sin 0')=0 (2) 

Since 0'=90 — 9 ; 00'=— 00 and also velocity shall be — /-&> in the direction of 0, 
contrary to +ra in the e'-direction since 0 and 0' are oppositely oriented. 
Making the changes in (2) we get 

— cos 0+-J- (p« cos 0) + — - (P6/ cos 0)=0. 

0P 00 0 9 

Note that q=<o xr is utilized in (1), in order to write the linear velocities from 
those of angular velocities. 

(3) If the lines of motion are curves on the surfaces of spheres all touching the 
plane of xy at the origin 0, the equation of continuity is 

r sin 0 +4r^-+sin 0 J^-+p«(l +2 cos 0)=0 

01 09 0 U 

where r is the radius CP of one of the spheres, 0 the angle PCO, it the velocity itr 
the plane PCO, v the perpendicular velocity, and y the inclination of the plane 
PCO to a fixed plane through the axis of z. 

[Ag 1961, 57 ; Ban 64, 54 ; Bom 64 (Old) ; Del 62, 53, 45, 38 ; Pb 50 ; Raj 64) 

Sol. Let us consider any two consecutive spheres, with their centres C, C' on 
z-axis, distant 8r apart. If the join of C to F (on one sphere) meets the second 
sphere in Q, then if 

CP—r, C'Q—r+Sr, CC'=8r, j OCP-0, PQ=I ; 


then (r+8r)2=(8r) 2 +(r+/)2+28r(r+/) cos 0 (by Cosine formula). 

This gives r(l — cos 0) S/-=(r-f or cos 0) l=lr 

or l~r(l— cos 0) Sr. 

Since the lines of motion lies on the surface of spheres there will be no- 


component of velocity along PQ. Further, the 
and XOZ (fixed plare) is y, and this is the 
usual coordinate in space polar coordinates. 

We can therefore construct an elementary 
parallelepiped with edges, and velocities in 
those directions as : 

edges: (1— cos 0) dr rdO r sin Qdo 


angle between the planes PCO ■ 


(1) 


velocities : 0 u 

The flux across the face of area rdO 
r sin 0 dip is zero ; those of the faces of areas 
r sin o dp. (1— cos 0; dr and (1— cos 0) dr.rdO 
are respectively 
1 71 

Ipu r sin (Wy. (1— cos 0) dr 1 uhj ; 

r 00 
1 f) 

— TSInO v rd °' - cos 0) d) ] r sin (jd 9 . 

Since the time-rate of change of mass is 
0[p(1 —cos 0) dr. rd 0. r sin 0dp)/(jl. the conti- 
nuity condition obtained by equating the 
sum of fluxes to time-rate of mass, after 
some reduction, is 







m Op I 0 


r _ cm ri\i f / 1 


fl\ V 
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•or r sin 0 -|£ + sin 0 + pu (1+2 cos e)+-j|^ (p»)=0. 

(4) A thin stratum of incompressible fluid is contained between two concentric 
spheres. Show that the velocity at any point is equivalent to the components 

__J 3$. 0* 

sin 6 3u ’ 9e 

along the meridian and parallel of latitude respectively. Also if the fluid be 
homogeneous, and the motion irrotational, prove that 

■ 00 _ J 3* . 34- __ l 30 

9 0 sin 0 9&> * 9 0 sin 0 3w 

■and deduce that 

<p+ity=F (e iM tan 0/2) 

[Jad 1959 ; Del 56] 

Sol. PQ (Fig.) is 'the vertical axis of rotation and any great circle drawn with 
PQ as diameter is known as a meridian. Obviously the velocity increasing in the 
•direction ofO is that which corresponds to that along the meridian. Similarly the 
•velocity in the direction of n» increasing corresponds to that along the parallel 
AB. 

Since the fluid stratum is thin, it follows that the liquid ultimately is on the 
•sphere r=a (say), so that q r —0 ; q 0 =« ; q lA ~ v (say). 



» 


The equation of continuity in the present case, taking p as constant, is given by 

(u sin °)+-|~ =0 - W 

90 3“ 

The stream lines are given by 

ad Q - _g_ sin 0 dc l ; or - sin 0 dn+vdS=0. 
u » 
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This equation is exact by virtue of (1), so that it forms an exact differential d-<i 
r (say). 

,\ — u sin 0 da + vdd—d)i= rf0+4r- do> 

do d“ 


whence 


1 30 . v 3j 

sin 0 0t>> ’ 00 ' 


Now, when the motion is irrotational, the velocity potential 0 necessarily 
•exists. Thus if the sphere is of unit radius (or includes its radius a in 0), then 


30 1 8 » . 1 3 0 = _ 3 ^ == _ t) 

00 sin 0 0o ’ sin 6 0o> 00 


which lead to 


'From (2) we get 

0 




00 sin 0 0w 


00 


'Setting 0+i’i=W' r , the above reduces to 


1 00. 

sin 0 0oi 

— i 3(0+010 

sin 0 0oi 


( 2 ) 




( 3 ) 


This may be compared with Lagrange's partial differential equation P(0z/0x) 
-+Q(0z/0>’)=3? whose solutions are dxjP=d) \Q-~-dzjR. Hence (3) yields 

cosec OdO=—ida=dWjO. 

The first two members give c' 0> tan 0/2=const.=F(/f) say, and the last gives 
W—A. Combining we get 

I F=0+ii— F(e' u tan 0/2). 

Problems For Solutions 

1. Each particle of a mass of liquid moves in a plane through the axis of z. 

'Find the equation of continuity. [Sag 1954 ] 

2. Fluid is moving in a tube of variable cross-section A ; prove that, if v is the 
■velocity at a point s and p is the density, the equation of continuity is 




[Osm 1960 ] 


3. A mass of fluid moves in such a way that each particle describes a circle 
in one plane about a fixed axis. Show that the equation of continuity is 

0P , 3(f<i) n 

-0r + “0r =o ’ 

iwhere o> is the angular velocity of a particle whose azimuthal angle is 0 at time /. 

4. The particles of a fluid move symmetrically in space with regard to a fixed 
centre (he. radially). Prove that the equation of continuity is 


It +„ It + J- 

d! ' dr + 


(r-//)=0. 


r 2 dr 

where u is the velocity at distance 1. [J a b 1950 ; Osm 62) < 

5. A mass Of fluid is in motion so that the lines of motion lie on the surface 
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of coaxial cylinders. Show that the equation of continuity is 

t+4 1 - < F ») + 

where u, v are the velocities perpendicular and parallel to z. 


6. If the lines of motion are curves on the surface of cones having their vertices 
at the origin, and the z-axis as the common axis, show that the equation of 
continuity is 

ct 0? r r O o 

where // and e denote the velocity components in directions of r and o respec- 
tively. [Ag I960, 58, 54, 45 ; Del 4 9 Mar 62] 

[The result follows from continuity-condition in space polar coordinates by 
putting the velocity component in the 0-direction equal to zero ; because lines of 
motion lie on cone 0=const.] 

7. If the motion of a liquid be in two dimensions, prove that, if at any instant 
the velocity be everywhere the same in magnitude, it is so in direction. 

8. In the steady motion of homogeneous liquid if the surfaces / 1 =c 1 , / 2 =a 2 
define the stream lines, prove that the most general values of the velocity com- 
ponents u, v, w are 


F(hJo) 


8(/i./t) 

80 ’, 2) 


Hfi ,/»> 


C( 

c(z,x) ’ 


FifiJe) 


d(fiifi) 
8(^,1) ’ 


where Fis any arbitrary function. [Cal 1955 ; Del 60 ; Gti 58, 53 ; Pb 61, 54] 

9. A pipe of circular cross-section and length 1 has a diameter which decreases 
uniformly with the distance from either end, being a minimum at its mid-point. 
Homogeneous liquid flows steadily through the pipe, v being its velocity of influx 
into one end. If ). be the ratio of the smallest to the largest cross-sectional 
diameter respectively, show that the time taken for a liquid particle to traverse 
the pipe is 

/(i+>--f>. 2 )/3v. 


10. Show that 0=(x— r) (y—t) represents the velocity potential of an incom- 
pressible two-dimensional fluid. Show that the stream lines at time t are the 
curves 


(x— /) 2 — (y— r) 2 =const., 

and that the paths of the fluid particles have the equations 
log I x y j ~l{(xA-y)-a[x-y)-*}+b 

where a, b are constants. [Ktiru 1965] 

11. The position of a point in a plane is determined by the length r of the 
tangent from it to a fixed circle of radius a, and the inclination 0 of the tangent 
to a fixed line. Show that the continuity-condition for a liquid moving irrota- 
tionally it) the plane will be 

8 2 £ , J_ 80 ,J_ SI0 VS __L c* ^L_JL cO \ =0 . 

gr 2 r gr r- gp- ’ r - N gr 2 r gr / r-\ grge r de ' 

12. If the velocity potential of a liquid is of the form 0=/ If) g (0) h{z), where 
(r, 6, z) are the cylindrical coordinates, prove that the equation of continuity is- 
satisfied if /, g, h satisfy the three equations 


+r — n 2 ) f= 0, +n*-g= 

where n and a are constants, and hence show that 


: 0 ; -a»~h=0 

G z ~ 


0=2 A cosh a(z—c) cos n(o 


-«>f 


cos (aR sin a-~no->) da. 
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T79. Kinematically possible incompressible fluid motion 
If the velocity vector q=(«, v, it’) is kinematically possible for an 
incompressible fluid motion, then the equation of continuity’ must be 
satisfied. If in addition the motion is irrotational, then cnrl q~0, 
•or in cartesian form 


gu> _ dv__ d u , 

dy dz~ 5 dz cx ~ ’ dx dy~ 


( 1 ) 


Evidently’, in such a case the velocity’ potential necessarily exists 
-and is given by q=— grad <£, 


or 



£0 £$ 

cy c* 


In case the equations (l) are not satisfied, i.e. cnrl q==0, then the 
motion is vortical (rotational) and velocity potential cannot exist. 

The stream lines, if needed, are easily obtained by solving the 
•differential equations 


, _ dx dy 

qx dr=0 or — =— 
u v 



The following examples will make the procedures very clear. 

2 xy: 


1. Show that 




c= .(±rz!l£ . ,, = _r_ 

’ (xC-f.iC) 


.are the velocity components of a possible liquid motion. Is this motion irrotational 1 
[Alig 1957 ; Del 51 ; Jab 62 ; Lkn 45, Osm 61 ; Pb 63] 

Ox-— y-) . or 0--3JC 2 ) dw _ n 
Sol. -21. (x - fW ^=0. 

The equation of continuity for the incompressible fluid is 


ou , c-v , cw 
cx' r di' ' c- 


=0. 


Substitutions lead to 


2ycOx--y-) j_ 2y:{y-—3x s ) , n n 
<x-~-}-p • (xs+yi)3 • u-u 


•which is satisfied. 


For the motion to be possible it is evidently necessary that the equation of 
continuity should be satisfied. 

For irrotational motion 

i£ - 0 ; 4?--^ =0 ; =0. 

c- OP c x c- or c x 


Here 


_gc = ar 2 — v2 

c 


0«\ 


(x 2 +y -) 2 ’ dy (*=-i-r 2 )- 


etc. 


Thus all the three equations referred to above are satisfied. Hence the motion 
•is irrotational. 
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2. Prove that the liquid motion is possible when velocity at (x t y, z) is given by 
ti=(3x-—r-)/r B , v—3x yjr 5 . w—Sxz/r 5 , 

where r 2 =^ 2 +>- 2 +r 2 > and the stream lines are the intersection of the surfaces 

(x 2 +y 2 +z"-) 3 =c()*+ z’-r- 

by the planes passing through OX. State if the motion is irrotational giving reasons 
for your answer. [Alig 1961 ; Ban 61 ; Bom 61 ; Bel S3 ; Gor 61 ]> 

Sol. For the motion to be possible, it is evidently necessary that the equation 
of continuity should be satisfied. The equation of continuity for the incompressi- 
ble fluid is 


+ 3°a. S'i’._ 0 

dx ax' dz 

3x(3r2-5*9 . 0i- = ^(r2-5.r2) _ 0»r_ 3x(r2_5r21 
dx rt ’ dy ft ’ 0z id • 

Substitutions in (1) show that continuity equation is definitely satisfied. 
For the equation of stream lines. 


( 1 ) 


dx__ dy _ dz 
u v »’ ’ 


we have 


dx 

3x2 _ r 2 


From the last two members, we get 


dy _ dz 
3 xy 3 zx 


)’—az, 

which is a plane passing through OX. We write (2) as 
xdx+ydy+zd: _ ydy+zdz 
*(3r2— z-2) - 3x()*+zZ) 

3~Z(2xdx) _ 2(2v dy+2z dz) 

° r lx 2 — c \*+z*) 

Integration yields 

3 log (x-+y--rZ 2 )=2 log (>’ 2 -r- 2 )+log c 


or (x2F>-2+r2)3=c0-2 +r 2 ) 2 

the stream lines are intersections of (3) and (4). 

We shall now prove that curl q=0. Easily we find 
0« _ — 3y(Sx 2 —r 2 ) d“ _ -3z(5x2-r2) 

dX rt ’ dz rt 

d v __ — 15xjt 0iv__ 3r(r2— 5 x 2 ) 

0z~ rt ’ 0.v rt 

Evidently the conditions of irrotational motion : 


3>’(r 2 — 5x 2 ) 
' dx rt 

0iv —15 xyz 

0 v rt ' 


0w 0£ n . 0u_ 3lV_ 0 . 

dy d z ’ dz 3 X ’ d x 


° v — j^=0 are all satisfied. 


dx 


Note. Another expression for stream lines is : 

dx __ dy _ dz _ xdx+ydy+zdz _ rdr _ dr 


3x2 — r z 3 xy 3 zx 


3xr-—xr- 


2xr 2 2 xr 


( 2 > 

(3> 


Equating the second and third expressions gives y—az while second and las 
gives 

r s =by- or (x 2 -Fp 2 +z 2 )3=6 2 j’ 4 . 
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Ex. 1. Show that the following motions are kinematically possible for an- 
incompressible fluid (c is constant). 

(i) u=cx, t>= — cy, it>=0 ; (ii) u=cx, v=—cy, ic=cx 
(iii) u=cx, v=cy, w=—2cz ; (iv) n^ca/r 3 , v=cyjr i , w—czjr a [r-=x 2 +y~±z'z] 

(v) «= n ’=°- < vi > "=>-'» v = zxt > «'=***• 

Ex. 2. Show that the following motions are kinematically impossible for am 
incompressible fluid (c is constant). 


(i) u=cz, v——cy , )f=— 2cz, (ii) u~cx, v=cy, w=cz 

Ex. 3. If the velocity of an incompressible fluid at the point (x, y, z) is given by 
(3 xr/r 5 , 3yz/r s , (3 z 2 — r 2 )/r 6 ] 


prove that the liquid motion is possible and that the velocity potential is cos 0/r 2 . 
Find also the stream lines. [Ban 1965 ; Del 65 ; l J b 59], 


Hint: 

Integrating we get 


— <f0=q.dr= — 


3'(3>t/x) __ he 
(2x2)512 (fdflu 


- 0 = 


z 

(2ix-)W2 


f * 

f dz 

J (x 2 +y 2 +z 2 ) 3 / 2 

J ( S * 2 ) 3 / 2 


0=z/(x 2 +.y 2 +z 2 ) 3 / 2 = cos o/r 2 . 

Ex. 4*. A two-dimensional fluid motion is specified in the Lagrangean manner 
by the equations 

x—ae’-i, y—be-’-i. 

Show that the path of a particle is xy=ab ; the velocities in the Eulerian form, 
are u=A rx, v== — ky ; the motion is steady as well as kinematically possible for an. 
incompressible fluid. 

Ex. An. A two-dimensional fluid motion is specified in the Lagrangean manner 
by the equations 

x=ne ; - ( , y=be~ l t+a{ 1 — e~ kt ). 

Show that the path of a particle is xy=a6+ox — a-; the velocities in the 
Eulerian form are u=kx, v= — ky+kx e~ >l ; the motion is non-steady and is 
kinematically possible for an incompressible fluid. 

(Hint : Equation of continuity in the Lagrangean form, viz p/=p 0 may be made 
use of, for proving that displacements are kinematically possible for an- 
incompressible fluid.] 


5. Show that the fluid motion given by the velocity fluid 

q ={6(a 3 r -3 — 1) cos 0, 6(1+ Jo 3 1 " 3 ) sin 0} 

is irrotational, where (r, 6) are polar coordinates and a, b are constants. 
Determine the velocity potential 0 for this motion. 

[curl q—0, q- — \70 = — (00/0A r' 1 00/ 3°, 00/3z). Integrate and observe that 
arbitrary functions /i(o)>/ 2 ( r ) vanish by comparison.] 

1-80. Boundary surface. We now derive the differential equation 
satisfied by a boundary surface of a fluid. This is precisely to find 
the condition that the surface F (x, y, z, t)—0 may be a boundary 
surface. 
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When the Quid is in contact with a bounding surface, 
F ( x,y,z , /)=0 or F( r, ?)= 0 

the velocity of a fluid particle 
at any point of the boundary 
relative to the surface must be 
tangential to the boundary. 

Thus the normal component 
•of the velocity of the particle 
•relative to the boundary is 
zero. 

Let u be the velocity of the 
point P of the surface, q the 
fluid velocity, and n the normal 


veloc! 

0* SURFACE 




( 1 ) 



VELOCITY or 
FLU 10 


P 

MOVING SURFACE k r 

F(r,t)=o\ 

unit vector drawn at the point P of the surface so that 


(%-m 


Veloc/ ty Of Fluid 
Relative To 
Surface 


(q—u) .n=0 or (q— u) . VF=0 (2) 

Since the surface is in motion, its position at time t+St is given by 

P(r+8r,t-fS/)=0 (3) 

Adding and subtracting F( r, t+8t) to (3) and using (1) we get 
[F(r+Sr, t+St)-F(r, r+S/)]+[F(r, r+S/)-F(r,/))=0 
or Sr . vF(r, t+Sr)+(gF/9/)S/=0 (by Taylor’s theorem) 

Proceeding to the limits as 8r-»0, 8(->0, this yields 

u . vF(r, t)+ (3F/30=0 (V VL=dr}dt) (4) 
From (2) and (4) follows the result 

(q. vF)+( 3F/30=0, or dF/dt=0. (5) 

The component form is 

n(3F/3A:)+u(3F/3;-)+B’(3F/3r)+(3F/30=0. (5') 

Cor. When the liquid is in contact with a rigid surface F(r)=0, in 
•order that the contact is preserved, the fluid and the surface must 
have the same velocity normal to the surface. Hence the condition is 


q . VF= 0. 

Notes : 1. The boundary condition, viz. 

(3F/30+h(3F/3-v)+v(3F/3j')+ie(3F/3z)=0 
is Lagrange’s linear equation and as such its solution is given by 
dt _ dv_ _ch_ dx_ _ dy _ t . dz 

~T~ u IF liT ~di ’ dt dt ~~ 

But these equations define the path lines r=/(r 0 , t) and hence, once a particle 
in the surface, it never leaves it. 


2. The velocity of the moving surface F(t, 0=0, normal to itself is 

-(3F/30/I VF|. 

This follows at once for 

q . y F=-3F/3/ ; q ■ (VF/ 1 VF | )=— (0F/3O/ | VF I . 

.and this is nothing but the velocity of the surface normal to it, equal to U„. 


is 
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xp . Fir cl the differential equation of all the boundary surfaces of a fluid. 

Show that ^-tan 2 /- ~ C0t2 

a 2 b* 

is a possible form for the bounding surface of a liquid , and find an expression 
for the normal velocity. 

[ Ag 1964, 59, 55, 46 ; Del 61, 50 ; Jab 61 ; Mar 62 ; Osm 59 ; 

Pb 56, 52, 50 ; Raj 60] 

Sol. The surface F(x,y, z)—x~ ten 2 t/a 2 -~j- cot 2 tjb- — 1=0 can be a possible 
fcrm fcr the tour ding surf* ce of a liquid, if it satisfies the boundary condition 


{cF!zt)+u{cmxn*cmy)+HcFiiz)=o. a> 

Now c f I2x- 2x tan 2 tja-, cFldl =2 y cot 2 t\b~, cF/£?=0 

Thus | VF | =2(6tx 2 tar. 4 t+a l y 0 - coU ty /a 2 6 2 , (2) 


Also cFlct~2a~"x- tan t sec -t — 2b~- y- cot t cosec 2 t 

Substitutions in (1) lead to 

a ~ 2 x(ti tan t~x sec 2 t) tan t+b~- y[v cot t—y cosec 2 t) cot t—0 (3) 

If we accept 


it— — x sec 2 t cot / ; i—y cosec 2 / tan t ; h'=h(x, y, t) (4) 

(3) is obviously satisfied. Also satisfied is the equation of continuity gu/gx+ 
oWo>'+c ll 7 c z — 0, by velocity components given in (4). Hence the given sur- 
face is a possible form for the boundingsurface ofa liquid. 


normal ie!ocity=— 


IcFict) 
1 V F \ 


a-i- cot t cosec 2 t — 6 2 ,r 2 tan t sec 2 1 
\/{b*x- tan* t-j-G*) " cot- 5 1 ) 


Exp. (2) Show that the variable ellipsoid 






is a possible form for the boundary surface of a liquid motion at any tire t. 

[ Aid 1964 ; Aliy 62, 58 ; Bern 62 ; Cal 54 ; Del 54 ; Gti 55 ; Gor CO ; 
Lkn 62, 60 ; Pna 64 ; Pb 64, 58 ; Raj 65 ; Osm 62 ; Sag 60] 


Determine the restriction onfi,f t ,f a if 

-p- A (O+'p' A (0 +-p- A (0=1 


is a possible boundary surface of a liquid. ( Del 1954, 50) 

Sol. The surface 

0 (#+ 4)~>-0 

can be a possible boundary surface ol a liquid, if it satisfies the condition 

3Z X-U -j_y C F_ _g_ 

d 1 c x ol' ’ 0 Z 
cF ___ 4x 2 yy 
zt aHM* b- c 2 / 

8 F_ 2x . 0F J2kyO . 'dF_J2kd~ 

2x a-k-l * ’ 8.v 6 2 ’ 8 Z c 2 


( 1 ) 


Here 


aik-l* 

whence the condition (1) reduces to 


2x 


amt « 




,2 kyt 
r ~b- 


(vt+y) 


(»/+r)=0 
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If we accept : «=2x/r; v— — yjt ; )t>=— z// 

the above equation is identically satisfied. 

Also (B*/Bx)=(2//) ; (B Wop) =(-1/0 ; (BtW3z)=(— I/O- 

The equation of continuity 

o“Idx+dvldy+c'vldz= 0 


is clearly satisfied with the above values of u~v, w, so that the velocity compo- 
nents are possible ; and the given surface is a possible boundary. 


To determine the restriction on / lt / 2 and / 3 , we proceed as under ; using dashes 
for differentiation with regard to /. 


- fr -3 -/.' M + •£/.'<) +- S /.•<<> 


3F = _2x 
Bx 02 


/i(0 


Substituting in (1), we get 


c£ = 2p 

BP 6 2 


/e (0 I 


Jf 

Bz 



/a (0- 


-3-/x'(0+ -jj /a'(0 +-§■ /a'(0 + /i (0-i 


2x// 


-^-/ 2 (0+— / s (0=°- 


If we accept 


u*=-*hL. v =-lhL- 

2/i ’ 2/, * 


z/ 3 ' 

2/3 


then the required restriction will be obtained if these velocity components satisfy 
the equation of continuity. Thus 


i.e. 


hL-K -{jl 

2/i 2/g 2/ a 


=0 


or 


/i /e 



4-i°s</i./ 2 ./ 3 )=o 


or log C/x ./ 2 ,/ 3 )=const. 


Thus, /1 ./ 2 ./ 3 =constant ; the required restriction. 


Exp. 3. Show that all necessa-y conditions cat be satisfied by a velocity poten- 
tial of the form 

0=ax2 -f&yc+vzs, 
and a bounding surface of the form 

F^aor 1 -\-by ij rCz l — y(/)=0 

where y(t) is a given function of the time, and x, 3. ? ; a. b, c, suitable functions 
of the time. [Ag 1951 ; Aid 63 ; Del 59, 48 ; Mad 59 ; Osm 63] 

Sol. The following conditions are to be satisfied : 

(i) V 2 0=O, for incompressible fluid flow, 

(ii) BE/B'-f «(3f73x)+e(3f73P)-i-“’(Sf73z)=0, for the material surface, 

(iii) The mass of the fluid contained in the material surface is constant. 

Since tp —aofl-t-^y-A-yz-, we get 

q=— grad 0 = ( — 2zx, — 2?p, — 2yz) = ( 11 , v, w). 

V 2 0=O, 

F= ax i A-byi-\- cz } — /(/) = 0 


Since 


( 1 ) 

( 2 ) 

(3) 



,i— 5c = r*— Sr;\T5_^ rev's { =3. y« 


__ ii •- _ x . _ s _ v _£ i_ 1 5 T= j* _£ i. 

— c y — X c X 

a . b , c 3y _p -j. aa ._ db , cc ?-Cr; 

c ' 6 4 c 7 5 c 5 c 7* 

If we integrate this last expression. the result is 

cbr y~~- ~ constant = K 

For condition (iti), we have for the mass M 

J\f=sF=s J j Jir cy d: over the 4 -ve octant of cv*-f h,r*-f e.v*=j.(rt 

_ S /} 






64 , ' ,X III >. 1 u * v * £f>.£fa<f*o\-erX-fp.-r'.=l(pvittinsc.vij=XX>etc,) 

(cocj 4 


=1 


■where 


(cic) 


T~ | ! ^ dl | m -(1— m) 5 dm r. *(1 — d) * (it 
?.-rST-r v= f» {i-r v= bn, v—lmr.. 


5 X 

Thus ,\f=/l y* !${abc )* where /I is the value of the integral involved, 

= constant, by virtue of (6). 

Hence all the conditions are satisfied. 

Note : Conditions (i) and (iii) are, in fact, identical ; but serve verifications. 
Ex. Explain the significance of the operator 


d_ 

ct 




Find the condition that the surface F(.r, v, r, r)=0 may be n - ' 
oT a fluid in motion. 

Prove that a surface of the form ax'-yb^yc: 1 — y(l )=0 is 
a boundary surface of a homogeneous liquid at time r, the . 
of the liquid motion being 


<?=(P-Y) -v 2 +(r-w) 

xvhere x> «, p, y are given functions of time and a, b, c are suii 
time. 
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Ex. 1. Show that the variable ellipsoid 


a-k-t- n 





is a possible form of the boundary surface of a liquid at time t. 

[Bom 1956, 53 ; Jab 60] 

Ex. 2(a). Show that (x 2 /a 2 )0(/)+(y 2 /6 2 )[I/0(/)]=l is a possible form of (he 
bounding surface of a liquid. 


Ex. 2(b). Uniform incompressible inviscid liquid is contained within a flexible 
boundary that contains the surface to be an ellipsoid with principal axes in fixed 
directions. Verify that the velocity potential for the irrotational motion of the 
liquid is 


a: 2 da , y- db ^r 2 dc \ 
a dl ‘ b dt c dt )' 


[Del 1966] 


Ex. 3. The parabolic profile y = k V x moves in the negative x-direction with 
a velocity U, through a fluid which was initially stationary. If u, v are the 
instantaneous velocity components of a fluid particle on the boundary, show that 

2vy=L-(u — U). 

Ex. 4. A sphere of radius r moves with the steady velocity components- 
(«', v' . w') through an initially stationary fluid. If t be measured from the instant 
the sphere was at the origin, show that the equation of its surface is 

F=(x-u'ty-+ (y— i-'/) 2 +(r— w'ty— ; 2 =0 

and establish the boundary condition equation 


(« — u'){x — u't)+(v — v')(y — v'/)+(n’ — H’’)(r — ir'/)=0. 

Ex. 5. Liquid is moving irrotationally in three dimensions is bounded by the 
ellipsoid (x/a)S+(y/b)~+(i/c) z — I, where a, b, care functions of the time, such 
that the volume of the ellipsoid remains constant. Prove that if the ellipsoid is 
rotating with angular velocities co lt co 2 , co 2 about its principal axes, and u, v, it’ are 
the component velocities of the liquid parallel to the principal axes, the equation 
of continuity and the boundary conditions are satisfied if 

//=(flx/fl)+j’u 3 [(o 2 — 6 2 )/(a 2 +6 2 )]+co 2 [(c2— a 2 )/(c 2 +a 2 )], 
with similar expressions for v and ii’. 

1.90. Helmholtz’s vorficity equation. If the body forces are conser- 
vative and p is a function of p only, then 

ii here <s) — curl q is the vort icily vector. 

Proof : The Lagrange’s acceleration relation is 

a=</q/rf/=oq/a/+V(iq 2 )-f rnxq. (1> 


Taking curl of the above formula we obtain 

curl a=c <0/0/ + curl (wxq) [V curl grad=0] 

— dd>/dt+[a> div q— q div 0 >+(q.V)C 0 — ((O.V)q] 
=2G)/3/+(q. V)(D — (<s). V)q-J- to div q [V divto=0J 

— (/to/t//~(to.v)q+ to div q ( 2 > 
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“Now differentiating (fo/p) we get 

d f o) \_ 1 dan _ <o t/p 
V P ' P dt p* dt 

=— — — (— pdiv q), by continuity equation 

"7ff + “ div ' 1 ] 

= — [(<j> . V )q + curl a] by using (2) 




q-i curl a. 

P 


( 3 ) 


If the body forces are conservative and p is a function of p only, then 
■the acceleration vector is irrotational* so that curl a=(i. Hence the 
relation : 

v ) «• (4) 

Cor. 1. Cartesian Equivalents : If q =(«, v, if) ; o>=(£, v), %), then 
•(4) is equivalent to 

jL /'JL \ — JL j-JL JUL + JL $1L 'l 

dt\p) p dx ' p dy p 3r I 

-£•(— ')=— ■§-+— ^ (Nan son’s equations). 

dt \ p J p dx p dy p dz \ 1 ' 

3u’_j_jo_ | 

<■// \ p / p 3 a- p dy p Sir J 


Cor. 2. In the two-dimensional liquid motion the vorticity of any 
particle remains constant. For (s)=curl q = [(dvjdx) —(3k/ 9y)]k = ok 
(say) and hence <i).v=0. This implies that the Helmholtz’s vorticity 
•equation is simply 

d ( <o\ „ 

J=0 or co=constant. 


191. Permanence of rotational and irrotational fluid motions. We 
•start with the Helmholtz vorticity equation, viz. 

Ufhif* > <» 

Taking the scalar product of both sides of (1) with (to/o) we get 
0) d ( 0) V 1 d /a>-\ .{ w 
P ' dt[p ) 2 dt\ pO' \T 


*In fact, dqldt=F — (l/p)V p is the Euler’s equation 
. 74) which can be set as dq!dt——yj (■/ -f P) , under the 
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Dividing both sides of the last equations by ffl 2 /? 2 2D ^ setting the unit 
vector (m/p)/ I (D/p J equal to e we get 


i.e. 


log ^ )— 2{e.V)q.e (2> 


dr V. 


Let us assume that q possesses continuous first order partial 
derivatives, then there exists some constant /;>0, such that 

( 2(e.V)(q.e) j 

This implies — &<2(e. V)(q.e)<L 

or — /r^D(iog (0-/e z )^k [by (2)] (3> 


where D—djdt. "Nov/, if at time /<,, the vorticity is £o c , and the density 
is p c , then integration of (3) provides 


A'd/<loe 

to 


•» 

or 

C' 


The two results which follow’ are 



feft. 


o 2 ) (4) 

and «*/?*> (®o s /Po s ) (5) 

From (4) we infer that if td c =0 atany instant, then <d=0 for alltimes. 
Thus, if the motion is initially irrotational, motion with vorticity 
cannot be generated in a barotropic fluid under conservative body 
forces : conditions very essential under which (1) is valid. 

Clearly, vortex motion in a barotropic fluid initially at rest cannot 
be generated. 

From (5) we infer that if W^O, then co==0 ; i.e. the vortex motion 
cannot be destroyed. 

It may be noted that (•> can never reverse its direction, for this 
would imply that d> could vanish which is contrary’ to permanency 
of vorticity. 


L92. Velocity field induced fay a vortex tube. Let q be the velocity 
vector with components (u, r, «•) parallel to the coordinates axes. 
For incompressible fluid, whether the flow’ is steady or not, the 
equation of continuity is given by div q=0. Since div curJ=0, there 
is a vector field A such that 

q=curl A== V X A. (0 

Further, the vector A is not unique, because for any scalar function 
T, curl grad T'=0, i.e. 

curl(A-f gradT)=cur! A. 
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Hence, to determine A uniquely, we impose a restriction on the 
vector A, viz. we set div A=0. Now 

0 ) =curl q=curl curl A = grad div A— V^A 
Since div A=0, this result reduces to 

V 2 A= — 0). (2) 

This is the vector Poisson’s equation. If the velocity and vorticity 
fields are supposed to occupy all space and sufficient conditions are 
satisfied at infinity, then the solutions of 
(2), i.e. the value of A at a point P is given by 

‘(d 


-if? 


dv 


( 3 ) 


where r is the distance of P from the volume 
element dv at Q (say) : which means that the 
coordinates of Q are the integration variables. 

If a is the small cross-section of the vortex 
tube, and ds an element of length along it, 
then dv=ads. The constancy of the vortex 
strength (P) then supplies 

(s)dv~a<<)ds—a<Ads—Tds 

[where [to j =<u] 
whence (3) may be rewritten as 

4-ji.r 

taken along the vortex tube. From (1) we observe that 



•where 


=J<fq= 


curl A 


dq—d ( curl A)=curl r/A=curI curl ds j 

=<“[ ~ curl ds- f V (~) X ds l^rfs^r 


( 4 ) 


( 5 ) 


( 6 ) 


since ds is a constant, so far as this operation is concerned (curlr/s 
=0). The velocity relation thus appears, from (5) 

r dsx r 


1 f f dsx r __ 1 f 

1 4rzJ L ^ *rj v 


axr 

r 3 


dv. 


(7) 


Now setting q=(«. v, ir) : r=(x-x', y~y', z-z'), »=('', r/, XJ), 
we get from (7), 

r-r')-C0 -j')] dx' dy'dz ' 


U =L f . 

4-Jv 


H<y-jTri-(=-r') 2 J 3 ' 2 (S) 

with similar relations for v and ir, obtained by cycfic permutations 
of the letters involved. 
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Cor. From (6) we observe that the velocity relation appears in the 
incremental form 




dsxr r ds sin a. 


e, 


4- r 3 4-r 2 

where a is the angle between the vortex-filament direction and the 
radius vector to the point P under consideration (vide Fig. p. 71). The 
velocity increment due to the element of the filament is at right angles 
to ds and r and corresponds with a right-handed screw (for right 
handed axes) about the direction of ds. In fact, its sense is in accord 
with the rotation of T. The induced velocity due to the complete 
vortex filament is 


F f ds xr T f sin a . 
' = 4=h r» = ^.L~ ds - 


H= 


This may be compared with the Law of Biot and Savart in Electro- 
magnetism’ where the magnet field strength H induced by a current 
/ in a wire is given by 

r . f ifrxr 

~ l j ,.3 

Note. The derivation of the Biot-Savart law. in all its diversity, is 
explained in § 7.32, p. 392 of Mathematical Theory of Electromagnet- 
ism by Bansi Lai : the author. 

Ex (i). If the vorticity be given at all points within an incompressible fluid 
extending to infinity where it is at rest, prove that the velocity V is given by 

V=curl A, where A= J 

where oi is the vorticity at the volume elemenl dv, r is the distance betvceen this 
element and the point at which A is evaluated, and the integral extends tli'fough- 
out the liquid. Can the vorticity co be assigned arbitrarily ? [Cal 1956 ; Dei 55] 

Ex. (ii). If the vorticity is given at all points within an incompressible fluid, 
prove that a possible value of the Velocity V is given by 

V= curl A 

where if (2c, 2r„ 2Q are thecompon/nts of the vorticity, the components of A are 

ijj ^ i m ' ^ ; 

and the integrals extend throughout the liquid. [Del 195S] 

Ex. (lit). If q is the velocity at a point P in an unbounded liquid which is at 
rest at infinity, show that 


q=curl A when A 


= J. 

2~ J r 


dv' 


where the integration is taken over the whole of space and do’ is an clement of 
volume at a point Q where the vorticity is ce' and PQ=r. 

Hence derive the formula 

Sq=(I74~) sin a 8*7 r 2 , 

for the magnitude of the velocity induced by an element 8s' of a vortex 
of strength Tata point distant r from the element. 


[Del 1963, 61] 



2 • Equations of Motion of Inviscid 
Hydrodynamics 

2.00. Introductory remarks. In this chapter, we consider in an 

• elementary way the dynamics of uniform and incompressible inviscid 
^fluids, and the hydrokinematic-techniques already dealt with in 

• chapter l,are thoroughly made use of. For any unconventional 
matter, the reference (for a proper back-ground in mathematical 
techniques appropriate for elegant discussions) may be made to the 

' ‘Subsidiary Results’ of zero chapter. This will be an absolute necessity 
for some topics, i.e. Lagrange's equation of motion, permanence of 
vorticity, etc. 

Throughout the text, problems are scattered lavishly, many are pro- 
fusely illustrated and solutions are presented in detail. Some theorems 

• of general interest are also included ere the chapter is closed down. 

2.10. Euler’s equation of motion. We shall noiv obtain Euler's equa- 
tion of motion for a perfect fluid. 

Consider any arbitrary closed surface S 
drawn in the region occupied by the non- 
viscous fluid and moving with it, so that 
it contains the same fluid particles at every 
’ time. 

Let p be the density of the fluid particle 
P within S and dv be the volume element 
surrounding P. Then the mass pdv of this 
element always remains constant. If q js 
the velocity of P, then the momentum of 

• the volume V is 

q p dv. 

the time rate of change of momentum is 



- since the mass (p do) remains constant 

If F is the external force (i.e, body force, such as gravity) per unit 
' mass acting on the fluid ; then the total body force acting .on the 
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fluid within the surface S at time t is 

J v F p dv. (2) 

If p is the pressure at a point of the surface element r/S having the 
outward drawn unit normal n, then the total surface force 

J s P(-n )( /S 

.c. — j" V p dv. (by Gauss Theorem) (3)> 

In (3) wc have taken negative sign for the surface force acts in- 
wards, and unit normal n is drawn outwards. 

Thus the total force acting on V 

— J F p dv— J V p dv 

= j v (pF— V/>) dr. (4)' 

By Newton's Second Law of Afotion, viz. the rate of change of linear 
momentum is equal to the total force acting on this mass of fluid, we 
get by equating (1) and (4) 

or f y (p 

As the surface S is arbitrary, it follows that 
P ^.~pF+Vp=0 

or (5)' 

dtj p 

which is the famous Euler’s equation of motion. 

Since 'A=4l + (q. V) q [§1.31 (5), p. 23]' 

(it (Jf 

we can re-write the equation of motion or pressure equation as 

|3-+(q. Y)q=F -Vp. ( 6 )‘ 

dt P 

Note. Using Lagrange acceleration relation, viz. 

~-=(cq/dO + V(lr) + <i>Xq 

at f 


[§1.31 (6),p.24J 
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Euler’s equation (5) can be set as 

©q 730+ V (k 2 )+ «> X q=F— (1/p) Vp (6') ■ 

This is called Lamb’s hydi odynamical equation. The chief advantage- 
of (6') is that it is invariant under a change of cooi dinate system. 

Cor. 1. Cartesian Equivalents : we set 


q=(H, w), F=(*. Y, Z), Vp = ( 


9p 9p 
dx ’ dy 


dP~) 

Zz)‘ 


Substituting in (5) and equating the coefficients of i, j, k we get 


duldt=X-0l9)(dp/dx ) ] 

dvldt=Y-{\lp) (dv/dy) I- . (7)- 

tfw/tff=Z-(l/ P ) (3 Pldz) J 

We may observe that dujdt—x, dv]dt=y, dwjdt—z. Should we use 
(6), then since 


+ ' 8 y+" J i> 

the coefficients of i, j, k when equated on either side of (6) give 


0i< , 

d7 = w +u 


du 

dx 


, du , 

+ v ~+w 


y 1 9 P 

Bz p 9-v’ 


with two more relations for v and it’. 


Cor. 2. Equations of motion in cylindrical coordinates : With velo- 
city components (u,v,w) m the (r, 0,z) directions, W’e have [vide- 

§ 1.31, p. 24] 


dq ^ du v 1 


dt 


dt 


dv , iiv 

~T~ i > 

dt r 


dw\ 

It) 


r~(F.,F t .F.).Vp=QE. 

Substituting in (5) and equating the coefficients of i, j,k, we get 

l 2 „ 1 dp 1 


du 

If 

dv 

If 


- -F r -± , 

r p dr 

i uv j. i dp 

+ -T= F ‘-Tm 


div 

dt 


--F.- 


1 


dP ! 

9- j 


(S)> 



r76 


EULER’S PRESSURE EQUATION 


[§ 2.10 


Cor. 3. Equations of motion in space polar coordinates : With velocity 
components (w, v, it') in the (r, 0, <p) directions, we have [vide 
=§1.31, p. 24] 

• dq_ v~-) -H’ 2 _r/v_ wj cot 0 , ww rfip , *m> cot 0" 

'' dt \dt r ’ dt 


~dt ' 


’ cot 0 ^ 

F-C^r, ^0, Po), V/>= |£V 

V. 3^ r o0 r sin 0 0© y 

."Substituting in (5) and equating the coefficients of i, j, k, we get 



du v~ 

i-i-ie 2 

— F — 

1 

d£ 


Hi ~ 

r 

— 1 r 

P 

dr 

dv 

n“ cot 0 

, uv 

- F.. 

1 

dp 

~di~ 

r 

r ~ 

- r o ~ 

P 

r30 

dw , 
dP 

vw cot'O 

r 

• —F<? 

1 

P 

1 dp 

r sin 0 o? 


'Cor. 4. Equations of motion referred to rotating axes. If the axes 
'rotate with uniform angular velocity o> =( 0 ^, w 2 , 6> a ), then the ex- 
pression for acceleration is, [by § 0.81, p. 15] 

£ =[f] + ( 1'-V)q=f + » X1+ W-V) q. 

Hence, the Euler’s equation of motion then is 


Sq 

dt 


-f <0 xq + (q'.V)q=F— 



P- 


Here q and q' are the absolute and relative velocities. 

Cor. 5. Acceleration potential. When the body forces are conserva- 
tive so that F=-Vx and the fluid is barotropic, i.e. density is a 
function of pressure, so that p _I V p—-V${dplp), then Euler's equation 
of motion may be expressed as 

dq/dt^ - Vy— V JWp/p) 

or a=-v( %+ f-y ) = -grad 0>, (say). 

This result shows that the acceleration vector a possesses accelera- 
tion potential x+J’Mp/p)^’- 

lEx. Find the equations of motion of an jnviscid fluid in cylindrical' polar 
•coordinates by : 

(i) Using the expressions for grad, div, and curl from curvilinear coordinates 

(ii) Considering the motion of an element of volume in these coordinates. 

.•Note. Conservative field of force. In a conservative field of force. 
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the work done by the force F of the field in taking a unit mass from A 
to B is independent of the path. 


Thus 

Jp . dr =| F . dr= —/ (say) 

ACB aDB 

where % is a scalar point function whose value 
depends upon the initial and final position of 
A and B. 

As in dynamics, it can be easily shown that 
F=— V-/. 

y is known as force potential and measures the 
potential energy of the field. 


B- 



Exp. X. Prove that if 




-f-W 

3>’ J '0z c* 


) 


and p, v are two similar expressions, then 7Ax+pfiy+vdz is a perfect differential ; 
if the forces are conservathe and the density is constant. [Ban 1961] ■ 

Sol. If /., [i, v are supposed to be components of some vector N, then the given - 
equation is the first-component equation of the single vector equation 

N=8q/0r— qxcurl q. (J)« 

Now, the Lagrange’s acceleration relation is 


dq!dt=(cqld‘)+lf(iq i )-qxo> (2) 

Hence, from (1) and (2), we get 


N—(dqfdt)—$ty(q2). 


(3b 


From Euler’s equation of motion 


dq 

dt 


«f~L V />— V ( z+f) , * g-. *=- rf ( 7-+f). 


Thus, (3) reduces to 

N . dr——d ( y_+— p-f-}q 2 

And this is equivalent to the fact that ydx+f tdy+vdz is a perfect differential. 

Exp. 2. A quantity of liquid of density ? occupies a length 2a of a long straight- 
tube of uniform small cross-section, and is under the action of a force kx per unit 
mass towards a fixed point O in the tube, where x is the distance from O. Show 
that, when the nearer free surface is at a distance z from O, the pressure at a 
distance x exceeds atmospheric pressure II by 

ip(x-z)(a—}x-f-}z) [Del 1937 ; Pb 63] 

Sol. The continuity-condition for incompressible fluids (div q=0) in the present 
case of one-dimensional flow is simply o(p«)/ov=0. Thus, u is a function of time 
t only. Further, z is a function of t only, so that «=z and the particle accelera- 
tion at time t will be z . Thus, Euler’s equation of motion is 
o u ldt= z = -kx—p-r ( dPldx ). 


( 1 )' 
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‘Integrating wi*h regard to x, keeping t constant, we get 
(^ 7 ) X ~ A — \kx-— (pip). 

Since p—Tl when x-z and when x—2 a+z, the above yields 

r =— A (z+a) ( 2 ) 

-'which reveals that the liquid performs simple harmonic motion of petiod 
2~ l\/k . From (1) and (2) we now get 

8P*3*=pA'{z-f a— x) 

Integrating with regard to .t, keeping t constant, we get 

p—— x)-+B 

where B is independent of x (it may depend on t). To determine it we observe 
■ thatp=n when x—z (and also when z—x+2a), then 

B—U+lkpa- 

Hence p=Il+kp(x~z) (a—ix+lz). 

Exp. 3. Air, obeying Boyle's Law, is in motion in a uniform tube of small section; 
prove that if p be the density and v the velocity at a distance x" r m a fixed point 
. at the time t, 

P-g Ip (•»+*)! 

[Del 1949 ; Gti 58, 53 ; Pna 63 [Old)) 

Sol. At time t, let p be the pressure and v the velocity at a distance x from the 
- end of the tube. The equations of motion and continuity are 

§l+v ns 

0 ' 8* p d x w 

< 2 > 

Since, by Boyle’s Law,p—kp, the equation of motion can be written as 

31-f-p 0£. (3) 

8< 3* P c r 

Differentiating (2) with respect to t, we get 

3-p V-bv ) 

8'- 3*3? 


*-4-\ 

oxl 


+v 

F 8 / 


—hi-’ (t iv + ’ I)-" i w ]■ by(,,a “ I (2 » 

BcU-sL^.I 


Ex. Air, obeying Boyle’s law, is in mo'ion in a uniform tube of small section, 
prove that if p be the density and v the velocity at a distance r from a fixed point; 
. at time t, 

+2t/-— V z-2cv^L +k • [kb 1950) 

d> 2 dr dr 3 f ' Z r 2 
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Exp. 4 Obtain the equation of continuity, and expressions for the total compo- 
nents of acceleration of a fluid particle in cylindrical coordinates. Derive the 
. equations of motion expressed in these coordinates. 

If liquid of density p rotates like a rigid body with constant angular velocity co 
.about the z-axis which is vertical, deduce from the above equations of motion that 
, the pressure is given by 

/j/p=Jo 2 r 2 — gz+const., 

■ where r is the distance from the axis. Show that the surfaces of equal pressure are 
paraboloids with the same latus rectum. [Pna 1959 ] 

Sol. Since the liquid revolves with constant angular velocity co=wk about 
2 -axis, its velocity distribution q=co xR is that of a rigid body. Hence 

a=coxq=o>x(<OXR)=(a> . R) M— « 2 R= w =(rk— xi— yj-zk) 
since R=xi+yj+zk. Thus, 

a=— w 2(xi+yj)=— w 2 (xyx+yyy)=— ^« 2 7 (x 2 +y 2 )=— 

‘because, in cylindrical coordinates, x—r cos 0,y=rsin 0 so that x 2 -fy 2 =r i_ 
■Hence, equation of motion yields [F= — \7(gz)= — kg] 

a= * 2 yr2= - vte z +(p/p)] 

•or VU' 2 +(/>/p)-^ 2 /- 2]=0 

Integration provides : p/p=lca 2 r 2 — gr-f const. 

For a surface of equal pressure (i.e. free surface), p— const. wh nee the free 
surface is a paraboloid of revolution with oz as axis, each having the same latus 
•rectum (2g/u 2 ). 

Ex. 1. In a large pond each particle of water traverses a horizontal circle 
whose centre is on a fixed vertical axis. The speed of a particle at distance r 
.from the axis is cor for r<n, but «a-/r for r>a. Find the form of the surface of 
water, given that « and a are constant. 

Ex. 2. Assuming that the earth is a fluid sphere of radius a, of constant density 
,p, and without rotation, show that the pressure at a distance r from the centre is 
i£pn(l— r 2 /a 2 ). 

Ex. 3. A mass of liquid is revolving about z-axis with the angular velocity 
J(r) k where r is the perpendicular distance from the axis. If e is a unit vector 
.perpendicular to the axis, prove that the velocity of the liquid is 
q=r/(r)kxc, and curl q=[r/ / (r)-f2/(r)]k. 

If the motion is irrotational, show that 

co=flk/r 2 , q=(o/r)kxe ; Q=b—a 0 [a, b const.), 

•where 0 is the multivalued velocity potential and 6 is the polar angle. 

For a liquid of constant density, under constant gravity, show that 
gz + (Plp)+i(atjr-) — constant. 

2-11. Cauchy’s pressure equation : integrals of the equation of 
motion. To obtain the solution of Euler’s equation of motion, which 
is non-linear, we will have to entertain simplifying assumptions. 
Firstly we assume that the external forces form a conservative system 
.so that F= — Vx- Secondly we assume that the fluid is barotropic so 
•that 


— vp=v 

p 


(say) 


(Vide Note. (iv)p. 2). 


^ = |f+« xq +V(k 2 ) 


[Lagrange acceleration relation] 


Since 
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the equations of motion can be set as 

Ij- + 0> x q+ V (lq 2 )= - Vy — VP 

or ^-=qX<D-V(x+P+iq 2 ). (ty 

This last expression is the final result. Since this result, as it stands, 
is not very useful, several special cases will be considered. 

Special cases : 

(i) When the motion is irrotat tonal, (t)=curl q=0, and q= — v$- 
and (1) reduces to 

v(f>vn [where H=y.+P+Jq 5 ] (2) 

since the operators V and 3/3 1 are interchangeable. The solution 
of (2), viz. grad 3/)=0 is 

|^._C(r), constant. (3> 

The constant C(t ) shall be a function of time t only. 

(ii) Bernoulli’s theorem. When the motion is steady as well as irro- 
tatioml, 8q/3f=0 and O)=0 ; (1) reduces to 

grad (z+P-f iq 2 )=0. 

The solution of this equation is 

X+P -biq 2 =C. 

Here C is an absolute constant ; i.e. is independent of time also. It 
may be remarked that Bernoulli's theorem is still true even if the 
velocity potential <p does not exist. 

If the fluid is incompressible and homogeneous, p=const. then 

p= 

I Q 0 
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<t)=aq, where a is any function such that (q . v)a=0. In such a case, 
qX(0=Oevenif (*)=£0, i e. even if the motion is not irrotational. 
Hence for a steady flow we get by virtue of (1) 

V(/f)= 0, => x+P+lfl 2 = C0Ilstant 
where the constant has the same value throughout the fluid. 

(>) Adiabatic compressible flow : For adiabatic changes, (i.e. expan- 
sion or contraction without loss or gam of heat), the variable density 
is related to variable pressure p by relation 


p=k?y , 


where k is constant for any particular gas ; y is the ratio of the 
specific heat of a gas at constant pressure to specific heat at constant 
volume. Thus 




And Bernoulli’s equation gives 


P_ 
P ’ 


— + iq 2 +/=constant. 

Y-l P rA 

Ex 1. Form the general equations of motion of a fluid under any forces. In the 
case of a homogeneous liquid moving irrotationally under the action of consera- 
tive forces, establish the equation 




30 

3 1 


+7.=C 


where the symbols have their usual meanings. 


[Del 1951, 34] 


Ex. 2. State and prove Euler’s hydrodynamical equations. Establish Bernoulli's 
theorem that in the case of steady motion ofa homogeneous inelastic fluid 


(.Pi 9)+i q*+V~K, 


where K is a constant along a stream-line, but varies from stream line to stream 
line. 

Prove further, that if the external forces, whose potential is V, are conservative, 
and the motion be steady, the portion of the stream-line along which the velocity 
q is constant is geodesic on the surface 


I 


dp 


+ H=constant. 


[Pna 1958] 


2.12. Problems with solutions 

(1) A sphere is at rest in an infinite mass of homogeneous liquid of density p, the 
pressure at infinity being FT. Show that, if the radius R of the sphere varies in any > 
manner, the pressure at the surface of the sphere at any time is 


n + 





[Bom 1964 (Old), 58; Gti 61, 55 ; Kuru 65 ; Pna 60 ; Pb 50(S), 49] 

Sol. In the incompressible liquid outside the sphere, the fluid velocity q will be 
radia/, and thus q will be a function of r, the radial distance from the centre of 
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the SDhere (the origin), and time t only . The continuity equation div q=0. in 
spherical polar coordinates becomes 

77 =°, => r-’o=const.=/i/)=i?- R (I) 

where /is a function of time only. We notice that o->0 as r-)oc, as required- 
Clearly, curl q=0, so that the motion is irrotational, the velocity potential being 
O —fr. Tne pressure equation for irrotational non-steady fluid motion, in the 
absence of body forces is 


JO 

ct 


-iq 2 =C(r) 


G) 


where C{t) is an arbitrary function of time t. As r-+x>, p-± II, q=f‘r--tO, o-*0, 
so that C(t)=II/;, fo" all /. Thus, using (1), we get from (2) 


Notv 


o/_ el 

if ~~dt ( R1R ) = R R-A-2RR- 


( 3 ) 


Hence, at the surface of the sphere, r=R and (3) yields 

— =— R--bRR?)-lR- 

? p A 

or P=nu-1 r{d'(Rl)/dt?-i-(dR/(fip} ; 

because (R‘-)'=(2R R)-=2 (R-+ RR) 

(2) An infinite mass of homogeneous incompressible fluid is at rest subject to a uni- 
form pressure IT, and contains a spherical canity of radius a, filled \uth gas at a 
pressure m IT ; pro\e that if the inertia of the gas be neglected , and Boyle’s Ian be 
supposed to hold throughout the ensuing motion, the rcduis of the sphere nil! oscil- 
late bet li een the tallies a and na ; where n is determined by the equation 

l-r-3 m log n— n 3 =0. 

If m be nearly equal to I, the time of an oscillation will be 2~\^ ( c2 being 

the density of the fluid. 

[Ag 1959 : Alig 61 ; Bom 52 ; Del 55 ; 48 ( Special ) ; Gti 62 ; 

Lhn 62 ; Osm 60 ; Pr.a 65 .] 

Sol. In the incompressible fluid outside the spher.cal cavity, the fluid velocity 
<? will be radial and shall be a function of r, the radui distance from the centre of 
the cavity (the origin), and time t only. The continuity equation div q=0, m 
spherical polar coordinates becomes 

JL 4 - (r-<7)=0, =S Vjq=const =/(r)=-R-ji (say) (1) 

r- dr ’ A 

where / is a function of time t only. V>C observe that c— vO as r—v cc, as required. 
Clearlv, curl q=0, so that the motion )s irrotational and hence velocity potential 
exists and is given by Q=/r. The pressure equation for irrotational non-steady 
fluid motion.in the "absence of body fdrees, is 

— — ~|rf 9-=C(t) (3) 
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where C(t) is an arbitrary function of time t. As r-vzc, q—fr--±Q, Q-M), 

so that C{/)=II,'?, for all /. Putting for O and C in (2) we get 


J_cX 

r o! 



13) 


Now when the cavity expands to radius r, Boyle’s law provides pr— const. 
(c= volume) so that 

a~ rrt Il=§- r~p, =4- p=mJla 3 fr3 (4) 

Qf' l ct^d'r'ki)\dt=2rq--^r^q dqidr (5) 

From (3), (4) and (5) we obtain 

mWa z jzr z —{lq 1J rrq dqjdr) -r{q-=Y\ ; 
or 2q 2 r--r2r z g dq'dr—{2lijs) (n: a-jr—r'-) 

or <f(r 3 9 2 ),'cfr=(2n/e) (m a s jr- — r"). 

Integration with respect to r yields 

r 3 g-— 2n? -1 {« u 3 log r — i r-)-yA 


where A is constant of integration ; determined by the fact that at r=a, q=0 and 
hence A= — 2llp _ i (m o 3 log a — Jo 3 ). Thus’ 

r z q-— 2ll p -1 o 3 {3m log (r/o) — (r/u) 3 -f l}/3. (6) 

Now, 9 shall be zero again where r=oa ; provided n is gh en by 

log n—n 3 —0. 

Special Case : If m~l, let r—a-fx where x is small. Then, x =r~q. We now 
get from (6) 

fry-{a-Lx} z ~n ? -i o 3 {3 log(l-fx/«)-(3-fx/o) 3 -f 1} 
(x)2(I+3>J-3y2+-)=l.{3&’-i^+...)-(l4-3>-4-3X 2 -f...)+I> 
where j.=3ijp-i,y=x/oand y 3 is neglected. Thus 


(i)-(l +3j’v-3.t -)==/.(— 9y 2 /2) 
(x) 2 ==}.(— 9>-/2) (1 +3yJ-3r 2 )-i=-9?.i -,'2 

(x)2=-3n f -l(x5/0 2 ). 


Differentiating with respect to t gives 

x = — J3ll/pa 3 )x, 

This is a simple harmonic motion of periodic time 2-'V / a 3 p/3lI. 

(3). An infinite mass of liquid containing a spherical bubble, is initially in 
equilibrium under constant pressure II. Toe radius of the bubble is then disturbed 
from its equilibrium value R 0 , and during the subsequent oscillatory motion, the 
pressure p and volume v of the bubble are related by the equation pfl —constant, 
where y is a constant greater than unity. Show that, if the amplitude of the oscil- 
lations is sufficiently large, the maximum and minimum values of the radius, a and 
b, are related approximately by the equation 
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Sol. Let the centre of the bubble be taken at the origin. Then in the incompres- 
sible liquid outside the bubble, the fluid velocity q will be radial and hence will 
be a function of radial distance r and time t only. The continuity condition 
div q=0, in spherical polar coordinates then provides 

~4r -jp {r*q)= 0, r^q^const.^f(t)=R"-R (say) (1) 

where f{t) is a function of t only. Clearly, when r-»o o , </-» 0 as required. We note 
that curl q=0, so that motion is irrotational and hence the velocity potential 0 
exists and is clearly 0 = +/(') /r. The pressure equation, in the absence of body 
forces and with constant density, viz. 

~+ +Z=C(/). 

P o l 


cow gives 


w * r 4 r gr 


where C(t) is an arbitrary function of time. Now when r-t-co ,p-»n as provided 
so that C(t) =constant=II/p. Thus, the preceeding equation reduces to 

p _ n _i/ 2 , i df. 

-p p i ~rZ + T"dT (2 > 

At the surface of the bubble, r=R(t ) say ; the pressure is continuous. Thus, at 
r=f?, pv f == constant, gives 

n (fr: An n ) Y JJ3)Y , ;. e . J p=(7? 0 / J R) 3 Y n. (3) 

Further, the normal velocity of the surface of the bubble at is also equal 
to the normal velocity of the liquid there ; so that f(t)=RiR , [by (1)]. Notice 
that R is a function of t only. From (1), (2) and (3) we get 

or RZ R+I R Y _j j.- 

To make this differential equation exact, multiply both sides by 22? ^ ; then 
since 2 R 3 RR + 3 A 2 li 3 —d{R 3 Ri)jdt, the above yields 




We now integrate (4) between R—a and b ; and notice that i?=0 at both limits. 
Thus, the result obtained is 

f? 0 3 Y fl -3(T-i) q 3 y? n 3 Y &~ 3 (y-» ) m 


3(T-D 


3(y-L 


This is the exact relation between R 0 , a and b. To obtain the required result 
we remember that the amplitude ot the oscillations is sufficiently large so that 
b<^R 0 and R 0 <^a. This gives 

« 3 - Xo 3 ' { ^ A = ( Y -irV^L') Y . 

T 35=V b ^ 6 / 
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(4) Liquid is contained between two parallel planet ; the free surface is a circular 
cylinder of radius a whose axis is perpendicular to the planes. All the liquid within 
a concentric circular cylinder of radius b is suddenly annihilated. Pi ore that if II 
be the pi essure at the outer surface , the initial pressure at any point of the liquid 
distance r from the centre is 

II(log r— log b)l( log a— log b). 

(As 1965 ; Jab 60 ; Kr 60 ; Raj 62 ; Osm 63) 

Sol. In the incompressible liquid outside the cylinder | z | —b, the fluid velo- 
city q will be radial, and q will be a function of r, the radial distance from the 
centre of that cylinder (the origin) r<a, and time t only. The continuity equation 
div q=0, in cylindrical coordinates becomes 

■— — ( r q )=0, =i> rq=const.=f(t)=RR (say) (1) 

where / is a function of time / only. We note that q->0 as /•-><» , as required. 
Clearly, curl q=0, so that motion is irrotational and hence velocity potential 0 
exists. In fact, 0=— f(t) log/-. The pressure equation for irrotational non-steady 
fluid motion, in the absence of body forces, is 

-4J+k 2 =C(/) (2) 

P o' 

where C(t) is an arbitrary function of time t. Initially, /= 0, q—0, p=P, so that 
(2) yields, on using 0=— fit) log r 

~ + /(0) log r=C(0) (3) 

Now p~ II when r—a ; p=0 when r— b, so that 

(log a— log b)f(0)= — 11/ p ? 

and (log/— log6)/(0)=— P/p J ' 

Dividing we get P=n 0°6 r — log 6)/( log a— log b). 

(5). A centre of force attractions inversely as the square of the distance is at the 
cent i e of a spherical cavity within an infinite mass of incompressible fluid, the pi e- 
sure on which at any infinite distance is 55, and is such that the work done by this 
pi essure on a unit of ai ea through a unit of length is one-half the work done by the 
attractive force on a unit of volume of the fluid from infinity to the initial boundary 
of the cavity. Prove that the time of filling up the cavity will be 

™Vip/i)[2-(!^i 

a being the initial radius of the cavity, and p the density of the fluid. ( Del 1966) 

Sol. In the incompressible fluid outside the spherical cavity, the fluid velocity 
q will be radial, and hence a function of r : the radial distance from the centre 
of the cavity (the origin), and time t only. The continuity equation div q=0, in 
spherical polar coordinates becomes 

~2 ( r2 <?)=0, =). i-2 ? =const.=/(t)=H2li (say) (1) 

where / is a function of time t only. We note that q-> 0, as r-r co as required and 
that motion is irrotational because curl q=0 ; consequently velocity potential 
exists and is given by 0 —f/r=R2R/r. The pressure equation for irrotational non- 
steady fluid motion under the conservative forces F= ~ Vx is 

~-^f+y.+W-=C(t) 

P 0t 


( 2 ) 
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where C(t) is an arbitrary function of time. Now F=—fl,r y = — u/r. As 

r->cc , p-* 5, g=//r2-»0, <>-40, y-*0, so (hat C{r)=S/p, for all /. Putting for 6 7. C 
we get from (2) 


-T-t4 (***)— £-+!«*- — . 

? " O' r p 

Now, the defining-relalion between £3 and -x gives 


(3) 


Gxl=}?j“ g-; u= ( 4 ) 

Since 3(P2P)/g/=P2P-f 2PP2 ; and when r=P, p=0, R=q=dRldt, the relation 
t3) yields 

or 3b-t-2RR[dRldR)-i-(2&!f)^a <3/?P)=0. 

Multiply by ' *dR ; the result is 

d(R3R2) -f-2(G/?}P-VP -f (4ao>lp)RdR= 0- 
Integrating and employing the conditions that when P=o, P=0, we get 


P3R2-f 2(5/3?) p3-p2'a t5/p}U 2 =2 , 5/3?}« 3 -f 2(oJ£5/ f ). 

Thus, pz=2(£3/=} H (c2 -P 3 ) -f a 'fl2_ # 2 ; ]/P 3 . 

Since P decreases as / increases. P must be negative : due to the process of 
filling the cavity. We thus have on inverting the limits 



T5~ f« 

3? Jo'a-P^ (2fl-j-P, 



2a sin* 0 </0 

2-rsin : 0 


_Z “ /„ J2 ( si °'' #+ 2 We“ 2 > 

" 2 “ [t -”- ! - 4 /„ , 2 2 +»f] 

= 2 "[-T + 4 r^] 


(P=c sin 1 5 




as required. 


(6) /I homogeneous incompressible fluid enclosed in a boundary which can change 
both in shape and area, but not in volume enclosed, is acted on by a force whose 
compontents are 


y+r-r{hj(x-c-y-r-:)], r-px-f {£/(x-J-y-fz)], *-rP-H*/(*-f.y-r-)]» 
respectively ; at time t—0,fluidis at rest, and pressure is kz log [(x-f-y-f d)jh\ 
afterwards the pressure at the boundary is always 

kf log [(x-K>’-7-z)//<]- ? /2 (xtJ-ylJLztU-xy-Cyz-S-zx)—^). 
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Prove that the velocity components will always be 

t(y+z) i t(z+x) ; t(x+y), 

and that the curves dercribed by the particle, whose coordinates when t=0 were 
(r 0 , >'o. "o) kas f or tts equation 

( *-y \ 2 _/ y~i \ 2 / xo+yp+zo \ 

\x 0 -y 0 ) \y 0 -zo' \ x+y+z )‘ 

Sol. First Part: we find the function /.such that F=— Vx. Since 
-dz.ldx=X=y+z+klCZx), etc. [Zx=x+y+zJ 
and rfz=(dZ/dx) dx+(dyJd>’) dy-h(oyjdz) dz 

-d-/=2[y+z+k /(x+y+z)] dx 

Integrating we get 

— Z —xy+yz+zx+k log {x+y+z)+A—^xy+k log (2*) 

where initial conditions being so chosen that A— 0. 

Let the velocity potential be <p so that q= — Then the pressure equa- 
tion for irrotational non-steady fluid motion under conservative system of body 
forces is 

(Pl?)-(d<pldt)+l<l-+7.= C(t). 12) 

where C(t) is an arbitrary function of time only. Now 

P*=kp log [(2x)//i]-pl 2 (2x"-+lxy)- ? F(t), at time t, 
and Po—hp log I2x)/lt] at t=0 as given. 

This implies that F( 0) =0. Putting for p and -/_ in (2) we get 

k log [(2x)Ih]-tH2x n -+2xy)-r(t)-(d<Pldt)+iQ--'Zxy- k log (Ix)^C(t) 
or t"-(Zx*+-Zxy)+l 7 (t)+{d<Pldt)-l<l 2 +C(t)+'Zxy+k log //=0 

This equation is true for all t and hence 

t 2 (lx2+Zxy)+F(t)+d(Pldt-W~ 0 0) 

2xy+k log h=0 (ii) 

where we have assumed that <30/gr is purely function of t. Should it contain terms 
independent of t, those would be added up in (ii). We now have 

tH2x 2 +2xy)-iq^-F(t)~d<Pld<^Pwel) function of t 
Since q may contain spatial coordinates, (3) implies 
<7 2 =2/2 (2> 2 +2Xr) 

or ifi + v 2 + h'25/2[(>+z)= + (z+xf + (x+y) 2 l 

Thus, u=t(y+z), v=t(z+x), tv—t(x+y). 

Second part : Curves described by the particle are given by 

dx __ dy _dz 

U V w 


(. Pb 1954) 


(0 


or 


dx dy _ dz 
y+z~z+x~x+y 


dx—dy dy—dz dz—dx dx+ dy+dz _ ^ 
~~ z—y = x— z ~ 2(x+y+z)~~ 


or 


y—x 
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Inlegrating these simultaneous equations and multiplying each member by —2 
we get 


log (.v— y)2=log (y— z) 2 =log (r— ,r)2=— log (.v+y+z) = — t=+log A. 


Thus [x—y)-=Ae~t~ ; A{x+y+z)—e t ", etc. 

when /=0, .r=.v 0 , y=y 0 , z=r 0 , so that 


Thus 


(• v o To)“— O’o ”o)'— ("o — - y o'/ 2== 1/(- v o+To+”o)* 


( £z2L \~ ()’-z y • r o+J’o+~o 
VAo-y 0 / v’o-'o^ x+y+z 


(cach=e“< 2 .). 


(7). Infinite inviscid liquid of constant density is attracted towards a fixed point 
O by a force fir) per unit mass, r being the distance from O. Initially the liquid 
is at rest, and there is a cavity bounded by a sphere r=a. If there is no pressure at 
infinity or in the covity, prove that the radius R of the cavity at time t is such that 


~ [Rilb]+2RiR I” /(r )dr—0. (. R=dR/dt ) 

” 3/2 

V f O')— V- r ,\z constant, show that the cavity will be filled up after an interval 

of time (2/5p.)- . 

Sol. In the incompressible liquid outside the cavity, the fluid velocity q will be 
radial, and q will be a function of r, the radial distance from the centre of the 
cavity (the Oiigin). The continuity equation div q=0, in space polar coordinates 
becomes 


/■2 


d_ 

dr 


(r 2 q)—0, r-q=const.=f(t)=R-li 


(Say) 


(I) 


where fit) is a function of/ only. We notice that <7-4-0 as h», as required. 
Clearly, carl q=0, so that the motion is irrotational. In fact, the velocity 
potential is 0=//r. The pressure equation for irrotational non-steady fluid motion 
is 

~ — ^-+7.+k 2 =C(/) (2) 

where C(t) is an arbitrary function of time and F= — V/> t- c - 'J.~~ L /( r ) ^ r - A s 


r-4» ,p-4 0, <7=//r 2 -40, 0->O, y_->0 

so that C(/)=0, for all /. At the surface of the cavity at time/, r—R,p= Owe 
have from (2) and (1), 



/R-R 
\ R 




=0. 


Since R is a function of / only, this can be written as 


~L (RR)+IR 2 +^ R f(r)dr=0. 

Multiply both sides by 2 R 2 R ; the first two terms being 2R 3 R R-r 3/?=/J 3 ^ 
d ( R3R2)ldt ; hence the result 


d_ 

dt 


e co 

(R?R 2 )+2R 2 R L f(r)dr 


=0 


( 3 ) 
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Now, when f(f) 


-3 12 f° 

=Sir ’Ji 


f(r)dr=2[iR - then (3) reduces to 




This clearly integrates to 


R3/N+ JL lLR bjZ =A =JL i J !2 , 


for i? —0 when R~a. We rewrite this as 


* 5 ?*» 5/2 5/2 

-* ) 


or 


i.e. 




R VZ dR 


, 5/2 „ 5j2 

V(a — J 


.-4ka M -*"*,* *• 

3 I 'o 


t=(2/5p.)= 


5/4 

O . 


Note : The working can be shortened by using Energy Principle to obtain a 
first integral directly. The problem has again been worked out by this method 
in 12.32. 


(8) A homogeneous liquid is contained between two concentirc spherical surfaces, 
the radius of the inner being a and the t of the outer indefinitely great. The fluid 
is atti acted to the centre of these surfaces by a force 0 (r), and a constant pressure 
n is exerted at the outer surface. Suppose JQ'r) dr=y{r), and that yfr) vanishes 
when r is infinite. Show that if the inner surface is suddenly removed, the pressure 
at the distance r is suddenly diminished by 


n-f - ULm. 


Find 0(r) so that the pressure immediately after the inner surface is removed 
may be the same as it would be if no attractive force existed. Also with this value 
of (y'r), find the velocity of the inner bourdcry of the fluid at any period of the 
motion. 

Sol. In the incompressible liquid outside the inner spherical surface, the fluid 
■velocity i/ will be radial, hence a function ofr: the radial distance from the 
centre of the inner sphere (the origin), and time t only. The continuity equation 
div q=0, in spherical polar coordinates becomes 


~ {qr-)= 0, =S r3g=const.=/(r) (1) 

where / is a function of t only. We note that qsQ as r-s-os , as required. Clearly, 
curl q=Q, so that the motion is irrotational and hence velocity potential V exists. 
In fact, V—f{t)\r. Further, the relation J" <t>( r )dr=y{r) =s that /(r) is the force 
potential, i.e. 0(r) is a conservative system of forces. The pressure equation for 
irrotational non-steady fluid motion under the conservative body forces is 


p 0‘ 


( 2 ) 
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where C(t) is an arbitrary function of time. Now as r-», eo , q-+0 ; x(°® )— >-0 (as 
given); gp'/ar-i-O, (as K-+0) ;^->II/p ; so that C(0=n/ P) for all t. Putting for 
V—fjr and C=n/p we get 


P_ 

P 


r 


•f+x+h-5- 


Initially, at t— 0, q=0, so that pressure at a distance i is given by 
(p— n;/p=7(0)/r - y{r). 

When i =a, p — 0 at the initial stage t— 0, so that 

-n/p=7(0)/ fl -/(a) 

Eliminating /( 0) yields 


P— II = -py w (i ) + n{p/ (a) - II } jr 

Now, hydrostatic pressure p 0 (i.e. when liquid is at rest) is given by 


(3) 


dp 0 = -p0 +) eh , r $p„ =A~py(i) = Jl-py(r) 
since as r->oo,p->II. Thus, the elect case in pressure is 


PQ-p=a\U- ?/ {d\] 

If no external forces exist, terms containing / shall be missirg ; and the pressure 
at a distance r shall be, from (4) 


p~Tl(\—ali). ( 5 ) 

If now, this pressure equals that given by (4) [as provided in the problem] we 
must have, on equating p’r, 

•/(')=«/ (a)lr (6) 

Differentiating with respect to / yields 

y\r)—0(i)——a/(a)jr" : the required result. 


With -/(/) as given by (6) and setting tr/Xee)=A,p= 0, we get from (3) 
—If (Ol r ]+AI' +i<7 2=I T/p 

Now / (t)=el{r~q)jdt—i cl(r^q)lelr=2rq^+i ^qelqjelr. Hence (7) gives 


3 ( 72+1 


d_ 

elr 



2n 

P 


( 7 ) 


Multiplying by r 2 , the left side becomes a perfect differential of r 3 ? 2 ; hence 
integrating we get 

t 3g2= Ar 2-% (Ilr 3 /p)+X 0 = const.) 

To find : when r—a, 9=0, so that ).= (2lTa 3 /3p)— Aa 2 . Hence the velocity of 
the inner boundary of the fluid is 


r V=/f(/ 2 -a 2 )+(^)(o 3 -i 3 ) 
q 2 =ay(a)(i 2 — a 2 )jr 2 — (2ll/3p)(l— fl 3 /r 3 ). 
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2' 13. Bernoulli’s theorem. For the steady motion of an inviscid 
barotropic fluid under conservative body forces, the pressure at a 
point is given by 


f dp 


+W+z.=c. 


Proof : Consider a short and very slender cylindrical element of 
fluid whose axis is parallel to the flow at the element. Let the normal 
cross-sectional area of the cylinder be A and its length be 
Ss, where s is the arc of the stream-line on which the 
element lies, measured from a fixed point on it. The 
pressures on the curved surface cancel out and hence 
contribute nothing to the resultant force in the direction 
of motion. The thrust on the rear end A of the element 
is pA in the direction of motion, while on the other end, 
the pressure thrust is —[p-j-(Sp/8s)Ss]/[ in the direction 
of motion. Thus, the resultant forward thrust is— 0 plds) 

Aos. Next, let the component of the body force in the 
direction of motion be F ; the total body force on this 
element of mass p ASs being FpASs. Then if q be the 
velocity, the equation of motion, by Newton’s second law 
total propelling force=massx acceleration of the element, 
is 



Using 
we get 


pAos{dqjdt ) = FpA8s—(o pj?,s)Aos 
F=-v- / , => F=-d/Jcs 
dqjdl— F— ( 1 / ?){dp/ds) . 


( 1 ) 


Since dq/dt=dqldt+q(dqlds) and dq/dt=0 for steady flow, (!) provids 

d(dq/ds)~—dyjds—(ljp)dp/ds 


or 




The rate of change of the quantity inside the bracket along the 
stream-line is zero, so that 


k 2 +{y+X=C (2) 

where C is a constant for the particular stream line (or vortex line) 
chosen, but varies from one stream line to the other. 

Notes. (1) If the motion is irrotational, velocity potential exists. In 
this particular case, C is an absolute constant. 

(2) If p is constant, there results the simplest case : 

h”+(ph)+y=c 

(3) If the body force is due to gravity, y=gh where /; is the position 
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(height) above some fixed horizontal datum plane. The result (3) may 
then be written as 


lq- -fp/?+g^= const. 

or (g 2 /2g)+(p/ii0+/i=const. 

or in the language of hydraulics 

velocity head+prcssure head + position head=total head, 

where the total head is constant along any stream line. 

Ex. For the steady motion of a fluid when a velocity potential does not exist, 
establish Bernoulli’s theorem in the form 

T* ~T*+z-c. 

where C is constant along a stream-line. [Pb 1958] 



Exp. 1. Prove Bernoulli’s theorem, that in a steady motion, j— — \-{q-+y_ 

is constant along a stream line. Deduce the theorem of Torricelli. [Mad 1953] 

Consider the efflux of liquid from a small 
orifice in one of the walls of a vessel kept 
filled to a constant level (giving steady 
motion). Let /; be the depth of the \ena 
contracta (the contraction), q the speed 
of efflux there at, and II the atmospheric 
pressure. Then, by Bernoulli’s theorem 

(n/p)+*ft« ( ii/p)+3*s (i) 

because velocity is practically zero at the 
free surface of the water in the vessel, and 
the pressure is II, both there and on the walls of the escaping jet. Hence (1) yields 

q-=2gh ( Torricelli’s theorem). 

Ex. 1. Hour glass. Chow that the curve generating the shape of a vessel for 
use as hour-glass is gi\cn by y=ax*. 

Ex. 2. Gas flows radially from a point symmetrically in all directions, the 
pressure and density jbeing connected by the law p=kp. If M is the rate of 
emission of mass, rupposed constant, prove that 

| 4 - V r-=M exp \{V- — Vfl)j2k] 

where V is the speed at distance r and Ej, the speed where p =1. 

[Bom 1950 ; Kr 61 ; Pna 65] 


[Hint : Use Torricelli’s theorem.] 

Exp. 2. Steam is rushing from a boiler through a conical pipe, the diameters 
of the ends of which are D and d;ifVandvbe the corresponding velocities o] 
the stream, and if the motion be supposed to be that of divergence from the vertex 
of the cone, prove that 

JL=B1 (y-—V2)l2k 

V di C 


where k is the pressure divided by the density 


and supposed constant. 

[Alig 1960 ; Pb 53] 
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Sol. This is a problem on Bernoulli's theorem, for the steam steadies down 
soon after and external forces like . , 


gravity are neglected. 

, _ f dp , , 


+^9-=von st. 


0) 




r 

u — -*■ 



1 


0 



*J4 + *.-c. 

Integrating, we get 

k log +J(?2=C. 

If at the sections A and B, p=pj and p 2 , we get 

*rlo g (p 2 /?j)=i(< ! 2-F2) 

>r 

From the equation of continuity, viz. 

Flux across the section A=Flux across the section B, 
we get ~(\d)- ^ X v—-{ID)" p 2 V 

po / d \ 2 v _ 


=(-)-■ 
\DJ V 


From (1) and (2) we get 


S v -~ v -)P- k 

V r/e e 

which is the required result. 

Exp. 3. A stream in a horizontal pipe, after passing a contraction in the pipe 
at which its sectional area is A, is delivered at atmospheric pressure at a place 
where the sectional area is B. Show that if a side tube is connected with the pipe 
at the former place, water will be sucked up through it into the pipe from 
a reservoir at a depth 

LA 

2g 1 A* BiJ 

below the pipe ; S being the delivery per second. 

[Alig I960, 56 ; Del 47 ; Gti 54 ; Jad 58 ; Mad 59 ; Osm 63] 

Sol. If v be the velocity in the tube of section A and p the pressure thereat ; 
V and II being the corresponding quantities at the section B, then Bernoulli’s 
theorem, viz. (p/p)+h <? 2 =const. gives 

— +i e2 =— +i V- 

? I P 
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By the equation of continuity flux across the sections A and B are equal, 
Av—BV—S : delivery per second. 
v=S/A, and V=S/B 

whence (1) gives 

Now if h be the height through which water is sucked up, (hen 
<?p/!=difrerence of pressure =11 ~P- 
Substituting in (2), we have 


( 2 ) 


g>t= 


s * r l 




, ^ r i 

' 2 g { A* 


2 }- 


Ex. Show that, if a river has a bend, the flow velocity is larger at the shore 
A( say) on the inner side of the bend and that the level is lower than at the shore 
jS(say) on the outer side. 

[Hint : Take A for the origin of cylindrical coordinates and use Bernoulli- 
Eulcr integral, viz. (p/?)+l < 7 2 +X=const.] 

2 - 20. Equation of impulsive motion. We shall now find the relation 
between impulsive pressure atid change of velocity. 

Let SS denote the impulsive pressure and I the extraneous impulse 
per unit mass of fluid. Let qj and q,, be the velocities just before and 
just after the impulsive action. 

Newton’s second law for impulsive motion applied to the fluid 
within closed surface S states : 

Extraneous impulse=Change of momentum. 

Then, if n is inward unit normal we must have 

nrAS’+j^I p de= (q 2 — 

J a ndS=— J grad s jlv (by Gauss theorem) 


But 


JvC 


I p — V £5- 




V. 


( 1 ) 


Since the surface is arbitary, we mu/est have 

i— (i/p)v -- (q 2 — qO- 

Cor. 1. Interpretation of potent:/. as impulsive pressure. Let us 
suppose that <f> is the velocity /»>'y^ntial of a motion generated from 
rest by impulsive pressure e> aroj /0 that external impulses are non- 
operative, then ~ v 

I (v 

1=0 ; q^jcS; q 2 =-v?3 ; 

With these values, the above equation (1) reduces to 
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If p be constant, integration provides the result 

5— pi -f. constant. (2) 

The constant may be omitted, as an extra pressure, constant 
throughout the fluid, produces no effect on the motion. 

Cor. 2. In the case of a liquid, p is constant ; and if the external 
impulses are superficial to the liquid, 1=0. Then, taking tbe divergence 
of both members of (1) and using div qj=0, div q,=0, we get 

V : G=0 (Laplace’s equation) (3) 

Cor. 3. For tbe liquid motion started from rest by impulsive pressure 
alone we obtain from (1), q=— grad (w/p) ; hence the motion is 
necessarily irrotational and velocity potential <f> exists and is given by 
<£—&/?. 

Cor. 4. In the absence of external impulses, (1) provides 

q> — = — V (5/p). (4) 

Now, if the fluid motion before the action of the instantaneousforces 
is irrotational, i.e. q : = — V <p lt then obviously, q,= — v [(5/?) 
so that the fluid motion remains irrotational after these forces have 
ceased to operate. Setting q,= — V we immediately obtain 

&=0i-r(S/p)-fC. (5) 

If qi(= V^.) is costant, (4) provides, 

q 1 =V(oi/?) => curl q=0. (6) 

Thus, the given irrotational motion can be established completely 
throughout the fluid after the action of impulsive pressure 5= 
and that it is impossible to create or destroy by rotational motion 
any combination of instantaneous pressure forces. 

Ex. 1. Find the equations of motion of a perfect fluid under extraneous 
impulses and impulsive pressure. Deduce that any actual irrotational motion of 
a liquid can be produced instantaneously from rest by a set of impulses properlv 
applied. [Del 1955 J 

[The single vector equation for impulsive motion, viz. 

<h-<5i=I — —Wei (1) 

f V 

is equivalent to three Cartesian equations. For the liquid motion started from 
rest under a set of impulses which form a conservative system (I=—m, sav). 
M) may be rewritten as (q,=q) 

Thus, curl q=0 and hence actual irrotational motion is produced ; the velocity 
potential being J-j-ti,'?]. 
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Ex. 2. If co is the itnpusive pressure ; 0, 0' the velocity potentials immediately 
before and after an impulse acts, V the potential of the impulses, prove that 3 

S+pE+p(0-0')=const. [Del 1934] 

Exp. 1. Obtain the equation of continuity of a perfect fluid in the form 

p . 3( x < Zl £l = Po , where the symbols have their usual meanings. Obtain also the 
0 (a, b j c) 

equations of motion of fluid in Lagrange's form. 

A mass of fluid of density ? is bounded by two concentric spherical free .surfaces 
of radii r x and r 2 and the fluid being at rest, impulshc pressures Eij and £o« arc 
applied to these surfaces. Show that the sw faces begin to move with velocities ' 


w, — S 2 
P(fs-'l) 



— Wj r j 

pOv-o) ~> 7 ‘ 


[Del 1952] 


Sol. In the case of a fluid with constant density p and no external impulses, 
the impulsive pressure 55 satisfies Laplace’s equation y 2 G=0, which because 
of spherical symmetry reduces to 


1 


r- 



Integrating twice we get 

ib—AlrA-B ( 1 ) 

where A and B are constants of integration, to be determined shortly. 

Since the fluid motion is started from rest, it is necessarily irrotational and the 
velocity potential <p exists and is given by 0=O/p. Hence 


q- V(oVp) =* q i J-(^A- + b^-^.. 

Thus the two velocities with which the surfaces begin to move are /1/prj 2 and 
Ajprft. And to determine the unknown constant A, we use the conditions that at 
r—ri, — ; and at r=r 2 , w=G 2 . We then get from (I) 


fhi—AI^+B ; K^AIrz+B 
so that A=(S> 1 — o> 2 ) r 1 r 2 /(r 2 — rj). Thus 

a — (jj*i 53 2 ) r 2 _ (o>i — fig) t\ 

1 P( r 2 -' _ i) r x ’ 2 p(r 2 -n) r 2 ’ 


Exp. 2. Prove that if the boundaries of a liquid at rest are suddenly set in 
motion the resulting motion of the liquid is irrotational. 

A cylinder of any form of section is filled with fluid and is suddenly given an 
angular lelocity o about any poirt. Show that if the kinetic energy acquired b) 
the fluid is J ho 2 , the angular momentum acquired is Iw. 

Sol. A motion generated from rest by impulsive pressure by 
boundaries only is necessarily irrotational (vide Cor 3, p. 95). Let 0 be the velocity 
potential so that q= —grad 0. If h is the angular momentum, (i.e. moment of 
momentum) about the point 0, then 

h=f ry(pq*)=— p f rxgrad 0 dv ( ] ) 

Jv , J v 

the integral being taken through tHe interior of the cylinder. Since it is only on 
the boundary that the velocity or is [known, we need transform (1) to a surface 
integral. Now 
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t 'A grad $*=grad (Ir-)xgrad d = — carl (£ gradlr-) (2) 

because curl grad (4r-)=0. 

Hence from (1) end (2) ve get 

it=? cur! (b grad )r-)dv 
= ? j s 

by Gents’s theorem 

= ( (nX<?r)iS [ gW£/(|rt)=r] <3) 

^ s 

where n is the unit normal to the eurface 
drawn ovt of the liquid If a Is the angle 
between the directions of n and the velocity 
wXr at the point P of the boundary. (3) 
may be written as 

h—z dr sin (90-i-2}dP=— ? cos a. dS 

Since the kinetic energy of the irrotational motion Is 

1T-=J?( dl^-dS 
Js e n 

and on the boundary, the inward normal velocity S£/c»j= — rci cos or. 

Hence T -— Jap dr cos ~ dS—\oh by (4) 



Thus if T~{Iu-, ire must have h~To. 

Exp. 3. A sphere of radivs a it evrreurdcd by infinite liquid of density z, the 
pressure at infinity being B. The sphere it suddenly annihilat'd. Show that 
the preceure at distance r from the centre immediately falls to 

11(7— o/r). 

Show further that if the liquid is brought to rest by impinging on a cancer trie 
sphere of radius—-, the impulsive preeeure sustained by the surface of th.it sphere is 

V‘Bza^6 

[Ag 1964, 58 ; Alg 63; Bern 63 ( old ), 61, 53 ; Del 65, 39 ; Jab 59: Jad 59 ; Mar 62; 

Phi 66 ; Boj 63 ; V l 62] 

Sol. In the incompressible liquid outside the sphere, the fluid velodtv is 
radial and hence a function of r, the radial distance from the centre of "the 
Ephere (the origin) and l only. The continuity equation drr q=0, in polar 
spherical coordinates become 

~k~ 5? fr2 2)=°< => r*c=ccnst.=/ ll)=B9 ~ (1) 


where/ft) is a function of time l only. We ofcsen e that g-eO as r-> — , as requir- 
ed. Clearly, curl q = 0, so that the metien is irroteticral and hence the velodtv 
potential <5 exists and is given by q =/ [r. The preeeure equation for irrotational 
non-steady fluid motion, in the absence of bedy forces, is 


P_ 

? 


cO ^ 1 
ct • 2 


q-^C(t) 


( 2 ) 


where C{l) is an arbitrary function of time i. As r->=>, p=H, n—fir- — >0 
£—,0 so that C!f) = H/p, for all i. Putting for 6 and C in (2) we get 

P _ ul 8/M 1 JL. 

p p 1 r ct 2 r J 


( 3 ) 
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At time 2=0, the pressure p g (when 9=0) is given by 

= JL+_L('J/.\ . 

p p r \ 32 / 0 
Also when r—a at time 2=0, p = 0, so that 


— +— f *L) . 

p a \ dt Jo 


«> 

(*') 


Eliminating (3//32)o between (4) and (4'), we get 

p 0 =II(I- a/r). 

Second Part. Since p=0 at the surface of hollow sphere of radius r, wo ret 
from (3) on using (1), ° 

- T -+ T - -Jr 

Now d(r~q)jdt = 1rq i +rqdqldr, so that above may bo expressed as 


d 

dr 




2H 


Integrating ond applying the conditions that at r=a, 9=0, we get 

r 3 g 2 =(21I/3p)(a 3 — r 3 ). 

To get the velocity at the surface of the sphere r = Ia, we put r=a/2, and got 

g 2 = 14ll/3p. " (6) 

From equations of impulsive motion, viz. 

<12 — *lt =1 — 

putting q-> = 0 (liquid brought to rest) ; 1=0 (no oxtraneous impulses), we get 
qi =y(M/p") which, by virtue of (5), gives 

dtu 


dr 


- = P5~ P 


V 


14U 

3? 




Exp. 4. A portion of homogeneous liquid is confined between two concentric 
spheres of radii A and a ; and is attracted towards their centre by a force varying 
inversely as the square of the distance. The inner spherical surface is suddenly 
a vnihilated, and when the radii of the inner and outer surfaces of the fluid are r and 
E, the liquid impinges on a solid ball concentric with their surfaces ; prove that the 
impulsive pressure at any point of the ball for different values of r and R varies as 

\J (o 2_ r 2_^2 + JJ2(-L_-L) . 

{Del 1954 ; Mad 58 ; Osm 59 ; Raj 65} 

Sol. In the incompressible liquid outside the inner spherical surface, tbo fluid 
velocity 9 will be radial and hence a function oft): the radial distance from 
the centre of the spherical surface (the origin), and at time 2. The continuity 
equation div q=0, in spherical polar coordinates becomes 

— jr ^rfa 2 ?)=0, => 7j=9=con8t.=/(2)=ai 3 Jp(say) (1) 

■where f is a function of 2 only. We note that curl q=0, so that the motion is 
irrotational and hence velocity potential exists and is given by 0=/M=’ 
x-{dxldt)lT,. The pressure equation for irrotational non-steady flow under the 
conservative body force — p/q 2 , ( — y •/= F and hence force potential /.= V-lhlt 1S 


-2-— +7.+ir=c(t) 

p 32 

where C(t) is an arbitrary function of time. Putting for 0 and /_ wet got 

-2 3£_JL.f$ s 2=C7(/). 

p 7) 3 2i) 1 

Now, when i)=r, 9=r, p=0 ; and also whem)=P, q = R, p~0 again. 


<=) 
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Hence, the above equation, vrhen C[t) is eliminated, gives 

(-Hr)-; (3 > 

Now ifjctc=(djJdr)r=<Hr-f)!dr. Also, since mass between the two concentric 
spheres is conserved, we have 

(4/3)-iJ3p -(4/3)rw3p ={4/3)vA*?-(4/3)-a 3 /p. 

This gives : 53 — r3=A 3 — a 3 =c 3 so that 5 3 =r 3 -h c3 » From this also follows 
E-li=zf—r-T which is otherwise evident. Thus, (3) may be written as 

(4—4) ; *s- (r2 ( i_ -A ) =- 11 (4—4-) 

Multiplying by r- throughout, then observing that r -f=f, the above may be 
rewritten as 

Hr)—' " ! (4H) 

= -pr 

r) [« 


dr 


d 1 

' 1 _ M 

dr' 

i r R ) 


=-4 r 


dE 

c/r 


-*] 


(r3 +c 3)l/3 , 

Pntting/=r 2 r, we get 

Initially, at the instant r=0, r<=n, 5=^1, {dr/df)=0, so that >,= p(a 2 — A 2 ). 
Thus, r! (4f) 2 (-T~4-) (4) 

From the usual relation, q>— qi=I— (I/p)^7o» we find that when the liquid 
impinges on a solid ball, q^O ; also 1=0, so that q=(l/p)y 5 or da/d^fi;, 
Thus dS - - _rt(drjdl) frHdr/dl) 

~d^~ dt T r r ‘ z 

The impulsive pressure is accordingly 

o=-r" f E ^ T ‘ dr f 1 _ 1 'N /-» 

r dt Jr r, 2 rr - dt\r R ) W 

Putting for r”f from (4) into (5) yields 

o=P(^/ (t ( a 2_ r2 _^2u. ir . ) ^_L_A.^ 

Hence o varies as given, 

Ex. 1. Prove that if o be the impulsive pressure, d, <■' the velocity potentials 
immediately before and after an impulse acts, F the potential of the impulses, 
ijJ-pF~p(P' — $)=const. 

Ex. 2\. Show that in the absence of extraneous impulses, the impulsive 
pressure at env point of a liquid satisfies Laplace’s equation. 

An explosion takes place at a point O at some distance below the surface of 
deep water. If O' is the image of O in the free surface, show that the 
velocity potential of the initial motion at any point P varies as 

(1/OP) — (1/O'P). 

Determine the initial velocitv of the free surface at any point. 

[Lhn 1950 ; Mad 60] 

2.. If a bomb shell explode at a great depth beneath the surface of the sea, 
prove that the impulsive pressure at any point varies inversely as the distance 
from the centre of the shell. [Ban 1953 ; P~b 61 ; I.AJS.51 } 
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Ex. 3, Prove that the acceleration field of an inviscid fluid in motion is 

F-0 lf)Vp 

•where F is the specific body force, f is the density and p is the pressure. 

Show that if a body immersed in an incompressible in viscid fluid at re=t is 
jerked into motion, the resulting flow is initially irrotational. [Lin 1955} 

Ex. 4. A mas3 of liquid surrounds a solid sphere of radius a and its outer 
surface vrhich is a concentric sphere of radius b, is subject to a given constsnt 
'pressure p 0 , no other forces being in action on the liquid. The solid spiere 
suddenly shrinks into a concentric sphere. Find the subsequent motion a-d 
the impulsive action on the sphere. 

[2o 1961, 53 ; Aid 64; Cal 56 ; Dd 34 ; I.A.S. 54] 

Ex. 5. Show that the impulsive pressure at a point in an incompressible fluid 
of density s is c[9 2 — Oj) where 9i and C 2 are the velocity potentials of tbs 
motions just before and just after tbe impulses have acted. 

A solid sphere of mass Id and density cj is at rest in an infinite liauid cl 
density ?. Show that an impulse 31 u (2pj-fp)/2p 11 is required to set the sphsre 
in motion with velocity u. [ Del 1940} 

2.30. Intrinsic or clastic strain energy. It is tbe energy stored in 
the fluid by virtue of compression and is analogous to the one stored 
in a stretched elastic string. Intrinsic energy ‘E’ per unit mass measures 
the work done by unit mass of the fluid against external pressure , as il 
passes, under the supposed relation between p and p, from its actual state 
to some standard state in which the pressure and density are p 0 and p 0 . 
For the incompressible fluid, £=0. 

Since the work done in changing the shape of any volume V to V 0 is 
jyVfr and p—mv, we may set 

work done= ^°pdv= j' °pd(ntfa). 

Hence E—^\°pd[\!p) since m=l. 

The total intrinsic energy of a fluid body is often called interna) 

N | r 

energy and is obviously given by p Edv. 

, i . 

Ex. chow that the rate y»sr unit of time at which work is dene by the 
internal pressure between the parts of a compressible fluid is 

1 f 

1 j 

where p is the pre-sure, and q the velocity at any point, and the integration 
extends through the volume of the fluid. 

2.31. The Energy equation. We shall now show that the rate of 
change of total energy ( kinetic , potential and intrinsic ) of any portion of 
a compressible inviscid fluid as it mores about is equal to the rate at which 
work is being done by the pressure on the boundary. The potential due to 
the extraneous forces is supposed to be independent of time. 

We multiply scalarly both sides of the Euler’s equation of motion 
under conservative system of forces, viz. 

dq 1 

5f=-v/-- T w 


since m= 1. 
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Since 


P-^(l9 2 )+pq-VX=-q-VP 

A=|^-+(q. V )x=(q.V> as 


j» 
3 1 


= 0 


(1) 


by hypothesis, the above may be rewritten as 

-q .v/ 5 ='-v.( pqH-pv-q 

Integrating both sides of (1) we get 

-^{J v (k 2 +x)pA } = - J v V-( pq)*+J v P(V.q)* (2) 

the left hand side being valid as d(pdv)/dt = 0 by continuity condition. 
By virtue of the divergence theorem and the equation of continuity 
the right side of (2) may be simplified to yield 

~{\ y M+x)pd^ + j s n.pqdS-|v| % * (3) 

where n is unit inward normal. Now, by definitions 

T^J v ipq 2 dv: F=J y pxdv, 1= j y9 Edv (4) 

are the kinetic, potential and intrinsic (internal) energies respectively, 
then (3) may be written as 

~(T+V) = j s (a. q)pdS—^J- ( 5 ) 


because 
dl_ 
dt 


-J, 

4 


dt 


dE pdv [by (4) and — ( P v)=0] 


-p dv 


V dt 

dE dp_ 

-Jr I* [ as H 

Also, the work done by the fluid pressure on an element dS being 
pdSn dr and the rate at which this is being done is pdSn.q, (q— drjdt) y 
it follows that for the space of volume V, the rate at which work is 

being done by the fluid pressure is ( p.q)pdS=R (say). Thus (5) may 


be put as 


(6) 


—(T+V+D-K. . 

The statement embodied in (6) is what we were interested in and is 
often quoted as “the Volume integral form of Bernoulli's equation." 

Ex. 1. Establish the energy equation 

±{T+7+l)= j p(q.n)dS 

for a compressible inviscid fluid. (Ban 1965 ) 



102 


APPLICATIONS OF DYNAMICAL PRINCIPLES 


[§2,32 


Ex. 2. Prove that the rate of change of total eneTgy (kmetio, potential and 
intrinsic) of any portion of a compressible inviscid fluid as it moves about is 
equal to the rato at which work is being done by the pressure on the boundary. 
[The potential due to the extraneous forces is supposed to bo independent of 

[Del 1958, 55] 

Exp. 1. Show that for irrotalional motion with velocity potential ip, the kinetic 
energy of a liquid enclosed in a stream tube with a small cross-section between the 
normal sections <P=a, <P—b can be expressed as { M(b—a ), where M is the mass of 
fluid flowing per second through the tube. 

Sol. Let Si and S 2 bo the areas of the sections of tlio Btroom tube. Sinco kinetic 
energy 2’ of the liquid enclosed by the surface S is given by 3pj0(30/3n)'./S, 
we get 


2’= -^p[n(8«/8n) 1 -S' 1 +6(a t/dn) 2 S s ] (1) 

where the contribution to T duo to lateral surfaco of the tube is neglected, os 
along that part, (30/'3n) = O. Now (30/3n)i=gi, (30/3n)o = — q 2 , whence (1) 
reduces to 

T —\p(q 2 S 2 b—qiSia) 


However, pq 1 S 1 =pq 2 S ; .—M (mass) : by Continuity equation, therefore, 


T=\M(b-a). 


Exp, 2. A space is bounded by an ideal fixed surface S drawn in a homogeneous 
incompressible fluid satisfying the conditions for the continued existence of a 
velocity potential <!> under conservative forces. Prove that the rate per unit time at 
which energy flows across S into the space bounded by S is 




where p is the density and fin an element of the normal to dS drawn into the space 
considered. [ Del 1959 ; Qli 61, 58) 

Sol. By an ideal surfaco we mean a surface which is free from any liydrody- 
namical singularity, i.e. thero are no sources, sinks or vortices in tbo rogion 
enclosed by it. 

Since the fluid is incompressible, its intrinsic energy (i.e. energy stored in the 
fluid by compression) is zero. If Zis the forco-polontial (i.e. F = — VZ) then its 
potential energy shall be pf/flv. Wo shall take it that y_ is independent off, so 
that 3x/3<=0. Now the total energy £ is 

£ sK.E.-\-P.E.-)-I.E.=lfpq 2 dv+pf/dv-\-0 


j v q-qdr + 0 [3z/3<=0] 


= Pj )*>> [q = — V ^ ; irrotational motion] 


- P J |f V 2 <Wt,- P J 

1 — . — -dS by Green’s theorem 
5f !n * 

V 

s 

r dtp dtp 

“ P J TT i fn dS 

[Since y ! 0i=tO]. 


2.32. Applications of dynamical principles. The ordinary laws of 
dynamics may often be used with advantage to shorten tho solution 
of a particular problem. Among the basic principles to be adopted 
is one that relates to energy and states : 

The rate of increase of energy in a system is the rate at which wort is 
done on the system : or increase in energy— work done. 
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The following examples illustrate the above remarks. 

Exp. 1. An infinite mass of fluid is acted on by a force (p/r 3 / 2 } per anil nines 
directed to the origin. If initially the fluid is at rest a > d there is a cavity in the 
form of a sphere r = a m it, show that the cavity will be filled up after an interval 
of time 

(2/o ( J.)l/2 a 5/ 1 

Mg 1955, 51 ; Ahg 64, 58 ; Aid 63 ; Ban 64 ; Bom 62, 55 ; Del 62, 38 ; Qti 64 ; 

Got 59 ; Kar 59 ; Lin 63 ; Mad 59 ; Fb 58, 52 ; Itoj 60.] 

Sol. In the incompressible liquid outsido the cavity, the fluid velocity q will 
be radial and hence function of r : the radial distance from the centre of the 
cavity (the origin). The continuity equation div q=0, in apace polar co- 
ordinates becomes 


-JT fjf — 0, => r-q — const. ^ fit) — P.t'k (say) (1) 

where/(() is a function of t only. We notico that q— >0 as r — » co , as required. 
Clearly, curl q=0, so that motion is irrotational and hence velocity potential 
exists and is given by <P=//r. The kinetic energy, at the instant when the 
radius of the cavity is It, is 


T=\ p \ <5 -—-dS^-lp I (6 ~. 4nr2 I 
- J dn I a r |r=/J 

because, <p and 3 0/3r are constant over t<=R. Thus, 

T—2t. pR*R [using (1)]. (2) 

The rate of flow must bo the same across every concentric spherical surface ; 
across the one of radius r is, — 4r. r-drjdl (negative, as flow is innards). 

Thus, the total rate of doing work is 

*\> r 'Tt^*\: 4w ***&*■ < V 

=4puIJ2A(2 H /I? 1 > 2 )=8ppI?.R3l2, r (3) 

Initial value of kinetic energy is zero ; intrinsic energy is zero due to 
incompressibility and flow ib determined only by virtue of motion and hence 
potential energy is also zero. Thus, the rate of increase of kinetic energy is 
equal to the rate of doing work. This gives 

~ (2tt pH 3 li 2 ) =— 8-(ipB I? 2 ' 2 or (N 3 i?)+4H- 
Integrating wo get 


WlC- = A-(&!Z)y. i?5/Z = (8|i/5) [<j6/2_.R5/2] 
because i?=0 when R=a. The above further gives 

dR 8p ' i l/2^ a 5/2_^6/2^1/2 

~dT“ V 5 J v w 

whence U ± 1 V B 

^ 8 ( 1 / Jo v/ a 5/2— HS /2 5 Vi 


') 
^5/4 


fin . 

I si; 

J o 


J O 5 V. 8(1 J 

Thus t=(2/5H.)l/2o 6 'b 

Notes : (1) The kinetic onergy could also bo determined as : 


sin 0 dO 


r"r" dr (r*r=&B) 

= 2 npRiRtt f * if =2 ttp A3/i2. 

Je ft 

(2) The solution may also be obtained by the general method for irrotational 

fluid motion. See Problem 7, p 88. 
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Exp. 2. An infinite fluid in tchich it a spherical holloa; of radius a is initially at 
rest under the action of no forces. If a constant pressure II is applied at infinity, 
time that the time of filling up the cavity is 

1/1 2/S . 




I Ag I960, 56, 46 ; Ban 56, 54 ; Alig 57 ; Del 48 ; Gli 63 ; Got 60 ; Jed CO : 

Lhn 59 ; Osm 61 ; Pt 64 ; l.A.S. 1952.] 

Sol. In the incompressible Said outside the hollow sphere, the fluid velocity 
a will be radial end hence function of r : the radial distance from the centre 
of the sphere fthe origin). The continuity equation div cj=0, in space polar 
coordinates, becomes 

W -^r( r ^)=°. rlg=const.=fit)=R-E (=3T) (1) 

where fit) is a function of l only. We observe that o -s 0 as r-> <=, as required. 
Clearly «rr/ q=0, so that motion is irrotstional and hence velocity potential 
exists and is given by d=//r. If T be the kinetic energy, then 


T=J p [ 4 dS= 

j en 


■—lr 4 nr'- 

cr r=E 


because, 4 and c4jcr are constant over r=R. Thus, 
T^IntRZRt [using {!)] 


m 


The liquid motion starts from rest and so this energy is the work done by 
the pressure in expanding the cavity from initial radiu3 a to E. 

The work done by pressnre p in expanding from redins B to E—dB is 
4n BJpdE, and here p=— II, giviDg 

total vrork= — [ S It: ESB dP—^~~ U(a z —B : ) (3) 

Ja ■» 


Equating (2) and (3) gives 


Ifl= 


2H a^-EJ 


3? 


PS 


_ dP. f a z-zi \w / 3p y/Jfa E9r-dP. 

Thu., ) 01 t ~{^2u) io{a z -E3)Ut‘ 

Patting r 3 =a 3 sin 2 6, the above reduces to 

2o _/~5r rd).r(i) 

~ 3 Y 211 ' 2F{£) 

rSo Tlh.-fn (i) 

“ 3 y sn' Xti) 


Now from Integral Calculus 


£(p)J(p- i)‘ 


V-.H2p) 


( Duplication formula) 


0) 


and r{p),r(l-p)=- 


Sin pu 


(2) 
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in (i) and (iib we get 

rd). r(f)« - w- r -- ° - and r(j).r(l)=^- 

2 3 — 1 ^ 

r/E._ 2 V TC -F(f) _ 2 V* 2n 1 

o) 2 ; m ~ / 3 vs ' tW 


Substituting, in (4) we get 

/" 3p \f n 2ir 2-f jt 

V 2H* [r(i)]3 “V3 * ~p"' 

(-^ )* • (2)8 ■ T(})]-3 

Ex,!. An infinite mass of liquid acted upon by no forces is at rest, and a 
ephencal portion of radius c is suddenly annihilated ; the pressure ST at an 
^infinite distance being supposed to remain constant, prove that the pressure 
-at the distance r from the centre of the sphere is instancaneously diminished in 
the ratio r—c : r, and that the cavity will bo filled up in time 

( — L— yJ ( - G) - • i Dd 1932 1 

V 6tu y 17(4/3) L 

Ex. 2. Determine the pressure at the fluid particles adjacent to the surface of 
& spherical bomb, exploding in an incompressible fluid. 

Exp. 3. An infinite mass of inviscid liquid of constant density p is initially at 
rest, and has a spherical cavity of radius a. The liquid is made to move outwards 
by a pressure applied uniformly over the surface of the cavity ; there is no pressure 
at infinity and no body forces act. }f the radius of the cavity at lime t is 11, and 
the pressure applied is p/ii 3 , p constant, show that 

pR 3 ldRldt) 2 —2\L log (R/a) 

and that the pressure at distance r from the centre of the sphere is 
( v .IR2r)[l+{l-E 3 lr 3 ) log (.R/a)]. 

Sol. In the incompressible liquid outside the cavity, the fluid velocity q will 
bo radial and hence function of r: the radial distance from the centre of the 
cavity (the origin). The continuity equation div q =0, in space polar coordi- 
nates becomes . 


r 3 " ~^:(r"q)'=0, r 3 q=conBt.—f(t)=R-R (say) (1) 

where/(t) is a function of t only. We notice that q->0 as i — >cn , as required. 
Obviously, curl q=0, so that motion is irrotational and hence velocity potential 
exists and is given by <t>—flr=R 3 R/r by (1). The kinetic energy T at the instant 
when the radius of the cavity is R is 

r-HL* ’ 

because $> and 3 0/dr are constant over r=R, Thus , 

T=2irpf? 3 ^2. (2) 

The liquid motion starts from rest (the initial kinetic energy thus being zero) 
and so this energy is the work done by the pressure in expanding the cavity 
from initial radius a to radiuB R. 
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The -work done by pressure p in expanding the cavity from radiuB R to radius 
R+dlt is 4 r.R*pdR, and hero p=|i/If 3 ; thus the total work done W is given by 

TF= \ R -~^.4-.R 2 di? = 47Tp- log (if/a) . 

Equating the kinetic energy and the work done, 

T— IF, =>plf 3 ff 2 =2(i. log (if/a). (3) 

Now, the pressure equation for irrotational non-steady fluid motion under no 
external forces is 

where C{l) is an arbitrary function of time t only. As r->co, p->0, 

0->O so that C(t) = 0, for all t. Now putting for 0, q and C, m (4) we get 

p R2R+2RR2 , 1 if 4 i?2 _ n 
p “ r + 2 r4 

or ^ = 7'(‘^2+4-^ 2 )--T differentiatin £ ( 3 > 

= 2L + JL 

rR~ 2 r L r 3 J 
= (g/rif=)[I + <(l-if 3 /r 3 > log (if/a)] by (3). 

Exp. 4. A mass of fluid of density p and volume (4/3 )uc 3 is in the form of a spherical 
shell. A constant pressure II is exerted on the external surface of the shell. There 
is no pressure on the internal surface and no other forces act on the liquid. 
Initially the liquid is at rest and the internal radius of the shell is 2c. Pro te that 
the velocity of the internal surface tihen its radius is c is 

/(14H^p)[2 1,3 /{2 1,3 -l)] 

, (Ag 1957 ; 45 ; Aid 61 ; Del 63 ; Osm 62) 

Sol In the incompressible fluid outside the spherical shell, the fluid \ elocity 
q will be radial and hence function of r : the radial distance from the centre of 
the shell (the olrigin).! The continuity equation div q = 0, in space polar coordi- 


nate becomes 


—5 -^-(r-g) = 0, => r 2 g= const. ■=/(!) 

r- dr 


where f(t) is a function of t only. We notice that g->0 as r->co, as required. 
Clearly, curl q=V), so that motion i3 irrotational and hence velocity potential 0 
exists. In fact, 0'=//r. 

Now, the initial kinetic energy is zero ; the final kinetic energy T being given by 
T = (4-r 2 drpg 2 ) =2-p/? J- dr [r 2 g=/= const.] 

Thus, \ T=27rpr 4 g if -1 ). ^ 

Also, work done by the external pressure II in decreasing the shell from radius 
r to radius 2c is IF wliere 


W= j* 4u| 2n (-dii)="|- (Sc 3 — r3H. W 

From conservation oj f mass -t- rrp^ 3 i-upr 3 =const. = nr r.pc^^-B 3 — r + c 

Now equating the increase in energV to that work done by the pressure, 
conclusion obtained is \\ 
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We need the vnluo of q (velocity) when r*=c. Thus, wo got 

pc«8»(-J— J 5 1 , n.(7e») or 9"-=(14n/3p)[2»«/(2l«_I)]. 

The positive square root of this result our requirement, 

Exp 5 Obtain the equation of motion of a fuid in Euler's form. How arc these 
equations supplemented to male the genet al problem definite, 

.4 volume {4/3) rt c 3 o/ grai Uating Itqutd* of d+nsitq p t* initially tn the form of a 
spherical shell of infinitely gt cat radius, Jj the liquid shtll contracts under the 
inf voice of its own attraction , thtre being uo external or internal pnssnre, show* 
that when the ladtus of the inner sphencal surfuc is x y its velocity util be given by 

v2=^~-{2;'*+2;3j+2;2 l 2_S; i 3_3 J .ay 

where Y is the constant of gravitation and ; 3 =.r 3 +c 3 . (Co/ J955 ! Del 56) 

Sol. Wo hnve already obtained tlia equations of motion from the Eulorinn, 
point of view in the form 

dq/dt= F— (1/p) V p. [§ 2.10,5) p. 74] 

Tho general problem of hydrodynamics consists in finding the velocity q, tlie- 
pressure p and tho density p ns functions of r and t. Thus wo need moro 
relations to determine these quantities. These relations nro provided by tho 
equation of continuity, viz. 

(8p/8t)+V* (fq)=0 or (</p/dt) + P div q=0 
and some other physical relations such ns between density p and pressure p. 
Whence the solution of any hydrodynnmicnl problem is arrived at with the 
help of boundary conditions. 

In the incompressible gravitating liquid outside the spherical volume, tho 
fluid velocity q will ho radial and hence a function of r : tho radial distance' 
from the centre of tho spherical volume (tho origin), and timo t only. Tho- 
continuity equation div q=0, in spneo polar coordinates becomes 

-4 -fj^(r-q)~0, => r?q— const.— /(tj-rfr (say) (1)' 

where f is a function of f only. We note that g-^0 as r->cc , as required.. 
Clearly, curl q=0, so that motion is irrotationol and honoo velocity potential, 
exists and is given by ’t’—J/r". 

Tho relation c 3 =z 3 +c 3 implies tho conservation of mass, viz. 

(4/3)npi 3 — (4;3)!rpi 3 =(4/3)i:pc 3 

so that x and c are the internal and external radii of a spherical mass at any 
timo t. It is understood that tho initial kinetic energy is zero, tho final kinotio 
energy T being 

2 1 =Jp f(4n r 2 dr)r 3 c=2-p(r 3 ») 3 f —z- dr [r 3 re= const.] 

•’ 3 x r " 

Thus, T=2xp(r=r)=|>-l-z-l]. (2)- 

To find tho work done TF by tho gravitating liquid, wo uso tho familiar formula 
(vide p. 359 Lonoy’a Stotics) t 

TT = (i)J“ <fidm 

where <p is tho potential of tho shell wIiobo internol and external rndii nro a and; 
6, given distant r from the centre by the relation (vide p. 335 Lonoy’s Statics) 

2-Y p[n 2 — (l/3)r 3 — (2/3)(fc 3 /r)], 
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[§2.32 


Making substitutions, putting a—z, b=x we got 

Tf=(l 2)J* 2nY P [c2-(l/3)r2-(2/3)(^/r)]4nr2 P £lr 

c= — 2 J pg - j ~ (3r 2 s 2 — r 4 -2ra 3 )d r 

-=4x2rp2{5j2(;3_ x 3)_(-S_ x 5)_ 5x 3(; : 2_ x 2)}/15. 

Equating the work done IT 7 and the change in energy ( T — 0) we get 

r4r2(z-x)/x;=L{o;2(;3_ x 3)_(z5_ x 5)_ 5x 3(-2_ x 2)}. > 

[2rpT/l5=fc; r 2 r=a: ;! j;=const.]. 

■Cancelling out the common factor z — x from both sides, we get 

X- = (?;/x 3 ){5:2{;2 q. x z q. x 2) _ q. ;3 x q_~2 x 2 q_ x 3- q-^q ) _ 5 X 3( X q. x )^ 

= 2 ;3 x q- 0,2 X 2_ 3 =x 3_ 3x 4>, 

Putting for 2rrpY /IS and setting x=v we got the result 

v 2 =(4~Yp/l5z s ){2z i -j-2z 3 x-i-2zix-—3zx 3 —3x 4 y. 

Exp. 6. Two equal closed cylinders of heights c, with their bases in the same hori- 
zontal plane are filled, one with water and the other with air, of such a density as 
■to support a column h of water, h<fc. If a communication be opened between them 
•at their bases, the height x to which the water rises, is given by the equation 
cx—x--\ -ch log (c— x)/c= 0. 

[Ag 1954 ; Ban 65 ; Del 46 ; Jab 62 ; Pb 59, 56 (S)] 

Sol. Let A, B bo two cylinders containing water and air respectively. Lot 
the cross-soction of each cylinder be S. Before communication is set up, the 
Air and water are at rest and after 

-communication when water has A B 

risen through x in cylinder B, 
water and air are again at rest. 

Thus, the initial and final kinetic 
•energies are zero. Because of in- 
-comprosBibility, intrinsic energies 
also vanish. And because of the 
position of water, there is only 
potential energy. 

Now, initial potential energy V 
due to water height in A is 
obtained by summing massy, 
gravity x height, i.e. 

F<=Jo (?Sdy)gy=bgpS (1) 

After communication is opened, a height x of wjater rises in cylindor B and 
■consequently a height (c— x) of water remains in the cylinder A. And the final 
potential energy is thus obtained through (1) as J 

V f -lgpS(e-x)*+lggSxZ j (2) 

Thus, loss in potential energy, or work done against gravity 

V f-Y } =lg 9 S{rJ-{{c-x)t+x , '-]\^gt-Sx{c-x) (3) 

Also, some work is done against the pompressioti of air in tbo cylinder B ; the 
•external force being the pressure of the air inpido B over the water column o 
height x. The length z of air is obviously c—x, i.o. z^=c— x. 

Let p be the pressure of the air of length z. Since the barometric height is h, 
-the pressure must be given by oph. We assume that temperature remains cons 
"tant, so that Boyle’s law applies, i.e. pressur exvolume— const. This provi es 
pressure at a point ? 

(gph){cS)=p{c—x)S, p—ghcpl(c—x) 



(4) 
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§2.40] LAGRANGE’S EQUATIONS 

The doim-tcard force p.S vrorks and Trork done IT is 

"~s «> 

Equating ‘gain of potential energy’ to the trork done tre get 

(c—z)=gplcS log [<c—z)jc] 
or cx — zZ-L-ch log [(c—z)/c]=*0. 

Nora. In (4), rre have us^d dereity p of water and not of mercury ; for the 
simple reason that the density is such as to support a column h of voter. 

Aliter. A direct evaluation by the ‘energy principle’ is as follows : 
Applying this principal to the entire volume of the fluid, we obtain 
(Akinetic energy ; P=potential energy) 

~ {K±-P)=-\jr&S=- F ;S 

where the integral is extended only over the surface of the water in 
the vessel B, since in the vessel A the pressure p— 0, and along the 
rigid walls v.n=0. Now if x is the height to which water has risen 
in B, then v—dx/dt and using for p from (4) we get, after integrating 
with regard to x 

K-rP—ghccS log (c-x')-PA. 

Now 7 potential energy P of the fluid volume equals the weight of the 
entire volume multiplied by the height of the centre of gravity. 

•’» P=[(c-x) Spg] [(c-x)/2J+(xS?gXxf2)=:lSg?(2x*+c*-2cx) 
Substituting into the preceding equation, we obtain 

T-r\ Sg ? {2xr~-c 2 —2cx) — Sgpch log (c—x)—A. 

At the start of the motion. x=0, T= 0 so that 
A- 1 Sgoc'—Sgzch log c. 

Thus, T— Sg ? (x 1 —cx)—Sgc,ch log [(c— x)/c]=0. 

"When the water has risen to its highest level in vessel B, the velo- 
city of every fluid particle reduces to zero at that instant and hence 
T— 0 then. Consequently the maximum height attained by the fluid 
is the root of the equation 

cx—x?—ch log [(c—x)/c] — 0 

2.40. Lagrange's equations. We shall cow obtain the equation of 
motion of a fluid in Lagrangian form. 

In Lagrangian system we fix our attention cn a particular fluid parti- 
cle and folio?/ its course. Here the independent variables are, r r „ 
the initial position vector of the.particle to specify as to which parti- 
cular particle has been chosen, and t, the time. 

If the particie is at P at any time t, we have 

r=r(r 6 , t) 
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so that the acceleration of the particle is (a hid/ 1 ) whence the equation 
■of motion is 


— =F 
~ , 2 1 
cl 


1 


1 


CP 

or 


.p t_ £_> r o cp 

P or c'o 


for 


5 ; r 0 


CT 


c r 


o 

6r 0 


(#- F ) 

Nov/ pre-multiplying ~ ' r 


.Jii-L . LB J_ =0 

‘ cr ar 0 p 


(§ 0.60, p. 8) 


^ (7 » £p 

C^Q 


and remembering that 

1 (§ 0*60, p. 8) 




-we get 


lil. f£l r _ F V Jl ££=0 

?r 0 l c/ 2 J ‘ p cr 0 ' 


(1) 


which is the required Lagrangian form of motion. Here all differen- 
tiations are with respect to the independent variables r 0 and t ; the 
essentials of Lagrangian method. 

This equation together with the equation of continuity 
P c(x,y, z)!c{a, b, c)=p 0 ^ 

constitutes Lagrange's Hydrodpiamical equations. - \ 

\ r 

Cor. Cartesian equivalents. To translate (1) into Cartesian ordi- 
nates, we set F=vz> r=— g*r/cf 2 , and rewrite (1) as O 

(Vc I r) r = - (To 1 r ) Vt/--( 1/?) Vo F O ( 2 ) 

For brevity, we v/ritc i ; i =ii, gx/3a=x s , etc. r=^i-f 

Vo : r = x 0 ii -f yrij — rrik -r X;ji -f yijj -f - t jk —x c ld -rjriq i r c l 

/■ - 

Thus, (Vo ; r) r —{x 0 x -r-y a y -r-c-ji -f two similar expressions. 

e;r cl. ,C* 

1 CT 0 ' 


(Vo ; r)(v 0 /-)=- 


cr 0 cT 

Equating the coefficients of i, j, k we finally get 
£Xs -f yy c ~ cr, = - z, - ( 1 /=) Pa' 1 

xXo - yj’fc 4- 5Ci = — Z ( 1 /p) Pi > (3) 

xXc~yyc~n: r =—7..—(yp) p r J 

where suftkes indicate partial derivs.tivcsjc.a. p a —cpjda, etc. 

Problems for solutions 

1. Ozcillatione of v.-st<»r are ob'srred in C' bent uniform^ tnbe in a vertiwi 
piano. If O be tho lowest point of the tube. AB tha equilibrium level o< the 
■water ; i, S tha inclinations of tKa tuba to the horizontal at A, B, sbotr that tna 
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period of oscillation is given by 

It. V <(a+6)/3(sin a+sin £)} 

•where a, b denote the lengths OA and OB. 

2 1 . A straight tube of small bore, ABC, is bent so as to mnke the angle ABC 
•a right angle, AB — BC. The end C is closed ; and the tube is placed with the 
end A upwards and A B vertical, and is filled with liquid. If the end C be 
opened, prove that the pressure at any point of the vertical tube is instantane- 
ously diminished one-half ; and find the instantaneous change of pressure 
at any point of the horizontal tube, the pressure of the atmosphere being 
neglected. 

2n. A straight pipe, of uniform cross-Eection, is bent to form a right angle 
and fixed with one arm vertically upwards. A valve is provided in the hori- 
zontal section distant l from the bend. The valve is closed and liquid of den- 
sity p is poured into the vertical portion of the tube until it fills the pipe from 
the valve to a height / in the vertical portion. The valve is now opened, and 
after a time t has elapsed the level of the liquid in the vertical tube bas fallen a 
■distance x. Show that 

%<=>l (1— cos at), a 2 =g\2l. 

Calculate the pressure at all points in the liquid at this instant. 

2 3 , A vertical tnbe AB of small constant cross-Eection divides at its lower 
•end into two horizontal tubes BC and BD the cross-sections of which are algo 
constant and each equal to one-half the cros3-section of the vertical tube. At 
the joints of the tubes there are two valves which shut off the horizontal tubes. 
The valve3 are closed and the vertical tube is filled with fluid to a height 
AB<=>a. Investigate the motion after the valves have been opened simultane- 
ously. 

3. AB is a tube of small uniform bore forming a quadrnntal arc of radius a 
and centre O ; OA is horizontal and OB vertical. It is full of liquid of density 
f, the lower end B being closed. If B is suddenly opened, show that the pres- 
sure at a point, whose angular distance from A is 0, immediately drops to 
cga [sin 0— (20/n)] above the atmospheric pressure and that, when the liquid 
remaining in the tube subtends an angle at the centre 

d*P/<ff2 = _(2y sin 2 p/2)/<i. 

4. An elastic fluid, the weight of which is neglected, obeying Boy IPs law, is 
in motion in a uniform straight tube ; show that on {the hypothesis of •parallel 
sections the velocity at any time t at a distance r from a fixed point in the tube 
is defined by the equation 


d-v S_ 
ST- + dr 


0 




st 


S-v 
' Sr 2 ' 


[u denotes the velocity and p =/:?.] ( Del 1960 ) 

J. A mas3 of homogeneous liquid is moving so that the velocity at any point 
is proportional to the time, and that the pressure is given by 

(p/p)=[nryz— Jf 2 (y2r 2 -f; ! z 2 +z2y 2 ). 

Prove that this motion may have been generated from rest by finite natural 
forces independent of the time, and show that, if the direction of motion at 
every point coincide with the direction of the act ing force, each particle of the 
liquid describes a curve which is the intersection of two hyperbolic cylinders. 

[Pna 1964 {Old), Sag 54] 


ft. A solid sphere of radius a is surrounded by a macs of liquid whose volume 
is A no 3 and its centre 13 a centre of attractive force varying directly as the 
square of the distance. If the solid sphere be suddenly annihilated, show that 
the velocity of the inner surface, when it3 radius is x, is given by 


[(*»+<*)* -* ]= (f-&) 


where p is the density, H the external pressure and p the absolute force. 
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7. An infinite mo=« of incompressible liquid contains a spherical babble with- 
in which the pressure is zero. Initially the radius of the bubble is a and s 
increasing at a rate V. The pressure of tho liquid at infinity is II. Show that 
the bubble will expand to a maximum radius It given by 

U 3 =>a 3 [l+(3pF*/2lI)]. 

Find tho pressure at a distance r(> R) from tho centre of the bubble when its 
radius is greatest. 

, S. A mass of uniform liquid is in the form of a thick spherical shell bounded 
by concentric spheres of radii a and b (a < b). The cavity is filled with gas 
tho pressure of which varies according to Boylt’s Law and is initially equal to 
tho atmospheric pressure II, and tho mass of which may be neglected. The 
outer surface of tho shell is exposed to atmospheric pressure. Prove that if the 
system is symmetrically disturbed, so that each particle moves along tho lme 
joining it to tbo centre, tho time of a small oscillation is 

2 -a {p (6-a)/3II&}* [Del 1961, 58] 

' 9. A given quantity of liquid moves, UDder no forces, in a smooth conical 
tube having a small vertical angle, and tho distances of its nearer and farther 
extremities from the vertex at tho time t aro t and r'. Show that 



tho pressures at tho two surfaces being equal. 

Show also that tho preceding equation results from supposing tho vis viva of 
tho mass of liquid to bo constant ; and that the velocity of the inner surface is 
givon by tho equation 

F = = Ar'/r 3 [t' — r) ; r’ z — (••'“a 3 , 

whore A and a aro constants. [Del 1959 ; Mad 56, 53 ; Pna 65 (Old)] 

10, An infinite perfect incompressible liquid of uniform density contains a 
sphorical cavity which is allowed to collapso. The pressure II at infinity is 
constant, and initially tho liquid is at rest and tho radius of tho cavity is a. 
Provo that the radius R of tho cavity at time t satisfies tho equation 

I? 3 (rfP/dt) 3 =?(n/p)(a 3 -Ii 3 ). 

Prove also that tho pressure at a point in tho liquid distant r from the centre 
of the cavity is 




11. A mass of gravitating fluid is at rest under its own attraction only ; the 
freo surfaco bomg a sphere of radius b and tho inner surfneo a rigid concentric 
shell of radius a. Show that if this shell suddenly disappear, the initial pressure 
at any point of the fluid at distance r from tho centre is 


1_- p=(6_r) ( r -a)(^tL +1 ). [<?or 1961 ; Pb 62, 48} 


12 A mass of perfect incompressible fluid of density p is bounded by con- 
centric spherical surfaces. Tho outer surface is contained by a flexible envelope 
which exerts continuously a uniform pressure II and contracts from radius R\ 
to R* The hollow is filled with a ga= obeying Boyle's Law, its radius contracts 
from" cj to c* and the pressuro of the gas is initially p\. Initially tho whole mass 
is at rest. Provo that, neglecting tbo mass of the gas, the velocity T of the 
inner surface when the configuration It*, c* is reached is given by 


(Hi)— -*]■ * 

[Bom 1950; Git 56 ] 
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13. A spherical hollow of radius a initially exists in an infinite fluid, subject 
to constant pressure U at infinity. Show that 

p 3x 2 r4+(a 3 — 4x3) r 3 — (a 3 — x*)z3 
-0-= 3l2~r"i 

■where p is the pressure at a distance r from the centre when the radius of the 
cavity is x. [Del 1935 ; Gti 54 ; Jab 61 ; Pb 60 ; Sag 57 ; Vt 61 ] 

14. A spherical cavity of radius a containing gas at pressure p begins to 
expand in unbounded liquid otherwise at rest, the pressure at infinity being 
negligible. There are no external forces. If the gas expands adiabatically, 
prove that at time t the radius R of the cavity is given by 

P (dR\ z 2 // a y> / a \3Y\ 

pldt \RJ / 

where p is the density of the liquid, and Y is the ratio of the specific heats 
of the gas. 

15 1 . An infinite liquid is initially everywhere at rest and contains a spherical 
cavity of radius c. Gas is suddenly introduced into the cavity at pressure y 0 : 
during its subsequent expansion, according to the law ye" = const., the pressure 
p «p 0 ) at infinity remains constant. Show that the maximum radius r 
subsequently attained by the cavity is given by the equation 

1 -xl~”=A(l-x) 
where x=(r/c) 3 , and determine the constant A. 

152. An infinite liquid contains a spherical cavity in which there is gas whose 
pressure and density are connected by the la wp=Ap 4/3 where A is constant. 
Initially the liquid is momentarily at rest with the cavity of radius a and the 
gas at pressure nil where H is the pressure in the liquid at an infinite distance. 
Show that, neglecting the inertia of the gas, the radius of the cavity oscillates 
between the initial value a and a value ma where 

m 3 -fra 2 -{-m= 3a, 

16i- Investigate an expression for the change in an indefinitely short time in 
the mass of fluid contained within a spherical surface of small radius. 

[I..4.S. 1957 ] 

16,. Fluid is contained within a sphere of small radius ; prove that the 
momentum of the mae3 in the direction of the axis of x is greater than it would 
be if the whole were moving with the velocity at the centre by 

(Zla^Sf) [t~'J x +e.jV.j+fP‘ z +l f=V 2 »] 

where p x —dfldx, etc. [Del 1944 ; I.A.S. 57] 

17. A spherical mass of liquid of radius V has a concentric spherical cavity 
of radius a, which contains gas at pressure p whose mass may be neglected ; at 

every point of tbs external boundary of the liquid an impulsive pressure cj per 
unit area is applied. Assuming that the gas obeys Boyle’s Law, show that 
when the liquid first comes to rest, the radius of the internal spherical surface 
will be 


a exp. [— S-t/2 pp a 3 (b—a)] 

where p is the density of the liquid. [ Del 1957] 

18. A mass of fluid of density p and volume (4/3)w c 3 is in the form of a spberica 
shell. There is a constant pressure p on the external surface, and zero pressurel 
on the internal surface. Initially the fluid is at Test, and the external radius 
is 2 nc. Show that when the external radius becomes nc, tho velocity U of the 
external surface is given by 

Tf2=(Hp/3?) <(n 3 -l)l/ 3 /[n-(fi 3 -l)l' 3 ]> [Del 1950 ; Pna 64 J 

19. A Fixe tube whose section h is a function of its length s, in the form of a 
closed plane curve of area A, filled with ice, is moved in any manner. When 
the component angular velocity of the tube about a normal to its plane ig Q 
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the ieo melts without change of volume. Prove that the velocity of the fluid 
relatively to the tube at a point where the section is K at any subsequent time 
when <o is the angular velocity, is 

2.1 (Q-m)wK J-J- 

the integral being taken once round the tube. 

20. A pipe of vaiiablo circular cross-section is given by r—a (cosh a z)ttl where 
(r, 0, :) are cylindrical polars, and the r-nxis is vertical. Incompressible inviscid 
fluid is in steady irrotational motion, a volumo Q passing every cross-section 
of pipe per unit time. 

Assuming the vertical velocity to be a function of z only, and neglecting the 
horizontal velocity, show that tho pressure will not be a monotonic function of 
z if aQ-^> 4z‘a t g, 

21. fluid extending to infinity, surrounds a spherical boundary whose radius 
at time t is a -*-6 sin tit, tho contro being fixed. If there are no external forces, 
show that tho pressure at any point on tho spherical boundary 13 

II -f ]/Ip b n-(5b cos 2nt—4a sin nt-fh), 

where H is tho pressuro at infinity. [Bom 1564 ; Del 51] 

22\. A spheto whoso radius at time { is b-j-a cos tit is surrounded by liquid 
extending to infinity under no forces. Provo that the pre: sure at distance r 
fiom the centro is lees than tho pressure II at an infinito distance by 

-- --- (6-f a cos ti t) -£a (1—3 sin 2 nt)+ b cos nt+- ~ sin 2 nt (6-fa cos ntpj'. 

Prove further that if tho splioro is forced to vibrato radially keeping its 
spherical shape, the least pressure {assumed positive) at tho surface of the 
sphere during tho motion is II— n 2 pa (a*f 6). [ Bom 1959 ] 

22^. The radius of a sphere immersed in an infinite ocean of incompressible 
fluid of density p varies according to tho equation r=o + 6cos Tit, where a, 6 
and n are constants. Tho fluid moves radially under no forces and the constant 
pressure at infinity is II. If tho velocity potential for the motion is given by 
<t> find /(f) and uso Bernoulli's theorem (general) for unsteady flow to 

obtain tho pressuro at any point on tho sphere. Show that the maximum 
pressure attained i3 

p=II-f pn 2 6{{3b/2) + (a 2 /I0b)}, iEfa<56. 

23. Incompressible ideal fluid of density p fills the space between the con- 
centric cylmdors r=a and r=6 where f y 2 . Tho velocity of the fluid is 

q=[-j//( r )* x R r ). «]• 

Find tho pressure throghout tho fluid and explain why for general /(r) 
Bernoulli’s theorem (p/p-f q-/2— const.) does not hold. Prove that if r-J\r) 
=5Con=t., then p/p-f 5 2 / 2 =const , and stalo what is special about tho motion 
corresponding to this form of /(r). 

24. A mass of liquid of density p whoso external surface is a long circular 
cylinder of radius a, which is subjected to o constant pressure II surrounds a 
co axial long circular cylinder of radius 6. Tho internal cylinder is sudden y 
destroyed. Show that if q is tho velocity at tho internal surface when t is 
radius is r, then 

q 2 =2ll(6 2 — r 2 )/[p r 2 log <(r 2 + a 2 + 6 2 )/r 2 >j. [Bom 1957] 

25. Liquid is contained between two parallel planes; the free surface is an 
elliptic cylinder whoso axiz is perpendicular to the planes, and the semi-a 
of whose'scetion are a j, 6 X . All the liquid within a confocal elliptic cylinder, 

semi-axes of whoso section are an, 60 i3 suddenly annihilated. Prove t a 1 

be tho pressuro at tho outer surface, the initial pressure at any point o 
liquid is 

n[log(a+&)-log(a 2 +6 2 )]/pog(a 1 +6 1 )-log(a 2 +&2]. _ 

where a and 6 are tho semi-axes of a confocal cylinder through the point . 
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26. A source of strength m is situated in a stream which at largo distances 
from tiio source has uniform velocity U and pressure H. Show that this 
combination represents irrotational flow past a certain semi-infinite surface 
and find the equation of the surfaco. Determine the part of the surface on 
which the pressure exceeds II and find the forco exerted by the fluid on this 
part. 

27. (a) Explain on genera! grounds why two pulsating spheres in a liquid 
■attract each other, if they are always in the same phase. 

(b) A spherical shell of homogeneous gravitating liquid, having no initial 
motion, is left to itself. Find the pressure at any pomt during the collapse. 

28. A vessel in the form of a hollow circular cone with axis vertical and vertex 
•downwards, tho top being open, is filled with water. A circular hole whose 
diameter is '1/n) that of the top (n being largo) is opened at the vertex. Show 
that tho time taken for tho depth of the water to fall to one half of its original 
value (A), cannot bo less than 

(•M2-l)n 2 &/20qy. {Mad 1953] 

29. A mass of homogeneous liquid, whose bounding surfaces are concentric 
spheres, is at rest under tho action of no forces in a gas of uniform pressure. 
If the pressure of the external gas be suddenly increased, determine the 
instantaneous pressure in tho liquid, and investigate tho differential equation 
for the subsequent motion of the liquid and tho pressure inside tho shell at 
any time. 

30. Water flows steadily with a free surface under the action of gravity along a 
long straight channel bounded by plane vertical wall, y=const. The bed of tho 
channel ia in the form of the surface z=/(z) where z is measured in tho direction 
of tho upward vertical and /( -j- m ) _^o. The gradient of the bed ia everywhere 
email and the velocity may be takon as horizontal and uniform over any section 
w=const. If tho depth and velocity of water at a great distance upstream are 
respectively h and-v/a 3 y/(, show that tho depth II at any x satisfies 

(*3/,S/2H2) +H + f[x) = (JaM-l)Ii. 

Hence show that the maximum possible value of fix) is 

«(a-l) 2 (a+2). 

Show also that, if the bed of tho channel attains its maximum level at one 
point only, the depth of water at a great distance down stream is nh where 
n ia the positive root of 

2 « 2 — a9n— a 3 =0 

provided that there is no discontinuity in the gradient of the free surface. 

31. If fix, y, z)— const., g(z,y,z) —const., are the equations of a curve, show that 
the tangent to tho curve has the direction y/xVy. Hence show that if the 
above family of curves are vortex line3 of a velocity field q, then o>= curl q= 
FXffX \/g, where F is a scalar function. 

Show farther, that if tho motion is irrotational, the Jacobian 

3 {F,f, g)ld(z, y, Z)<=0. 

Deduce that if the scalar function h{f, g) is eo chosen that {Zhj'if)<=F, then, 
<l~l‘if, g)XJ g is a solution of 

U>=curlq and that ep=(3A/3/)/V * V?* 

Hence show the general solution "of CO => curl q is 

q=»— X7$+Mf, a)3Jg, where /= const., 5= const, 
are two systems of surfaces which pass through the vortex lines, and $ ‘ 
solution of Laplace’s equation. {Mad 

32. If the motion is referred to a moving frame w' K *^**' >x ~9,locity 
angular volocity 00, prove that tho vorticity satisfies 

(3 £/3<)+<0 X £+{q r .V)£ «(£•> 
whore q r =q— u — Xr. 
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33. An infinite mass of liquid is moving irrotationally and steadily under the 
influence of a source m and an equal sink at a distance 2 a from it. Provo that 
the kinetic energy of the liquid which passes in unit time across the plane which 
bisects at right angles the line joining the source and sink is 

8npm s l'Ia i , 

•whore p is the density of the liquid. [Del 1961 ; PI 64] 

2.50. Some hydrodynamical applications of Green’s theorem The 
general or non-symmetric form of the theorem for single-valued 
functions and <j> 2 is 

(V & frffadv - J h ~dS [§0.40, p.6] 

(1) If is constant and vVi=0, we get 

jp -|~ dS= 0 where 

which represents that the total flow of liquid into any closed region at 
any instant is zero. 

(2) Kinetic energy of finite liquid. The kinetic energy is given by 

T=\bfldv 

taken throughout the volume V occupied by the fluid. For irrotaiional 
motion v 2 ^— 0 

t= (v« • - ip \ j’~ir ds - 

[by Green's Theorem] 

taken over the bounding surface of the liquid, dn denoting an element 
of inward-drawn normal. 

Physical interpretation. We know that if q is the velocity and p the 
density of the liquid, then K. E. of the liquid within S is 

T=jw~dv=-i P j<f>^-dS 

Since pfi is the impulsive pressure and — (9^/9«)the inward velocity, 
it follows that the ICE. set up by impulses, in a system starting from 
rest, is the sum of the products of each impulse and half the velocity 
of its point of application. It also follows that the K.E. of a given 
mass of liquid moving irrotationally in a simply connected region 
depends on the motion of its boundaries. Clearly the surface integral 

-ipf 4>~dS 

is dn 

represents the work done by the impulsive pressure in starting the motion 
from rest. 
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(5) If the boundaries are at rest, it follows from (3) that g£/£«=0, 
so that 


fpj q-dv— 0, i.e. q = 0 at every point. 

Hence if the boundaries are fixed, irrotational motion is impossible in 
■a dosed simply-connected region. 

Ex. 1. Obtain the formula for calculating kinetic energy of a mass of homo- 
geneous liquid moving irrotationally in a Unite simply-connected space in the 
form 

0— dS. 

~ J c n 

Deduce that irrotational motion is impossible in a closed singly-connected region 
with fixed boundaries. [Dei 1958 ] 

Ex. 2. State and prate Green’s theorem. Show that the kinetic energy of a 
given mass of liquid moving irrotationally in simply-connected space depends 
on the motion of its boundaries. [ Ban 1953 J 

2.51. Green's formula. We shall now prove that the potential 6 P 
at a point Pin a mass of liquid moving irrotationally within a certain 
boundary is given by 


-HI HI H i> s 


where r is the distance of P from the element of area dS. 


Proof. If 9 U ^2 both satisfy Laplace’s equation, i.e. VH—0 ; 
V'^2=0, within a region bounded by S, we have, by Green's Reciprocal 
Theorem, 





(I) 


Let P be any point within the region and put 4>,=6 and 6^— llr. 


where r is the distance of P 
from the element dS. It is 
easily verified that 

V 2 (l/r)=0. 

Since £,->co as r-K)( i.e. at 
P), we must exclude P from 
the domain of integration of 
reciprocal Theorem (1). Hence 
we enclose P by a sphere 
2, radius e so small that 2 is 
entirely within S. 

Reciprocal Theorem applied 
to the region between 2 and S 
gives 





( 2 ) 
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because, v 2 ^cfv=0 [by Gauss’s Theorem]. 

Now the left hand side of (2) is independent of c, and hence so 
also is the right-hand side, which is, consequently, equal to its limit as 
e->0. 

If e is small enough to take <j>=<f> P on the whole of the surface we 
get approximately, 

\ E WZ= ^r*p\ s dS = 4 *“" 

Hence proceeding to the limit when e->0, we get from (2) 


Ex. Prove that the potential <6 P at a point P in'a mass of liquid moving irrota- 
tionally within a certain boundary <S is given by 




J 

S r 


3 n 


as. 


Modify this result when the liquid extends to infinity while certain boundaries 
<S remain at finite distances. [Born 1952 ; Del 63] 

2.52. Mean potential over spherical surface. If a region lying wholly 
in the liquid be bounded by a spherical surface throughout whose inteiior 
VV'=0, the mean value of the 


velocity potential <j> over the 
surface is equal to its value 
at the centre of the sphere. 

Let <f> s and </> m denote the 
value of f at P and the mean 
value of $ over a sphere S, 
centre P, radius r. Draw 
another concentric sphere 
of unit radius. Then a cone 
with vertex P which inter- 
cepts dS from the sphere S 
intercepts du> (the solid angle) 
from the sphere W, such that 

</S/do=r 2 /( 1)*, 

zS-dS—r-dbs. ( 1 ) 



Now 4> m = 
so that 
Since 


( 2 ) 


Lf M d a = f-J sy,is. 

dr 4 tt} w dr 4m- Js dr 

[ -| ?dS=* [ n.sj<f>dS= [ vW v 

Js dr J 5 bn J v Jr 

[by Divergence theorem] 
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and \/-4>=0 (by hypothesis), it follows that f(d4>ldr)dS=0 and hence 
(2) yields 

— ^=0, => <£ m = constant (independent of r). 


Hence, when 5 shrinks to a point P, <t m — cj>p 

Cor. 1. 4> cannot be a maximum or minimum in the interior of any region 
throughout which v 2< £ = 0. 

If possible let <t P be a maximum value of <j> at a point P. Describe 
a sphere with P as centre and radius e where e is small. Then (<P m ) : 
the mean value of the velocity potential : must be less then <j> P 
which contradicts the theorem just proved. Similarly (ji P cannot be a 
minimum. 


Cor. 2. In ir rotational motion, the maximum value of the speed must 
occur on the boundary. 

Let a point P interior to the fluid be taken as origin and take the 
x-axis in the diiection of motion at P. Let Q be any point near to P ; 
then if q, q' are the speeds at P and Q, 


Since 



(8^/3-v) satisfies Laplace's equation and consequently there cannot be a 
maximum or minimum at P. Thus at points such as Q very near 
to P, 


2 2 

(S </>ldx) >(d<Hdx) whence q' 2 >q". 

p 

Hence q cannot be a maximum inside the fluid and its maximum 
value if any, must occur on the boundary. 

Note : q- may be minimum in the interior of the fluid, for #=0 at a 
stagnation point. 

Cor. 3. In steady irrotational motion the hydrodynamical pressure has its 
minimum value on the boundary. 

The result follows from Bernoulli's Theorem 


{pl?)-\-\q i= const. 

Since when q 2 is greatest, p must be least. But q- is greatest only on 
the boundary ; so p will also be minimum only on the boundary. 

2.60. Kelvin’s minimum energy theorem. If a mass of liquid be set 
in motion by giving prescribed velocities to its boundaries , the kinetic 
energy in the actual motion is less than that in any other motion con- 
sistent with the same motion of the boundaries. 

Proof. Let 7\ be the K.E. of the actual motion of which & is the 
velocity potential and qj the velocity. Let T t be the kinetic energy 
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and q 2 the velocity in any other possible state of motion . As the 
equations of continuity must be satisfied, we must have 

V < q 1 == 0 ; y.q 2 =0. (1) 

Since the boundary has the same normal velocity in either case, the 
condition to be satisfied is expressed by the relation 


n . q 1= =n . q 2 

Now T 2 — 7i=£p f (q„ 2 — q fi)dv 

Jf 

= ipj r {2q 1 .(q 2 -q,)+(q 2 -q a ) 2 J* 

=p qi-(q 2 — j (q 2 — qi) 2 ^>’ 

=— p j ir (v^)-(q 2 — (q 2 -qi) 2 i?v 
From vector calculus 


( 2 ) 


( 3 ) 


y.[^(q 2 -qi)]=^[V.(q 2 -qi)]+(V^).(q 2 -qi) = (v^)-(q 2 -q.) by ( 1 ) 

This gives : [ (y^).(q 2 — <li)dv= | V-[^(q 2 -qi)] dv 

Jf Jf 

^n.(q„— qj) [by Divergence theorem] 

Since the integral on the extreme end is zero by (2), we get from (3) 

T 2 — rj=4pf (q„ — q l )Vv>0 ; i.e. r 2 >Ii. 

J v 

Thus, the irrotational motion of a liquid occupying a simply connect- 
ed region has less kinetic energy than any other motion consistent 
with the same normal velocity of the boundary (but for which vortices 
are present inside). 

Ex. State and prove Kelvin’s theorem of minimum kinetic energy in bydro- 
dj namics. [Del 1957 ; Gti 62, 58, 56, 54, 53 ; I.A.iS. 55] 

2.61. Kinetic energy of infinite liquid. We shall prove that the 
kinetic energy of an infinite mass of 
liquid of density p, moving irrotatianally 
is given by 

-it \ s *% dS - 

where $ denotes the single-valued velo- 
city potential. 

Consider the liquid bounded inter- 
nally by a solid 5 and externally by 
a large surface Z, then the K. E. of 
the finite liquid contained into this 
region is given by 
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7\=-ipf 4> p-dS-i pf AdZ. (1) 

Js dn 2r J27 T dn 

Now the rate R at which mass flows into any surface y through the 
boundary is, by definition 

i?= j pq.n dy, where n is unit normal drawn into the surface. 
= — f p ^ dy for q=— V^ = — n r~ ' 

)y dn r M v dn 


Since there is no flow into the region across S, we must have, for the 
form of continuity, 





d -*dZ=0. 

dn 


( 2 ) 


Multiplying (2) by \c, a constant, and subtracting from (1), we get 

r,— j s »-«) g-xs-fek »->g- (» 

Since for a so/n/ body, f — £15=0, it follows from (2) that 
Js o« 

f p — dZ—0, i.e. f — dZ is independent of Z. 
iZ dn iZdn 

If. at infinity, <£->c, we enlarge the surface Z indefinitely in all direc- 
tions whence we get 

f (3—<$r-dZ= 0. 

J 27 v d n 


Thus (3) simplifies to 

( 4) 

2.70. Permanence of vorticity via Cauchy’s integrals. We start with 
the Helmholtz vorticity equation, viz. 

4( tMt- V ) <1 

valid only for barotropic inviscid fluids under conservative body 
forces and proceed to find its solution, called Cauchy’s integrals. 

?) O • j* ^ 

Now setting v— T -== ^r~ i? ~ — and putting in (1) we get 
or o^o 


® . ilLoSjj 2) 

dt V p / V P Sr 3r 0 / q p Sr 0r o ' 

where r 0 indicates the initial position of the particle at time t 0 . 

Now we differentiate the identity relation 

♦ (iudemfactor) (§ 0.60, p. 8) (3) 
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with respect to scalar t and get 


A r° ’ ±(i 

dt \ dr J gr„ ' gr dt \gt q J 


or 

d p : r 0 xg : r , gj r 0 g ; q 
dt\ ?r J gr 0 • gr gr 0 

(4> 

because drjdt= 

=<!• From (2) and (4) we get 



4 (V.) , ® . d (o ; r 0 \g ; r 
dt \ p J p dt V gr j gr 0 

(5) 

Post-multiply 

mg (5) by (g ; r 0 'gr) and using (3) yields 



d((o\?:r n to d( g : r 0 \ 
dt\q ) gr +Y df{ gr 


or 

u ;r 'A =0 



dt V ? or J 


Hence 

— • £- 11 ° = con st.= — V r °=^ 

P cr P 0 gr 0 p 0 

(6) 


because (g ; r f /gr 0 )= / and < 3 0 and p 0 are the values of to and p at time 
f 0 . Using (3) we can rewrite ( 6 ) as 


(a>/p)=(a> 0 /p 0 ) (g ; r/gr c ) ( Cauchy's integrals) ( 7 ) 
From (7), it at once follows that if a> 0 =0 then a >= 0 so that irrotational 
motion is permanent. Also if ( 05 = 0 then (0 can never vanish so that 
totational motion is also permanent. 

Note : The cartesian equivalents of (7) are 

c* , fp £5_ , £0 qx_ 

P Po 2a T P 0 cb p 0 gc 
with two more similar relations. 

Ex, 1. If q bo tbo velocity (u, v, tc) and rot q=(2;, 2 r h 25), prove the follow- 
ing Helmholtz equation of an mvtecid fluid 

D / 5 \ 5 S u r, on t cu 

Dl\ p ) p ox p dy ‘ ? dz ’ 6 C ’ 

and hence prove that the elements of fluid which are free from vorticity at any 
time will remain so at all subsequent times. [Bom 1950] 

Ex. 2. Establish Lagrange’s Hydro-dynamical equations of motion, a»=uming 
the external forces to belong to the conservative system. Hence deduce or 
prove otherwise that if a velocity potential exi=t= at one instant, for any finite 
portion of a perfect fluid in motion under the action of conservative system of 
forces, then, provided the density of the fluid be either constant or a function 
of the pres c ure only, a velocity potential exists for the same portion of the 
fluid at all instants before or afeer. [Del 1957] 


2.80. Some uniqueness theorems related to acyclic irrotational motion. 
In the following we shall consider acyclic irrotational motion only, i.e. 
motion in which the i elocity potential is one valued, it being understood 
' hat in a simply connected region the only possible irrotational motion is 
icyclic. We shall invariably use the expression for K.E. in the forms 

T=lp[ q-dv-^-lp f 4>^-dS. (A) 

Jr Is^fdn 
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(/) There cannot be two different forms of acyclic irrotational motion 
for a given confined mass of liquid whose boundaries have prescribed 
velocities or are subject to given impulses. 

If possible, let <•/>,, <j > , be the velocity potentials of two different, 
motions subject to the conditions 

(1) ( 3 ^i/ 3 'z) = ( 3 VS«) i 00 P^i=P^2 
Let <£=(/, t — <f> 2 , then vV' - vVi - V 2 ^*= °- 

Thus <ji is a solution of Laplace’s equation and therefore represents 
a possible irrotational motion in which 

bn bn bn 

Therefore, <7=0 by (A) at every point. It follows that 
constant, so that motions are essentially the same. 

The same result applies to ensure that p^j— pri> 2 = constant, and 
thereby follows the result for impulshe pressures. 

( 2 ) Acyclic irrotational motion is impossible in a liquid bounded entirely 
by fixed rigid walls or it will cease instantly f the boundaries are brought 
to rest. 

Since at every point of the rigid boundary, — it follows by 

(A) that q —0 everywhere. Thus the liquid will be always at rest ; and 
hence motion will be impossible. 

( 3 ) Acyclic irrottaional motion is impossible in a liquid which is at rest 
at infinity and is bounded internally by fixed rigid walls ; or such a 
motion will cease instantly if the boundaries are brought to rest. 

As there is no flow over the internal boundaries and the liquid is 
given to be at rest at infinity, the K.E. is still given by (A). 

Hence 0</i/5/i=O gives 9=0 everywhere. Consequently the liquid is- 
at rest. 

( 4 ) The acyclic irrotational motion of a liquid, at rest at infinity, due to 
the prescribed motion of an immersed solid, is uniquely determined by 
the motion of the solid. 

If possible, let 4 >w <h be the velocity potentials of two different 
motions. The boundary conditions to be satisfied are 
(i) (c4 , }lcn)=(d<Pilbn) at the surface of the solid (ii) 9j=9, = 0, at 
infinity. 

Thus ^=^i — 62 is the velocity potential of a possible motion because 
vV=V 2 0 i —ff-(p 2 = 0 , and that ( 3 ^/ 3 n)=( 3 ^x/ 5 n) — (S^ 2 /3«)=0, at the 
surface of the solid, and 9=0, at infinity. 

From (3^/07i)==O at every point of the boundary, it follows that 9=0 
every where, so that &.= constant and the motions arc necessarily 

the same. 

( 5 ) If the liquid is in motion at infinity with uniform velocity, the acyclic 
irrotational motion, due to the pi escribed motion of an immersed solid r 
is uniquely determined by the motion of the solid. 
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Superimpose on the whole system a velocity equal in magnitude and 
opposite in direction to the velocity at infinity ; the relative kinemati- 
cal conditions remain unaltered and the liquid is reduced to rest at 
infinity. Now apply (4) ; the result follows. 

Ex. Sketch a proof of Green’s Theorem and deduce the following : 

(a) A rigid envelope is filled with homogeneous friotionless liquid. It is not 
possible by any movements applied to the envelope to set its contents into 
motion which will persist after the envelope ha9 come to rest. 

[Bom 1956 ; Del 55 ; Gti. 59, ; Mad 58, 56] 

(b) There cannot be two different formB of irrotational motion for a given 

confined mass of liquid whose boundaries have prescribed velocities or 
subject to given impulses. [ Ban 1961 ; Bom 56 ; Cal 55 ; Mad 69 ; Sag 56] 

2,90. Cyclic constants. Consider an irreducible circuit l containing 
several (say three) holes (shown by shades) in the fluid which pierce 
any surface S which spans the circuit 1. These holes might be occu- 
pied by solid obstacles. The circuit /' (vide Fig.) unlike /is reducible 
so that 

f q.dr=f(h.dS. (1) 

J/' JS' 



In the limiting case, when ab coincides with a'b’, cd coincides with 
c'd' and ef coincides with e'f and the arcs bb' , dd',ff' coincide respec- 
tively with the boundaries h. / 2 , l z of the holes, the right hand side of 
(1) is over the surface spanning / which lies in the fluid. Further, in 
this limiting case, 
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Thus, by transposition, 

j q.dr=j q.dr-f- j q.cfr-f- j q.dr+ J (sJ.dS v|^q.rfi - ->J^<o.c/S'J 

If the motion is irrotational, <o=0, so that 

(q.A=r x +r a +- r 3 where 17= [ q.A 
J i 

The quantity 17 is called the cyclic constant of the ith hole. 

Cor. If there are n holes threading 1, the ;'th hole being bounded by 
the simple closed curve h, then 

j^q .dr=Zpi 17 

where pi is the excess of the number of times / goes round the ith. 

hole (in the same sense as /<) over the number of times it goes in the 

opposite direction. The constants p, are integers ; possitive, negative: 
or may be zero. 

Cor. 2. For irrotational motion, q=— so that 

T=f q.dr— - f v^.*s=— [ = 

jo io J c 

Thus, P— decrease in <f> in going round the irreducible circuit. 

Hence T=2piTi, in a multipli-connected region. Thus, <f> is many- 
valued function and is known as cyclic potential. 

In a reducible circuit, r=0, i.e. the decrease in <f> going once round 
any circuit is zero. 

Note : Motion in which the circulation in every circuit does not 
vanish is known as cyclic motion. 

2.91. Green’s theorem for multipliconnected regions. For simple- 
valued functions <f>, <f>', the Green’s theorem is 

\ r WW ( 1 ) 

If 4> be many-valued function (i.e. cyclic), then the region must be 
multipli-connected. Consequently we insert the necessary barriers 
and the region is reduced to simply-connected ; rendering <f> to be a 
single-valued function. The corresponding corrections to be made 
consist in including in the range of the surface integral both sides of 
each of the barriers. Now, if 4- and — indicate the positive and 
negative side of the barrier, then <£ + — <£ - =r„ (d <!>' ; 
and the contribution of this barrier to the surface integral 

| i{d^'IZn)da is 17 j (d<j>’ldn) da 
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loss (?qiSi5t)xqi at AB. These rates of positive and negative amounts, viz. 
$gs-S 2 and are produced entirely by tho thrusts acting on the walls and 

ends of the hlament, Kevertmg the direction of q x at AB , we concludo that 
these thrusts must be equivalent to the forces and P&Vyo- normally out- 

wards at AB and CD respectively. 



D’Alembert's paradox. Consider a long straight tubo through non-viscous 
liquid flow with a constant speed F, suppose that the ends of tho tubo aro 
bounded by equal croes- 
-soctional areas Si and 
So (i e. Si~ So), tf an 
obstacle A is placed in 
the middlo of the tubo, 
the flow in the imme- 
diate neighbouthood of 
A will no deranged, 
but at a great distance 

do wn-stream thTflow will ho undisturbed. To keep the obstaclo A at rest will, 
in general, require a force F and a couple G. Neglecting external force (o.g. 
gravity), F is the resultant force in the direction of flow, of the pressure thrusts 
on the boundary of d. If tho fluid is divided into current filaments starting 
on S, and ending on So, then obstacle A acts on those filaments in contact with 
A by a force —F in the direction of flow, and tho prossuro thrusts on the outer 
filaments bounded by the tube-walls being normal to the direction of flow cancel 
out. Hence, by Euler’s momentum theorem appl.od to each current hlament m 
tho tube, tho resultant thrust on tho liquid in tho tubo is=-pSiF~+p.S 2 F2=0 
<(as Si=^S%). 

p 1 over Si**=P 2 over Sn . Thus 
Pi^i — ^ — Psfi 2 ==s ^» = 5 * 

The cross-sectional area S can bo taken very largo, and lienee tho result (Fc, 0) 
holds for an infinite liquid as well. 

Finally, superimposing a velocity V in the opposite direction on both the 
-liquid and the obstaclo does not alter tho dynamical conditions. Hence, a body 
mooing with uniform velocity through an unbounded invisetd fluid otherwise at 
rest encounters no resistance. This theoretical conclusion (D Alemberts paradox) 
is valid for any general body of reasonable shape. 

Note : This result is not valid for an accelerated body. Tho resistance is due 
to the drag on tho surfaae. 


By Bernoulli’s theorem : 


Exp 2, If a fluid be in motion with a velocity potential log r, and if the 

density at a point fixed in spare be independent of the lime, show that , the surfaces 
of equal density are of the forms 

r 2 {log r—Dj—zt^f (0, p) 

where p is the density at (=, r, 0) : the cylindrical co-ordinafes. (Del 1966) 

Sol. For surfaces of equal density, p=const„ so that <Jp/dt=0. 


Thus 

Since 

•or 


§-=|f +(q .V)P=o. 

— yip and 3p/at— 0, tho above reduces to' 

/ 3 0 1 30_ 5* \ /_3p _2_ J^P - Bp \ 

r B0’ " d: J’\ Sr ’ r 30’ 32 J 
30 3p _1_ 30_ 3p__ 30_ Bp _ n 
%r dr r 3 30 39 dz 3z 


Now, 0=2 logr, 30/3 r= 2 /r, 3 3/30=0, 30/32=log r 

= 0 , r> 2 


Bp , , BP 
-3F +losr bT 


Bp , , 3 p 

^ +rl ° ST £ 


0 . 
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Comparing with Lagrange’s differential equation 

P(dzj5x)-{-Q}dzldy)=P, with solutions dxjP=dyjQ 
dr dz dp 
O'* 


-dzjR 


we get. 


z r log r~ 

The last member yields p=const.=p 0 (say) and the first two provide 

r log r dr—zdz—Q 


Integrating \r- log r-\r^— A;2=const. (independent of r and 2 but may be 
function of 0 and p). 


Thus r 2 (log r— £)— 2 2 <=-y (0, p). 

Exp. 3. Prove that if 

0*=— I (az-+by~-i-cz-) ; (fa 2 +mt/ 2 -f n: 2 ) 


where a, b, c, l, m and n are functions of the time and (a-f b-fcJ^O, irrotational 
motion is possible with a free surface of equipressure if 


, _ „ 2(adt 2ibdt 

(Z-ba-'-f'U ) e ; (w-bbS-bb^e 
arc constants and a' — xa/dt, etc. 


(n+c 2 +c') e 


2jcdt 

[Del 1966, 60} 


Sol. Since <P = — J (ax^ -}-by--}-cz-) , we get 

— d^/dx^ax,— d"9>l0x~^a, etc., so that y 20 = _( O 4.6-f c) = 0, (by given) 
Thus, tho irrotational motion is possible. The pressure equation for non-steady 
irrotational fluid motion under conservative body forces F= — y V I is 


(pl?)~(d<t>ldt)+lq°-+V=C(t) 

Hero d<t>ldt= — i(a'x 2 -t-b'y-+c'z-) , g 2 =27(30/3a;) 2 =.27a 2 2 2 . 

Substitutions in (1) provide the expression for pressure p : 

plP=-l(Za'x"-)-h(2a-x"-)-h[2lx*-)+C[l). 

For a free surface of equipressure, p>= const. =13 ; dpjdl—0, i.e. 


3 p , 3p , dp dp 
U+ U Vx +V dj + W -d-z= 0 - 


( 1 ) 

( 2 ) 

( 3 ) 


Carrying out the necessary partinl differentiations in (3) yields 
dpldt=-lp [Za"x n -+2Eaa'x‘+Zl'x t ] + C'(l)p 
—udpldx-(d<I>ldx)dpldx=ax.pl,a'+a"-}-l)x 
— v 3p/3y=pb(6'+l ,2 +w!)y 2 ; 

— w 3p/3i=pc (c'-bc 2 +» 1 ) z-. 

Substituting in (3), tbo condition for free boundary surface is 


— 3p Z(a''+2aa'+l')x-+C'(t)p — p 27o(a'+a 2 -f Z)x 2 =0. 

This equation is true for all l ; hence coefficients of x", y 2 , c 2 and the constant 
must vanish separately. This gives 

i (a"+2aa'-)-/')+n(o' + o 2 +/)=0 ' 
i (b"+2bb' +m') + b(b'+b 2 +m)=0 
i (c"+2cc'+n')+c(c'+c 2 +n)=0 ' 

C'(<)= 0. 


The last oquation implies C(t)=const. for all t, i.e. absolute constant. 
Tho first of (4) yields 

D(a'+a*+l)+2a (o'+a 2 + ()=0, (D^dfdl) 

Integrating: d(+ |2adt= const 
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2Jadt 2Jadt 

or log (a'-fflS-f/Je =const; f => (a'-f aM"0 * =const. (different). 

The other expressions follow by the cyclic permutations, 

2.92. General fluid motion. A continuous {velocity’) vector field q can be 
decomposed into irrotational vector (i.e. whose curl= 0) and solenoidal 
vector { ie. whose divergence=0) fields. Thus q=q<+ q., where the 
subscripts i and s refer to the irrotational and solenoidal components 
respectively. Now 

div q, = 0, => q t —curl A ; curl q<=0, =>q i~—grad <f>. 

Further, since curl (A -j-grad $)=curl A, the vector A is not uniquely 
determined ; and as such we impose on it a further restriction, viz. 
div A=0. Hence, 

q= — grad 6+ curl A, where div A=0. (1) 

Obviously, div q =— (say), curl q — curl curl A. 

The latter equation gives curl q = (s) =grad (div A)— y-A= — V ! A. 
Thus, yfifcs—O, vp"A=—(i> (2) 

which are analogous equations, called Poisson’s equations. The 
functions if> and A are called velocity potential and vector (or solenoidal) 
potential. 

Ex. Define the divergence and curl of a vector field In a manner independent 
of the co-ordinate system, end erplain how they are connected with the motion 
of a fluid element. Given these two vector fields, show how to obtain (i) the 
circulation round a closed curve, (ii) the flux over a closed surface. [Mad 1953 ] 


2.93. Vector potential. Figure shows liquid enclosed within a fixed 
envelope S and let the vorticity <n be 
given at every point of the liquid. If n is 
the unit inward normal at the element dS 
of S, then on S, the boundary condition 
is n.q=0. 

Let us fix a point P within the liquid, 
the velocity there (at P) being q, that at 
any other point Q, the velocity be q' and 
let dv be the element of volume at Q. 

Further, let 

PO=r, (3/3P) = V> (S/oQ!=v', obviously \j\r~ 1 ) (1) 



We now consider the vector A P —A (say), being the solution of 
Poisson’s equation : q, and given by 



dv 


where the integral is taken through the volume V enclosed by S, 
point P remaining fixed. Now, since curl curl A=prad div A 
Poisson’s equation leads to "* 


q=VX(vxA)-v(yj£ 

‘ E 
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As q' is independent of the position of P, we obtain from (2) and (1), 

Also, 1 v'.(qV- 1 )-r- 1 (v'.q’)Aq'.V'(^ 1 )=q'-V‘(^ 3 ) 

because y'.q'= 0, by continuity condition. Thus, (^) reduces to 

V. A = J , v'.(q v- 3 ) C v=l j ds =o, 

where third term results from second by Gauss's divergence theorem 
and then it xanishes on account of the boundary condition n_q'=0. 
Hence, (3) yields 

q— curl ( carl A) = curl B ; B = curl A (5) 

The vector B, defined by B = curl A, is called the sector potential of 
the velocity q (compare with definition q= —grad o). To find B expli- 
citly", we have from (2) and ;5) 

4rE -vxJ r T*— If i’xv(4-)* 


q'xv'(4") dv hJ'O) 

-Ut (Vx«-Vx(i)j* 

fv v’^^)=4-(v'xq'}-r\'(y-)xq' 

Jr r J s r 

^ V j (vxc) dv= — | (n x a) dS, Gauss’s theorem j 

where y’xq' = G>\ Thus B in terms cf (•/ and q' at the boundary of 
S is given by 


b-H 

^r-Jr r ~1- J r 


( 6 ) 


Cor. Unhanded fluid. When the fiuid is unbounded, and q-O'r') 
at a great distance, the surface integral in (6) tends to zero. 
Therefore. 


B 


_J_ r a' 

-4rz) r 


dr 


(2) 


Now 0)'xv(4-)^ = 4 _ l r °^ Jr (8) 

(r=Q?) 
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Thus the velocity at P may be regarded as the vector sum of ele- 
mentary velocities, that corresponding to the vorticity in the volume 
element dv at Q being 

dq=[dv/4-r 2 ){(i>' X QP) = (dv/4-r ! )(tu Q sin «) u 
This fictitious elementary velocity is induced at P by dv at Q. 

2.94. Kinetic energy of a system of vort.ccs. This is given by 

2T= P J q.q dv=p j q. (curl B) dv (1) 

Since div (Bxq)=q. curl B— B. curl q, (1) may be set as 

2 T=p J div (B Xq)dr-f p| B. ( curl q) dv 

or lT=|pj B. (nxq) dS-~-l? | B.rn dv (2) 

(by Gauss’s theorem, n inward ] 

If we suppose that the liquid extends to infinity and is at rest there, 
and that the vortices are all within a finite distance of the origin, then 
at a great distance, q 0 (r -3 ) B ; 0(r~ 2 ) and hence the surface 

integral in (2) vanishes. Thus, 

T~ |p| co.B dv (3) 

But for such a case as under consideration 


B== H ^r dv ’ l§ 2 - 93 (7) ’ p - 130] 

hence 7’=— p j ^ v ^ v> ( 4 ) 

where (a, o)' are the vorticities at P and Q, and dv, dv' elements of 
volume at these points, and each volume integral extends through the 
whole space occupied by the vortices. 

Cor. Integration in (4) over vortex filaments. Let ds, ds' be the ele- 
ments of length of two filaments, a, a' their cross-sections, a, w' the 
corresponding vorticities, and e the angle between ds and ds'. Then, 
since ads—dv, a>a=k , etc., we get from (4) 


P E kk'j J-2LL * ds’ 


( 5 ) 


where integration is along filaments and the summation includes each 
pair of filaments once. 


Ex. A mags of homogeneous liquid is supposed 1o extend to infinity in nil 
directions and to bo at rest there, all the vortices being suppos«d to bo within a 
finite region. (The motion of the liquid is due to vortices only.) Prove 
kinetic energy of the liquid can be expressed in the form ' . 


"-i'll 




dvdv’ 
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■where r is the mutual distance between the elements dr, dv' at which tho voiti 
cities are CO, CO' respectively. Obtain also the corresponding expression for 
kinetic energy when the motion is due to vortex filaments only. [£>,/ 1$C0] 

Problems for solution 


1. Explain the meaning of tho term rotational as applied to fiuid motion ; and 

determine tho character of the circulatory motion of fluid, round a straight 
axis, which is not rotational. * ” 

Show that, in such a case, minute bubbles of air in the circulating finid will 
be sucked in towards the axis. [Mad 1959] 

2. Establish Lagrange’s hydro dynamical equations for the motion of fiuid 
particles, and obtain Cauchy’s integrals. Deduce that the motion of a fluid 
under conservative forces, if once irrotational, is always irrotational. 

Give a physical meaning for the velocity potential, when it exists. 

When a body immersed in a fluid executes periodic vibrations, it appears to 
exert an attraction on other bodies at rest in the fluid. Give a general explana- 
tion of this phenomenon. [Gli 1959 ; Mad 53} 

3. Show that if a heterogeneous incompressible liquid moves irrotationally 
under the action of conservative forces, the surfaces of equal pressure and 
equal density coincide, and that a homogeneous liquid cannot movo irrota- 
tionally under the action of nonconservative forces. 

4. Prove that if the velocity potential at any instant be X rryz, the velocity at 
any point (r-f 5 , 1 /+ 13 , c-ft;) relative to the fluid at the point (x, y, z), where 
(5, 7;, K) are small, is normal to the qaadric 

*>&+!/S5+s5ti= const. 

with centre at (x, y, z). 

5. If P is the circulation around any closed circuit moving with the fluid, 
prove that 

if the external forces have a potential, and tho presrare is a function of 
density alone. 

6. Liquid moves irrotationally in two dimensions under the action of conser- 
vative forces whose potential jQ satisfies y 2 Q=0. Prove that tho pressure 
satisfies tho equation 

y 2 (log y 2 p}= 0 . 

7. A body moves in a given manner, without change of volume, in on icviscid 
liquid. To denotes the K.E. of the liquid when it has no external boundary and 
is at rest at infinite distance ; T' 0 denotes the K.E. of that part of the fluid 
which is outside a closed surface S 0 which is external to the body ; T denotes 
the K.E. of the fluid when S 0 is its external boundary and is fixed. Provo that, 
if the regions occupied by the fluid are simply-connected, 

T>T 0 +T' 0 . 

8. Deduce from the principle that the K.E. set up is a minimum that, if amass, 
of incompressible liquid be given at rest, completely filling a closed vessel of 
any shape and if any motion of the liquid be produced suddenly by giving 
arbitrarily prescribed normal velocities to all the points of its bounding surface 
subject to the condition of constant volume, the motion produced is irrota- 
tional. 

9. Prove that in acyclic irrotational motion of a homogeneous fluid the tctol 
momentum of the fluid contained within a sphere of any radius is equivalent 
to a single vector through the centre of the sphere. 

10. (a) If $ is constant over the boundary of any simply-connected region 
occupied by liquid in irrotational motion, prove that $ has the same constant 
value throughout the interior. 
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(o) Prove that, if the normal velocity is zero at every point of the boundary 
of liquid occupying a simply connected region, and moving irrotationally, £ is 
constant thronghont the interior of that region. 

(e) Liquid moving irrotationally occupies a simply connected region bounded 
partly by surfaces over which <s 13 constant, and partly by surfaces over which 
the normal velocity is zero. Prove that (S has the same constant value throngh- 
ont the region. 

11. How would yon determine whether a given function £ —f{~, y, i) is or is 
not a possible form for the velocity potential of a homogeneous incompressible 
liquid. Is 

9>=a . cos [2v(z— zt)}Xl 

a possible form. 

Prove that in any irrotational motion of a liquid whose velocity at infinity is 
zero, any cause which reduces the bounding surfaces to rest will reduce the 
liquid to rest. [Vd 1939] 

12. Obtain the equation of continuity of a fluid in spherical polar co-ordinates. 

Show that in the case of the irrotational motion of a thin layer of liquid on 
the surface of a sphere, the velocity potential is of the form 

, /(log tan 16— ic)-tp(log tan £9— it) 
where 6 and q are the polar and azimnthal angles and f F are arbitrary 
functions. [Bon 1953 ] 

13. Prove that if a thin stratum of homogeneous liquid move irrotationally on 
the surface of a sphere of radius r, the velocity potential £ satisfies the 
equation 

°, "where v =log tan 6/2. 

So- 1 ext 


Hence show that the velocity potential at any point on the sphere can be put 
in the form 





where rr, v, z are the co-ordinates of a point referred to rectangular axes 
through the centre of the sphere, and r, 6 , cj are the spherical polar co-ordi- 
nates of the point. I Dtl 1958 ] 



3 : Special Methods for Non-viscous 
Liquids 

3.00. Introductory remarks. In this chapter, we consider the 
simplest case of plane flow ; i.e. we will refer all dynamic computa- 
tions for the hydrodynamic pressure forces, their moments and kinetic 
energy to a layer of unit height cut by two planes parallel to the 
plane of flow. In considering the plane problem for an irrotationa! 
flow of an incompressible fluid, we direct our attention, first of all, 
on the construction of the kinematic flow pattern around a body 
fixed in a flow or for the motion of a body in a fluid at rest. This 
construction leads us to the determination of the complex potential, 
i.e. to the study of hydrodynamical singularities ; sources and 
vortices, in the entire plane of the flow which, in the absence of the 
body, would lead to the same kinematic flow pattern as would be 
observed after insertion ’of the body into the flow. Once the kine- 
matic flow pattern is constructed, the pressure forces on the body in 
the flow are determined by Bernoulli’s integral for steady motion and 
by Cauchy’s integral for unsteady motion. 

Accordingly, we have dealt with basic hydrodynamical singularities, 
their complex potentials, their image systems as well as conformal 
invariance. The interesting case of axis-symmetric flow and Stokes’s 
stream function is also dealt with. The chapter is closed with an 
account of images in three dimensions. 

3.01. Motion in two-dimensions. When the lines of motion are all 
parallel to a fixed plane {say XOY) and velocity at the corresponding 
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points of all planes parallel to that of XOY-plane has the same magni- 
tude and direction, the motion is said to be two-dimensional. 

Let, from a point A in the XOY plane a perpendicular be erected to 
meet a parallel plane X'O'Y' (lying in the fluid) in the point B, the 
corresponding point. Then if the velocity at A is q making an angle 0 
with OY, the velocity at B is equal in magnitude and parallel in 
direction to the velocity at P. Thus the velocity shall be a function 
of x, y and t only but not of z. 

It is quite useful to suppose the fluid in the two-dimensional motion 
to be confined between two barrier planes parallel to the plane of 
motion and at unit distance apart. The reference plane of motion is 
parallel to and mid-way between the hypothetical fixed planes. 

Thus any closed curve drawn in the reference plane will represent 
a cross-section of cylindrical surface of unit thickness, (i.e. the dimen- 
sion perpendicular to the plane of motion) bounded by the barrier 
planes. 

3.02. Lagrange stream function >f>. In two-dimensional motion of 
incompressible fluid, the velocity q is a function of „r, y, t but not of 
z, so that the differential equation of the stream lines is given by 

(dx/u) = (dyjv) or vdx—udy—0 (1) 

The equation of continuity is 

v . q = o, i.e. (9 tt/dx) + (a v/dy) =- 0 (2) 

But (2) is the condition that the differential equation (T) should be 
exact ; it follows that (1) must be a perfect differential, d<l> (say). 
Thus 


vdx—udy — df =(d<l>/dx)dx-\- (3 i>ldy)dy 
so that u = -Ovf'/aj) ; v= (d<l>/dx), (3) 

We call the function the Lagrange stream function or cut rent function. 

Obviously the stream lines are given by the solution of (1), i.e. 
^=const. Thus the stream function is constant along a stream line. It 
is clear from the foregoing considerations that the existence of stream 
function is merely a consequence of the continuity and incompressibility 
of the fluid. The current function always exists in all types of two- 
dimensional motion whether rotational or irrolational. 

3.03. Cauchy-Riemann equations. From q = — grad <f>, 

[i.e. u= — (dfildx) and v= — (d^/dy)] and (3) above we get 

M=-(asVa*)=-(0^/aj) ; v=-(d<f>/dy)=(d<P/dx) (l) 

A further differentiation provides 

0¥/ajax)=(aV/a/-) ; m/dxdy)=-m/dx>). 

Assuming the validity of (<j"<l>ldydx)=(dmdxdy), we are led to 

O^/a* 2 )-! O 2 ^/3y 2 )=0 or v^=0 (2) 

We may similarly obtain 

0^/ax 2 )+(aV/a^)=o or v^=o (3) 



136 CAUCHY-RIEMANN EQUATIONS [§3,03 

The relations embodied in (1), viz. 

0 ildx) = (ffljdy ) ; Wldy ) = - (M/dx) ( i) 

or their vector equivalents : 

grad <f = (grad ^)xk ; or grad <p=ky, (grad <f>) [k=(0, 0, 1)] (1') 
are the usual Cauchy-Riemann partial differential equations. The 
equation (2) or (3) is Laplace’s equation. 

Cor Radial and cross-radial velocities in terms of <p. If the motion 
be referred to polar coordinates, we 

have *=rcos0, y=r sin 0. Now _ 

transforming the rectangular co- * _ / ^ r 

ordinates to polar coordinates the \ n / 

Cauchy-Riemann partial differential 
equation, viz. grad <f> — (grad if) X k, 
provides 

Ifflldr), (l/r)(0^/00), O]=[(30/0r), X 

(1/000/3®). 0]x (0,0,1) (1) X e 

Remembering that q =—grad <f>, Q/dL — L— > 

(1) yields the results 

C3^M— ( 8 ^/r 00 ) ; ?o= — ( 3 ^/r 0 O)= (0*/0r) (2) 

These are the required velocity components. 

Note : If D is a simply-connected domain of steady plane flow of an 
inviscid incompressible fluid, and D contains no sources or vortices 
(i.e. curl q=0), then at all points of this domain 

(du/dx)+(dv/dy)=0, (dv/dx)- idu/dy)=0; (1) 

being the conditions of continuity and irrotationality. However, these 
are the conditions that the differential equations 

vdx—udy= 0, udx+vdy=0 (2) 

are the total differentials of certain functions <p and <j> of variables 
x, y in D. Thus 

vdx — udy—dp ; udx-\-vdy=—d<j> (3) 

These yield the above results: q =—grad <j> =kx grad ip ; and ill is 
any curve (path) in the simply-connected domain D, connecting some 
fixed point z 0 with the variable point z, then 

—<p(x, y)—j (udx+vdy) ; ^=j ( vdx—udy ). 0) 

Obviously, the level lines of f in D give the trajectories of the 
moving particles, i.e. the stream lines of the flow. 

In the general case of steady flow in two-dimensions, of an inviscid 
incompressible fluid, the sources and vortices producing the flow are 
distributed over a set of points S ; this set together with the moving 
fluid, occupies some region R of the open plane. The domains D ol 
the source-free irrotational flow are the (disjoint) components oftne 
open set which remains when we shunt the points of S f[" om 
interior of R by cutting suitable holes. The general domain D so 
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obtained is multiply-connected and the functions 6 and d defined in D 
by integral formulae in (4) are, in general, multi-valued. It will be 
clear from the above that continuously-differentiable branches of 6 and 
C r , which satisfy (3), (4) and Cauchy-Riemann equations, can be 
separated in any simply-connected subdomain D 0 of D, and enable us 
to define the integrals 

J (ci!cr)dr.^(c’l'ldr)dr (5) 

around any positively-oriented closed contour C in D. The values 
obtained for integrals m (5) will not depend on the particular conti- 
nuous branches chosen : 

r= I Hr)*”! q -* ; M (It 

where V (the total strength of the vortices enclosed by C) and Q (the 
flow across C into the surrounding domain) are the cyclical constants 
for the functions <£ and £. 

Ex. Show that in cUady iwo-dinennonal irrolatioral motion both 9 and 5 
iatiffy Laplacf'e equation, and that 

u=-(2s ; c=-(5e/9y)=(3v/3z) [ Pb 1954] 

3.04. Physical meaning of Lagrange stream function. Consider a 
curve l in the xy-plane. If the 
tangent at any point P of the 
element dS makes an angle 

0 with x-axis, the direction 
cosines of the normal there-at, 

(directed from right to left) 
shall be (—sin 6, cos 0, 0). 

The flow, Q, across the curve 

1 from right to left is 

Q—j ?<h n ds 

= pj j [{d'Hby) sin 63-b 

(0li/0x) cos %]ds 

{q =k X — [ — (3 4>fdy)> (Wldx), 0]} 

“ P J.( 1 F* ,+ » <Zr ) =xp 

where d 2 , tpi are the values of 4> at the final and initial points of the 
curve. Thus, the difference between the values of stream function at 
any two points of a curve equals the flow across that curve. 

Cor. Let AB be an infinitesimal arc of a curve whose length is Ss. 
Then flow across it is Q= pq$s as well as <2=?(&>~ £x)=fS^. Thus, 
q=d'p[ds, the velocity in terms of the stream function. 
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Exp. 1. Prove: the f allowing properties oj a liquid in two dimensions : 

(i) There is always a stream function whether the motion is irrotational or 
rotational. 

(ii) A stream line cuts itself at a point of stagnation and the two branches are at 
right angles when the motion is irrotational. 

(iii) If the speed is everywhere the same, the stream lines are straight. 

[Del 1955, 39 ; Gti 64, 63 ; Osm 59 ; Pna 64] 

Sol. (i) The equation of continuity is valid -whether the motion is rotational 
or irrotational. And div q = 0, i.e. {duldx)-\-(dv/iy) = 0, is the necessary condi- 
tion that the stream Jmes in two-dimenBioris, viz. dx/u^dy/v, i.e. idx—vdy=0. 
should admit a perfect differential say diji. This function ij/ is Lagrange’s Btream 
funotion and clearly exists for irrotational as well as rotational fluid motion. 

(ii) For a two-dimensional flow, a stagnation point is, by definition, character- 
ized by the relations 


q=0, 3t}i/3:r«=0, Z4/jZy= 0. 

There is no loss of generality if we sot i|/ = 0 ot the stagnation point and let it 
be at the origin of coordinates. We now apply the Maclaurin expansion formula 
for the immediate vicinity of (0, 0) : This yields 

4 = l[^O s 4'/^ 2 )o + 2z:!/0 2 4/3^y)o+l/ 1! (8 2 W3’/ 2 )o] + - W 

But in the neighbourhood of the origin, (1) represents a pair of straight lines, 
«-g. 


ax--{-by--\-2hxy<=0 (2) 

whero (3 2 +/9*2) 0 =a, (3 2 4/3i/ 2 ) 0 =6, (3 2 ij*/3:r3t/) 0 c=-/i. 

The two linos given by (2) ore at right angles if a+6=0. This implies 

which is certainly true for irrotational fluid motion. 

(iii) The strewn linos with constant velocity components are 


dx dy dz 
u v ~ w 


The solutions are vx— uy-= const. ; vz— wi/=const. 

The intersection of those pianos are necessarily straight linos. 

Exp. 2. If \ denotes a variable parameter, and f a given function ; find the 
condition that f (x, y, A) = 0 should be a possible system of stream lines for steady 
irrotational motion in two dimensions. [ Bom 1959 ; Pb 54] 


Sol. Ilf(x, y, A) =0 represents a possible system of stream lines for 
ao, ... ; then these should correspond to the relations 6 2 , ... say ; 

consequently ip’s must be dependent on A’s only. Hence, vf/ must be a function 
of A, i.e. >{'= , HA). Now 

V4“ (WAJVA ; V 2 4=W3A> V 2 A+(V A).t^/ 3 A)V43 

Using the first of relations into the second, and noting that for irrotational 
two-dimensional motion y 2 '1'= 0, we obtain 

(54/SA)y 2 A+(VX) 2 O 2 'l'/3X 2 )=0 

V 2 A (3 2 A/3s 2 )-H3 2 A/3y 2 ) 0 2 4/3A 2 ) ( 1) 

or | VA, 1 2 ~ (3A/0*) 2 +i ? A/3l/) 2 04/5 A) ' 

Thus, \7 2 A/ I VA I 2 is a function of A only -which is the required condition. 

Exp. 3. Incompressible fluid of density p is contained between two co-axial circu- 
lar cylinders, of radii a and b {a <b ), and between two rigid planes perpendicular 
to the axis at a distance l apart. The cylinders are at rest and the fluid is circula- 
ting in irrotational motion, its velocity being V at the surface of the inner cylinder. 
Prove that the kinetic energy is rt pa 2 / F 2 log (6/a). 

[Bom 1963 ; Del 62 ; Gti 55 ; Pb 52, 49 J 
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Sol, For irrotational two-dimensional fluid motion 

V 2 4,=(a 2 4’/3’- 2 )+(i/r-)04>/3 r )+(i/r*)(s 2 4'/aQ 2 )'=o 0) 

However, the circumstances of the motion require \f to bo only function of r, 
so that (3 2 <J//S0 2 )s=O. We thon have tho first integral of (1) as 

(34/3r)=C/r=Cross-rad!al velocity. (2) 

Obviously, the radial velocity is zero (as 3i>,/30=0). Thus (2) gives the resultant 
velocity. Since 3if/3r=F when r = a, the constant C—aV. Thus, q—(aVjr). 
Now 

K.E. of the fluid = i (2nrdr /p).(oF/r) 2 
= :rpI<i 2 F 2 log (b/a). 

Note : Motion here is cyclic and could aho be discussed via 

T=-ip f <t?^-dS-\?K\ ^ dS 
-is Zn 2 is 3a 

where tho first integral hero is zero, K = circulation=2^aF and 


(3 ip/dn) dS=l[C/r)dr. 

Ex. 1. (a) Determine the condition that 

U=az+by ; V*=cx-\-dy 

may give the velocity components of an incompressible fluid. Show that the- 
stream lines of this motion are conic sections in general, and rectangular hyper- 
bolas when the motion is irrotational. [Kr I960] 

(b) Show that U—2cxy, F-=c(a 2 -f x 2 — y 2 ) are tho velocity components of a 
possible fluid motion. Determine the stream function and sketch tho stream 
lines. 

Ex, 2. Show that tho equation of continuity is satisfied by 
,U—akr n e"*< n +l)0 and F=ar n e"*/ n + 1 )0 

where U, F are tho velocities in the direction s of r and 0 increasing (respective- 
ly). Determine tho stream function and show also that the fluid speed at any 
point is 

(«+l)if-i/ITF 2 /r, 

where <f is the stream function. [Motion is supposed to be two-dimensional], 

[Del 1951 ; Say 57] 

Ex. 3, Define the notion of stream function in tho case of two-dimensional 
motion of a liquid, and derive the velocity components from the stream func- 
tion. Also bring out clearly the relations between tho stream function, and tho 
velocity potential. [ Pna 1960 ] 

Ex. 4. Sketch the stream line which passes through the stagnation point of tho 
motion given by 

i“=>U [y—a tan -1 [y/x)] 

and determine the velocity at tho points where this lino crosses the axis of y. 

Ex. 5. In a steady two-dimensional motion of an incompressible liquid, tbe- 
stream linos are given by 

(h, c), yz=*J o (h, c), 


where c is a parameter defining a stream line and 7: is a parameter defining a 
point on a stream lino. Show that tho particle at the point given by (f: 0 , c Q ) at 
time t B will be at the point given by (/;, r 0 ) at time l, where 


* '°“[ G YkZ(k'c) dk \=c 0 


and C is a function of c. 


[Oti 1956 } 
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Ex. 6. Show that the cnrvnturo of ft Mrenm 


JL 

cT- 



line in ft rtrr.fly trcSs 


U 


where p, p, q am the prcproro, density end velocity of the liquid, T ti e {.xi'tr. 
tinl of the exlemnl force?, end Inicira element of the principal r.ci-rr *1 to ii» 
stream lino, nnd hene* obtoin tho velocity pottntinl of tho two d.tr.ert’tsiil 
irrotntionnl motion for which tho etrenm lines nro confccnl rllip'o*. 


3.05. Vorticity in two-dimensions. In the tno dimensional motion of r~, 
incompressible fluid, the vorticity of any panicle remains constant. 

For an incompressible fluid in the ay-plane, y~( ?/?.v, c't), 0} 
q = (n, v, 0), to = vxq = [0, 0, (0 »/?jc) — ( c«/?J*)] = Iv« > (sa\). Hence, for 
constant p, Helmholtz’s vorticity equation (vide §1.90 p, 08) 

(do>/dt)-( 0 ).^)q, => (da>fdt)—0, 

for o).v=(o(k.v) = 0. Hence o) = constant = kw, Wc may regard oat 
a vortex strength per unit area. 

Furthur, at -curl q=[(ev/0x)~ (cuic)’)]k reduces, when stream 
function exists (v=0$V0x, u~— d'l/dy), to 

(0 ~[OV/8* 8 K (a^/0>*')3k=(V"vJk- (1) 

Exp. Show that y tatiejiee ih» equation 
tie 

1c being a unit lector perpendicular to the plane oj motion. {J’rn IP6S, tt\ 

Sol. Sinco for n two-dimonaionnl fluid motion q^kyprad £ (-n-prait ej, tie 
definition of vorticity implies 

oj <=cui7 q rmctirl ( Uy.prnd y)i=t(y : y) k 

Substituting for O) in Helmholtz's vorticity equation : (d/dt)(a5/;)™(Ci),y/r'q 
and concclling the constant p wo obtain 

ic(d/d<)(y5j-)-(y : i ir VKkx yih 

Tlio right hnnd member is identically zero (li y erO), tho expansion of tl r le'i 
bond member gives 

k (ay=;/at)-Mi'q.y) y*;**o <b 

Now, k (q 0 .y)=k(kx y^.y)=k(k.y4'^y)=k[k.k 

*>k (? Z ft 7 -? v ’l'i s )*=Vv y V (a r ;«=*z;/?x, etc) (hi 

Substitution? from (ii) into (i) provide tho result stated. 

3.10. Basic hydrodynamical singularities in tyro-dimensional flays. 
Many potential problems arc solved by combining simpler known 
solutions. The technique involves the use of 'principle of super- 
position’ and is often called “method of singularities", sirce trie 
simple potential solutions used all involve mathematically singuLr 
functions. Physically, this implies, that at the location of anyhvdro- 
dynamical singularity the velocity is infinite. 

Here, wc shall discuss the four basic hydrodynamic singularities in 
2-dim flow, viz. the source (and sink), the doublet, the vortex, and the 
parallel stream. Since the parallel stream may be generated b> a 
source at — co and an equal sink at +eo (vide §j. 2-» p. 1-v. 
arc essentially three independent singularities. 
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(1) Source. If the two-dimensional motion of a liquid consists of sym- 
metrically distributed outward radial flow from a point, the point is 
called a simple source. 

But ire must remember that our two-dimensional motion is the 
motion of a liquid occupying three dimensions, the simple source is 
necessarily a line source and it may be regarded as a straight axis of 
unit length between two fixed planes, which emits fluid radially and 
symmetrically. 

Strength of the source. If 2~mp is the rate of emission of volume per 
unit time, m is called the strength of the source. 

A source of negative strength or inward radial flow is called a sink. 

If q T is the radial velocity at a distance r from the source, the flux 
(rate of flow) out of the circle of radius r is 2nrpq r . Hence by defi- 
nition 

2~rpq r —2~mp ; => q r =mfr. 

(2) Doublet. A combination of a source of strength m and a sink of 
strength— m at an infinitesimal distance 6 s apart is called a doublet or a 
double source or a dipole. 

Strength of the doublet. If the product m Is, where m is infinitely great 
and Ss infinitesimally small, remains finite and equal to y (say), then p 
is called the strength of the doublet. 

The line 8s is called the axis of the doublet, the positive direction 
along the axis being reckoned from sink to source. 

(3) Circular vortex. The section of a cylindrical vortex tube, (whose 
cross-section is a circle of radius a) by the plane of motion is a circle and 
the liquid inside such a tube is said to form a circular vortex. 

Strength of a circular vortex. If o> is the angular velocity and -.a", the 
cross-sectional area of the tube, supposed small, then circidation 

r=[ q.rfr=f. curl q.dS«=co [ dS=aira 2 . 

J c J s Js 

This product of the cross-section and angular velocity at any point of the 
vortex tube is constant along the vortex and is known as the strength of 
the circular vortex. 

Rectilinear or columnar vortex filament. The strength k of circular 
vortex is given by 

k — vzc sa~. 

If we let g-s- 0 and m co such that the above product remains 
constant, we get a rectilinear vortex filament and represent it by a 
point in the plane of motion. 

The strength of a vortex filament is positive when the circulation 
round it is counter-clockwise and negative when clockwise. 

Notes: In vortex motion the curvature of the stream lines intro- 
duces the action of centrifugal force which must be counter-balanced 
by a pressure gradient in the fluid. 
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Wc may divide vortices into four types : 

(i) Forced vortex. The fluid rotates as a rigid tody with constant 
angular velocity. 

(ii) Free cylindrical vortex. The fluid moves along stream lines which 
are concentric circles in horizontal planes and there is no variation of 
total energy with radius. 

(iii) Free spiral vortex. This is a combination of the free cylindrical 
vortex and radial flow. 


(iv) Compound vortex. The fluid rotates as a forced vortex at the 
centre and as a free vortex outside. 


3.20. Complex potential. The relation 

w=f(z)—<f>-\-itf), ( 1 ) 

defined over a simply-connected domain D, n here <f> and 4' are \eIocity 
potential and stream function of the two-dimensional irrotational motion 
of a perfect liquid, is defined as the complex potential of the fluid motion. 

Since, (df/dx)^(c>P/dy) l (d<P/dy)=- {dtldx) (2) 

are satisfied, it follows that w is analytic function of z—(xfiy) in any 
region where <j> and ip are single-valued functions. 

Conversely, if w is analytic, its real and imaginary parts give the 
velocity potential and stream function of a possible irrotational two- 
dimensional fluid motion. 


Complex velocity. Differentiating partially with regard to x, the 
complex potential /'</>, we obtain 


dw _ d<P . j 8’r' „ d<P . d<j> 

dx dx dx dx dy 


by (2) 


But, 


aw 

dx 


dvf 

dz 


0Z . 
dx 


jdw 

dz 


C/Z 

as - — ■ = 1 ; and q= —grad <P, we get 

<jX 


— ( dw/dz)=u — iv=q (cos 0—/ sin 0 )—qe~ <0 . (3) 

The combination (u— iv) is called the complex velocity*. The speed 
is the modulus of complex velocity, so that 

</= \-{dv/ldL)\fJvPd~?) 

Speed may also be calculated from the fact that 

q- = if--}- v- = (u +/>)(«— iv) = ( dv/jdz ) (dv/filz). 

The points where velocity is zero are called stagnation points. Thus 
for stagnation points, (dw/dz)—0. 

Note : In the more general case when D is multiply-connected 
domain, and if C is a contour in D surrounding a particular compo- 
nent of the frontier of D the cyclical constants for <p and f [equation 
(5), p. 137] will not both vanish, Therefore, <fr and defined in a 

* — {dv/jdz)=u—iv represents tho vector q which is the mirror imago of tbe 
volocity vector q with respect to the real axis ox. 
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multiply-connected domain D, given by (1) will be, in general, many- 
valued ; and thus f[t) is a multiform analytic function defined in D. 
We can now separate regular branches of /(z) on any simply-connec- 
ted sub-domain D 0 , and every such branch which is regular at a point 
z 0 in D will have the same derivative /'(z 0 ), so that f'(z) is uniform 
in D. 

3.201. Connection between plane hydrodynamical problems and 
theory of complex variables. The complex potential : 

v/=/(z) or 4>+i4>=f(x J r iy) 

shows that e\eiy definite choice of an analytic function f(z) gives a 
definite system of stream lines 4 = const, and the equipotential lines cS= 
const. ; hence this establishes a definite kinematic image of the velocity 
field q (in fact two images as 4> and d are conjugate functions). Thus, 
the kinematic study of the plane fluid dynamics is closely linked to 
the complex-variable theory. Consequently, many propositions of this 
well-developed branch of Mathematics find their hydrodynamical 
interpretations. Some applications of this theory shall be given in 
this chapter and some in chapter 6. 

Ex. 1. fa) Show how the two-dimensional irrotational motion of a liquid may- 
be described by a comp'cx potential w of the form W-=>/(t). Find the velocity 
in term3 of tlie complex potential. [Bom 1950 ] 

(b) Prove that any relation of the form 

W—J(z), where w=4>+i\ z—x+iy 

represents a two-dimensional irrotational motion in which the magnitude of 
the velocity is given by j (dv/Jdz) j . [Ag 1964, 54 ; Pb 66] 

(c) Show that <5 and <{/ are the velocity potential and stream function of a 

possible two-dimensional irrotational motion, provided PA-iji— v/ (z), where 
z=x-f iy. Interpret | ( dw/dz ) | . [Bom 1957] 

Ex. 2. Show that the any two-dimensional irrotational motion of a liquid may 
be transformed into any other by multiplying the velocity of each particle of 
the fluid by exp [P] and turning its direction round through an angle 0, whero 
P, and — S are suitably chosen conjugate functions of x, y . 

Exp. 1. Find the lines of flow in the tux-dimensional fluid motion given by 

= — \n[xX-iy)- r-' nt 

Prove or verify that the path of the particle* of the fluid [in polar co-ordinates) 
may be obtained by eliminating t from the equations. 

r ccs (nf-t-9)— x 0 =r sin [nt+0)—y g —nt ( r 0 —y 0 ). 

[Ban 1953 ; Kr 60 ; Mad 55 ; Osm 63 ; Pb 60, 50] 

-i . -f , / i • i" -int , , 2t9 2tnf , „ 2 iX 
501 . p-f jir =— 4 n (x-f iy)- e — — J 7ir- e e =— Jnr- e 

where > v =nt- f 0. Equating the real and imaginary parts, we get 
<5 — — J nr- co3 (29-f-2nf), if =— 4 nr- sin (29-t-2nf). 

Here the motion i3 non-steady and irrotational. Tho lines of Sow are 
by <{/ = const., viz. 

nr2 sin 2(9-f n()s=co-'’ 1 

To find tha paths of the particle* of flaid \ 

r=— Sp/3r=nr cos 2\ ; r9 = — 
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From 


>.=nt-f0, we get5.<=n-f 6 and thus 
dr dr d5. dr . - dr 


UI <j< d5. dr , 

„r cos 2\=~=-~ _ = „(„+ 6)c 

dr/r= cos 2). d>./( 1— sin 2 A) 


d5. 


n (1— sin 25) 


Integration provides 

r 2 (1— sin 25.)=const. or r (cos sin >.)—A (const.) 
Since when t—0, }.= 0 O and r=r 0 ; ri=r 0 cos 6 0 — r 0 sin 0 o =a- o — j/ 0 . 


Hence 

or 

From 


r [cos (n<+6)— sin (nt+0)]=z- o — y 0 (v 

r cos (nt+8)— 2'o =r sin (nf-J-0) — t/o- 

dr. 


>nt+6) 


d5. dQ 

-dr =n+ 7r 


dt 


=n(l — sin 25.) 


(1) 

( 2 ) 


we get 
This gives : 


f = f 

J 1-sin 2 5. J 


sec 2 5. d 5. 
(1— tan 5.) 2 


^ni-t-B (const.) 


cos 5. 


1— tan 5. 


cos s:n 5. 


— =n<+B 


Initially, <=0, 5.=G 0 , so that B—r 0 cos e 0 /r 0 (cos 0 o — sin 0 o )~z Q /(r o —v 0 ), 

Thus, tcobJ^ = rcosX_ *o_ 

r (cos 5.— BIB /.) x 0 — y 0 a- 0 — y 0 

[by (1), r (cos 5.— sin 5.)c=r„_y 0 ) 

or r cos 5.=nf (r 0 — J/o'+^o 

or r cos (n<+6)— x 0 =nt (ar 0 -y 0 ) (3) 

From (2) and (3) we finally get 

r cos (nf-f-6) — x 0 -r sin (n<+0)~y o =nt (*o— y 0 )> 

■Exp. 2. Liquid of density p it flouring in two dimensions between the oval curvet 
r l r 2 —a z and rir 2 =b z , where rj, r 2 ore distances measured from two fixed points. 
If the motion is irrolational and quantity q per unit lime crosses any line joining 
the bounding curves, prove that the K.E. is 

2 2 /log (b/o). 

[Bom 1957, 50 ; Cal 55, 53 ; Del 57, 48 ; Gli 60 ; Sag 56) 

Sol. Two-dimensional mutational motion takes place in a doubly connected 
region rir 2 =a 2 , (>Jf *=>const ) and r 1 r 2 =fc 2 , (4'=const.) and these ({/-forms suggest 
the type of complex potential to be tried. Assume, therefore, 

tv=fri log (z—zf,(z—z 2 ), i.e. 0-H'f"=tri[log rir»+i(0i+ 8g)] 


where z — rx” r l e » r— r 2 «r 2 fi - 

Thus, 0=—^ (0x“f l°C r i r 2 

Kow, g=({/j 1 — i{/ a =ri (log b 2 — log o 2 )=2ri log (b/a) 

A <=g/2 log (b/a). 

Since region is doubly-connected, the cyclic constant H needs also be determin- 
ed and consequently 

H=(circulation)=decrease in 0 on describing the circuit completely once only 
= -fri (2n-{-2n) = 4-A (difference on two sides of barrier) 

Kow kinetic energy of cyclic irrotationalmotion is given by 

T=~ 0 l—d.S—i pK [4r~ 4S (for one barrier) 

- r J en 5 on 

= 2u rip Jd{/=2w fri(({/j— - [' a )=wp2 2 /Iog(b/a). 

Kote here .[0(2 0/Bn) dS=0, on a rigid boundary. 
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Ex. 1. (a) Discuss the motion represented by w=Az- and show that the speed 
is everywhere proportional to the distance from the origin. 

(6) Discuss the motion represented by w= (C7o 3 /22 2 ) and show that the 
stream line3 are lemniscates. 


Ex, 2. (a) Prove or verify that the complex potential defined by 

^ = e X p{_^) +eS p {iil^) 

makes the stream line 1 / — straight and radiating from the origin. Prove 

that the Sow is inwards towards the origin in one of the angles thus formed and 
outwards from the origin in the other (re-entrant) angle. 

(6) If v/ 3 = 2 2 — 1, prove that stream lines for which \}/ = l is y-(l~2 ! )=v 2 . Re- 
garding this as a fixed boundary, ehow that the motion is that of a uniform 
stream flowing past the boundary. 


Ex. 3. (a) Show that the velocity potential 



(x— o) 2 + y 2 


give3 a possible motion, and determine the form of the stream lineB. 

Show that curves of.eqnal speed are the ovals of Cassini given by r r'<=>const, 
(6) Prove that for liquid circulating irrotationally in the part of the plane 
between two-intersecting circles, the curves of constant velocity are Cassini’s 
ovals. [ Ag 1964, 54] 

Ex. 4. Determine the stream lines for the liquid that is streaming steadily 
and irrotationally in -two dimensions in the region bounded by one branch of a 
hyperbola and its minor axis. [Lhn 1959 ] 

3.21. Some standard complex potentials. It will be found that it is 
often easier to work directly in terms of w rather than in terms 
of ^ and 4- Hence there is a necessity' of formulating fields in terms 
of iv for some special cases, which we now consider. 

(1) Uniform stream. When a uniform stream advances with velocity 
q inclined at an angle a. with the x-axis, then u—q cos a, v—q sin ct 
so that, —dv//dz=u—iv=q&~ < *. Thus, 

w——qze~ < *, ( q , a. real constants). (1) 

This provides 4-fi4—~ ( l (x-Wj’)(cos a—/ sin a), so that 

4 = —q (x cos a.+y sin a) ; 4= — q (y cos a— xsin a). 

Thus, the stream lines are straight lines, and in particular, when 
^=0, these lines pass through the origin. 

(2) Simple source. If a source of strength m at the origin 0(z=0) is 
alone in incompressible fluid with no boundaries, the flow will be 
purely radial. Hence if q T is the radial velocity across a small circle 
C, of radius r and centre O, then by definition, the flow across C 
provides 

2-rq T — 2~m, => q r — m!r. 

Thus, dvijdz=— w-f zV=— (m/r)[cos 6— i sin 6]=— mf(r e' 9 ) 
dwldz——mjz, v/——m logz. 


or 


( 2 ) 
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Clearly, at z=0, the velocity is infinite. 

Since w exists, the motion is irrotational ; the velocity potential and 
stream function are 

<p— — 777 log r ; ip——m 9. 

If the source is situated at the point z=z 0 , then by a cbaDge of origin 

log (z-z 0 ) (2 1 ) 

If there are several sources of strengths m j, nu, ... m„ situated at 
z 2 , z„. ... z„ ; then the required complex potential is, by superim- 
position, 

V/--77l t log (Z— Zjl-JH, log (Z— Z;) ... — W„ log (Z-Z n ). 

For a negative source (sink) of strength m situated at z=z 0 , the 
complex potential shall be 

W^77l log (z—z 0 ). 

(3) Doublet. Consider a source of strength tn at the point P(z=ae'*), 
and a sink of strength, —771 at the origion 0 (z=Q). The complex 
potential is 

w=77i log z —771 log (z— ae**) 

= —in log [l—{ae Sa jzf\ V 

=(/?we'*/z)-F(ma 5 e If = : /2z 2 )4-... [log series] 

If 77ia->n, as m-*cn> and a-* 0, then P tends to 
coincide with O along OP and there results a 
doublet of strength p. at O in the direction OP q 
(axis of the doublet) with complex potential 

v/={* e f */z (3) 

If the doublet is situated at the point z=z 0 , and its axis its inclined 
at an angle a with x-axis, then 

v/=p. e fa /(z— r„) (3') 

If there are several doublets each of strength p 2 ,...Ufl. situated 
at z x , z 2 ,...z„ and their axes inclined at a x , with x-axis, then 



IX 1 

u, e 1 , 
v/=— f- 


JX. 
Pi e - 




(4) Circulation about a circular cylinder. In case of a doubly connec- 
ted region, the possibility of cyclic motion does exist and as such ve 
proceed to explain it presently in the case of a circle. 


When the circulation in a circuit is 2r.k, k is called the strength of d-~ 


circulation .* 

*Thc purpose of this definition is to avoid the constant occurrence of 
2r; end to establish the correspondence b elvreen the definitions of two ni + 
eionsl source and circulation so far as the strengths are concerned. 


i 
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Consider the complex potential 
w=ik log z (4) 

On the cylinder 

| z j =a ; z—ae 
$+i'!’= ik log (a e'°) 

=—k 0-f ik log a 
Thus 0 ; 

ij:=k log a (const.) 
It follows that the cylinder 
| z ) = a is a stream line. By 
going once round the cylinder 
in the positive sense, 8 in- 
creases by 2" and then 

<£= — k (0+2r) 



indicates decrease by 2 nk in the value of <f>. But 
circulation = decrease in <f> on describing the circuit once =2 nk. 


Hence there is a circulation of amount Ink about the cylinder. 


Obviously, | — ( dwjdz ) | = j k[z | =k/r. 

It follows that q=(kjr ) or k is the speed at unit distance from the origin. 

As a useful deduction it may be observed that w— ik log z will also 
apply to the circulatory motion of liquid between the two concentric 
cylinders for =k log r reduces to k log a and k log b on the cylinders 
1 z | =a, and | z 1 —b, respectively. 

(5) Rectilinear vortex. Consider a single cylindrical vortex tube 
.vhose cross-section is a circle of radius a, surrounded by unbounded 
luid. We shall assume that the vorticity over the area of this circle 
Is of constant value (t) and zero everywhere outside. 

If, as useful ^ is the stream function then £= V 2 ^(§3.05 p 140), 
and hence 

3 *0 , 8V 3¥ . 1 d<!> , 1 3V 

^ dx* + dy z ~ dr 2 + r 9r ' r 2 30 2 W 


The symmetry about the origin requires ^ to be a function of r only 
so that 0^/00= =0. Thus 

3 1 3 ft 1 d_f dty \ for r < a inside vortex 

0 r 2 + r 0 r ~ jr dr\ r dr ) — (0 for r > a outside vortex 

Integration provides : r{d^jdr) = \ %r 2 +A when r < a and ridfjdr) 
~B (const.) when r > a. We are interested in the fluid outside 
\z | —a, so that integrating the preceding result we get 
^=1? log r+C, (r > a). 

The constant C may be chosen to be zero. To And B, we observe 
that the motion outside the vortex is irrotational, hence velocity 
potential exists and related to by 

( 0 i/ 9 f)=— 0 ^/r 00 , => 9 S = — B 0 + 2 ), (v d<Pidr=Blr) 
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We may -neglect the constant D as before, Thus 

<i= — 2?0. 

Now, tlie strength of the vortex is its circulation k (say). Bat 
circulation^ decrease in the value of $ on describing the droit rue 
only. 

k = — B [8— (9 4-2-)]= 2" £ ; => B=k\lr.=K *, say. 

Thus, T0, <^=/tlog r ; w=6-ri#=iK (log r4-f8) 

or v/=iK log z (5) 

If the rectilinear vortex is situated at the point z=z c , then by z 
change of origin 

v/ = iK log (z— z 0 ). (5) 

If there are several vortices of strength K t , K*,... K k , situated V. 
z Jf z 2 >-- z n) then the complex potential will be 

vr—iK-L log (z— z 1 )4-iW 2 log (r— z.)4- ... 4-W r . log (z— z r- ). (5 '') 

(6) Vortex doublet. The limiting case of /no equal and opposite s edicts 
as they coalesce is knov.n as a vortex doublet. 



Consider a vortex of strength K at z=ae'* and a vortex —/.at tn; 
origin . Then 

V/=iK log (z—ae <z )—iK log z 


If we let o->0 and K-r- co such that o/f— g, then 
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This is the required complex potential for a vortex doublet at the 
origin. Also the complex potential of a double-source at the origin 
is (ie fa /z. It follows that the complex potential of a vortex doublet is 
the same as that for a double source with its axes rotated through a 
right angle. In fact the two types of doublets are identical. 

(7) Spiral vortex. The combination of a source and a vortex is known 
as spiral vortex or vortex source. 

Consider a source of strength m and a vortex of strength K both at 
the origin. Then superimposing their corresponding complex poten- 
tials we get 

w=—in log z-\-iK log z=( — m+iK) log z. (7) 

This is the required complex potential for a spiral vortex at the 
origin and is supported by the fact that as we go once round the 
origin, w decreases by 2n(im+K). Thus (= — w log r—KQ) 
decreases by 2iz K and $ (=K\og r — m0) decreases by 2-xm. There- 
fore w satisfies the condition for a vortex and a source at the origin. 

Note : The circulation F and the flux (flow) Q of the velocity vector 
q, with respect to the closed contour C are defined by 

r=[ q.dr— f (udx+vdy)— — f d<j>, 

Jc Jo J c 

Q= q.n ds— \ (u sin0 — v cos 9)ds— (udy—vdx)— — \ d<p 

Jo Jc Jo Jc 

where n=(sin 0, —cos 0, 0) is the outward unit normal to the closed 
contour C. These immediately imply 

r +iQ——l f ( dw/dz)ldz 

Jc JC 

• If W'(z) [= dwjdz ] is defined within C and has a finite number of 
singularities there, then by Cauchy’s residue theorem : 

r+/g=— 2w [sum of the residues of w(z)]. 

If a is the pole of the function w'(z), then w(z) possesses in the 
neighbourhood of a an expansion of the form 

• zb+isf io g(*-«>+c.+c, 

The term {(F+iQ) log (z—a)/{2ni)} ; (r, Q real numbers) defines 
a vortex source of strength Q and intensity F, often denoted by 
( a \ Q, T). The term h/2tc (z — a), is doublet with moment p, where ju. 
is a complex number, arg p=cc; the direction of the axis of the 
doublet through a in the direction of the stream line. The remaining 
terms C_ r /(z— a) r , define at the point a the multiplets of order 2 r. 
If at infinity 

w(z) = (C_ n /z")i-...+(C_ 1 /z)+{(r+i2)/2rr /} log z+C 0 +...+C„z" ‘ 
then the above definitions are valid at oo, e.g. the term {(T+iQ)/2ni} 
log z is the vortex source at ca etc. 

Ex, ]. Find the complex potential duo to (i) a two-dimensional point eouree, 
ii) a two-dimensional doublet. [ Del 1965] 
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Ex. 2. A single source is placed in an infinite perfectly elastic fluid, which is 
also a perfect conductor of heat. Show that if the motion be steady the 
velocity V at a distance r from the source satisfies the equation ’ 

[F— (/:/F)] (BF/2r)=(27;/r) 


and hence that 


r=e 


v2 * k /vT 


3.22. The circle theorem. If a solid cylinder \z\ < a is introduced 
0 avoiding singularities) into afield of two-dimensional irrotalional flow in 
incompressible inviscid fluid with no rigid boundaries, previously of 
complex potential f (z), then the complex potential becomes 

w ~f( z ) J rf( a ~l z ) ■ 


Proof Let C be the cross-section of the circular cylinder |z|=a 
Then, 

(i) on this circle we have zz =a- or z=a 2 /z, so that for points on the 
circle [z|=o, 

W=f(z) +/(o7z)=/(z)-j-/(5) 

—f (z)-f/(z) : a purely real quantity. 


Thus for such points, w is a real quantity. But w=p+i P ; it follows 
that ip— 0 on C, i.e. C is a stream line in the new flow. 

(ii) Since by hypothesis all the singularities of / (z) lie outside the 
circle |z | —a, all those of f(a-/z) and therefore all those of fiarjz ) will 
lie within it, because for a point z outside_C, the point (a 2 / 2 ) is inside 
C. Consequently, the additional term f (a 2 / 2 ) introduces no new 
singularities into the flow outside C. 

Thus the function w will satisfy the conditions (Laplace’s equation, 
etc.) for irrotational fluid motion with C inserted as does the function 
/ (z) in the absence of C. 

Note : The above theorem proves extremely useful for calculating 
the image system whenever a circular cylinder is present in the field 
of sources, doublets or vortices. 

Ex. There is a two-dimensional irrotational motion of a perfect liquid 
specified by the complex potential w—f (z), such that there are no rigid 
boundaries and such that there are no singularities of the flow within the circle 
[ z I —a. The flow is assumed to be due to a system of sources, vortices, 
doublets and possibly more complicated singularities, all of which are exterior 
to the circle | z | =a Find the complex potential of the new flow when a solid 
cylindor | z | —a is introduced into the above field of flow. [Del 1963] 

3.23. Combination of sources and streams. The complex potentials 
of the motions due to a uniform stream and any number of sources are 
additive provided no boundaries are present in the liquid. 


Consider the complex potential 

w——Uz—m 1 log z—m 2 log (z—a), 


then 


dw TT . mi , m, 
-jr= u + — +^ 


§ 3 . 23 ] COMBINATION OF SOURCES AND STREWS 

Now when z-*- cc, dv/jdz -»■ U, i.e. u—iv=U. 

T has u=U. r=0, so that there is a uniform stream- Near r=m- 
we put z—a—re i: \ where r is small, then 

dw . /??, /re. - 

— T -=u—r. = Ln i-r-f— e^~. 

d: a— re > r 

Since r is vers- small, 777 , r is very large and so the arnmw 
(/m[(m L /(a-fre 1& )j can be neglected as compared with nue~ rz r. 


Hence 


« 7 . ,,, m, t a . . 

u — r»= —e"-= — ’(cos 0—i sin 6), 
r r ' 


which gives, cos 0 : v = -y-’sin G and consequently 

a= 1 / ir—'d—mjr. 

It follows that there is an outward radial flow from z—c. ~- 
source of strength m 2 is situated. 

Again putting z=re iCj , where r is small, we get 

dw . T . , m 3 „ , m, 
dz r re *—a 


As before, is negligible compared with e~ r -. mad 

therefore 

u — iv—nii (cos 6—7 sin 6)/r. 

This yields, u=m 1 cos 6/r ; r—m ! sin 8 fr 

so that there is a radial velocity mjr at z — 0 due to a source rf 
strength t?7j at that point. Hence the potential 

v/=—Uz—m 1 loan — nu log (z—c) 

gives a uniform stream D r at infinity, and the sources cf "rearm 
777 j and 777, at z=0 and z=c respectively. 

Thus the additive property is established. 

Cor. 1. The complex potential, 

V/ — — XJz — nti log (z — c,) — 777, log (z— ad)— ... m. \cz (z— c.> 
gives a uniform stream 17 at infinity, and the sources of stream! 

d l ^ — - fljj 

Noth : The theorem fails if boundaries occur in the liquid. Torrme 
this, consider the complex potential 

V/ =Uz J r[ Ua'jz ) — 777 log (z— o). ^ , 

(i) The first term Dz represents the stream whose complex ortrmhl 
is Dz. 

(ii ) The second term (Dc-/z) represents the presence of the 

\z | =c in the liquid {Circle theorem ). - 
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UNIFORM STREAMING DEDUCED [§ 3.24 

(iii) The third term — m log (z-a) represents the complex potential 
due to a source m at z=a. 

Obviously (1) is the complex potential function of some motion, 
but it does not represent the motion of the stream past a cylinder in 
the presence of the source. To prove it, we put z=ae ‘0 (on the circle), 
then 

tan_I ( /cos n d-a ) + ^ sin 0) 

— —m tan -1 (— cotl 0) = — m tan" 1 [tan (i-+ iG)] 
i.e. ^=— \m (tt+6). 

Thus the stream function does not become constant on the circle 
r=a, so that the cylinder is not a stream line. 

3.24. Uniform streaming deduced from a combination of a source and 
a sink. Let the liquid motion in the x-y plane be due to a source m 
at z=a and a sink —m at z= — a, where a is real and positive. 

The complex potential of the liquid motion is 
w=m log ( z+a)—m log (z— a) 

—m log [1 +(z/a)]—m log [1— (z/o)]+const. 

«w(5-15 s +tf 8 -.~)+> «K+iS , +§F+...), [r/fl-Q 

= (Imzja) +■ (2mJa z )S, 

where we have omitted the immaterial constant and have assumed 
| z | <a, so that logarithms may be expanded, and 5 is the sum of an 
obviously convergent series. 

Now, when m-> oo, a-+<x> (i.e. source and sink get indefinitely apart), 
i.e. (l/a)-*0, but (m)(l/a)~>££/ (a finite quantity), the coefficient of S 
gets zero, so that the complex potential reduces to 
v/—Uz, => <f>=Ux, t=Uy. 

If follows that stream lines are all parallel to the real axis and flow 
uniformly in the negative direction of this axis. 

Thus the motion due to (he limiting form of the combination of a source 
and a sink (i.e., a doublet) is a unifonn stream. 

3.25. Examples illustrative of complex potentials 

Exp, 1, In a two dimensional liquid motion and are the velocity potential and 
current function ; show that a second fluid motion exists in which f is the velocity 
potential and— $ the current f unction. Also prove that ij the first motion be due 
to sources and sinks, the second motion can be built up by replacing a source and 
an equal sink by a line of doublets uniformly distributed along any curve joining 
them. [J lad 1952 ] 

Sol. First Past. The complex potential of the fluid motion is defined by the 
relation 

W=P + i'{' 

where the real part & denotes the velocity potential and the imaginary part 
denotes the current function and these are connected by Cauehy-Ritmann 
partial differential equations 

(2st/2a:)=(2^/Sy) ; {2*/3y)=— (J^/e*) 
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§ 3 . 25 ] solved' examples 

If, however, we consider the complex potential 

IV 1= — i w=—i 

then Cauchy-Rietnann partial differential equations are again satisfied. Hence 
there exists a fluid motion in which +ij< is the velocity potential and — 0 the 
current function. 

Secod Pabt. Consider a source m at A and an equal Bink — m at B. Let the 
line AB be taken for i-axis and the mid-point of AB be the origin. If AB~2a, 
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ni 


then the complex potential due to these is 


W=— m log ( 2 — o)=m log (z+a) = m log[(z+a)/(z — a)]. 


Now let any curve joining A and B be a line of doublets with axes inclined 
at right angle with OA. Then the complex potential Wj due to this lino of 
•doublets is given by 


i 



t'rr/2 


z—t 


dt=im 



> 


This implies that tvi'=iw or W=—Wx. Thus, the conditions of the problem in 
first part are satisfied and hence the conclusion for part second. 

2. Two sources, each of strength m, placed at the points ( -j-q, 0) and a sink o 
strength 2m is placed at the origin. Show that the stream lines are the curves 


0* 2 + J/ 2 ) 2 = a 2 (x 2 — y"+ \xy) 
where \ is a variable parameter. 


Show also that the fluid speed at any point is 2ma 2 /rir 2 r 3 where rj, r 2 , r 3 are 
respectively the distances of the point from the sources and the sink. 

[Jad I960 ; Osm 62 ; Pbi 66 ; Raj 63 ; I.A.S. 62] 


Sol. The complex potential of the 
superimposed system is given by 
1V= — m log (z—a)—m log (z-fa)-f 
2m log z 

=m[log z- — log (z2— a 2 )] 
or 0-f-iiJ/ =m[log(x 2 — y 2 -f-2t'xy) — 

log (x 2 — y 2 — a 2 +2ixy)] 
Equating the imaginary parts, we get 
^=m^tun -1 [2xy/(x 2 — y 2 )] — 

tan _1 [2 xy/(x 2 — y 2 — a 2 )]} 

Hence the stream lines are given by 



m tan -1 {— 2/),)=m tan -1 ■(— 2a 2 xy/[(x 2 -f y 2 )— a 2 (x 2 — y 2 )]} 


or (x 2 +y 2 ) 2 =a 2 (x 2 — y--\-\xy) 

by properly chosing the constant value of the stream function. 
(The fluid speed at any point is given by [ dw/dz | . 
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[§3.25 


Bat dw/«fa=2m{(l/s)-ts/(«s -aS)]}-[— 2a5|»/s(s-o)(s+a>l 

3= I dw/dz [ ={2ma 2 /r 1 .r 2 .r 3 ) I whore | s J =r 1( | z-a | =r 2 , | z+a | =r 3 . 

3. Parallel line-sources (perpendicular to the x-y plane) of equal strength m are 
placed at the points z—nia, when « = . . . —2, 0, 1, 2, 3 . . . ; prove that 

the complex potential is 

W——m log sinh (nzja) . 

Hence shore that tire complex 
potential for two-dimensional 
doublets (line doublets), with 
their axes parallel to the x-axis, 
of strength (i at the same 
points, is given by 

IV = ji coth (r.zja). 

[Del 1953 ; Osm 62] 

Sol. Lotus consider (2n+l) 
sources, taking tlio origin at 
the middle one, viz. z= 0. The 
complex potential of these 
(2n + l) sources is 

n n 

W 2 n+i = — >n log s—m£ log (z—ira)~m 2 log (z+ira) 
r=l 1 

= — m log z(i2+a 2 )(22+22a 2 )(z2+3 2 n 2 ) . . . (z2+«2n2) 

'«=— m log (xz/a)(l+z2/a 2 ) (l+z2/22 a 2). . . (l+z2/ n 2 a 2) + constant (1) 

Now putting 0—nzja in the infinite product of sinh 0, viz, 

sinh 0=0(1+02/112X1 + 02/22^ . . . ( 1 +-0 2 /rt 2 rr 2 ) . , . 

and taking limit of (1) when n — >oo , we get, whon the irrelevant constant in (1) 
is noglected 

W=— to log sinh (nzja). ^ (2) 

The complex potential for the doublots at the eamo points is the negative 
derivative of (2). Thus 

IV'= — Bw/3z=(m ~/a) coth (rrz/a)=p. coth (r.zja) 

[Note : For a source to at a, w=— m log (s— a) & for a doublet, w=m/(z— o)]. 

4. A source of strength m and a vortex of strength K are placed at the origin of 
the two-dimensional motion of unbounded liquid. Prove that the pressure at in- 
finity exceeds the pressure at distance r from the origin by {{m~+K-)pjr 2 . 

Prove further that the stream lines are equiangular spirals. 

Sol. Superimposing the complex potentials of the flow due to a source and a 
vortex we get 

VV= — TO log Z Z-iK log Z=(— TO + til) log z 
Thus, <f> —— m log r— K6, log r— niO. 

n 

Obviously 'J ,=c <mst. yields r=.4 c : an equiangular spiral. 

To find the pressure due to a spiral vortex, wo use the Bernoulli-Euler s 
pressure equation 

(p/p)+lv 2 -t y -=‘°- 

Now, velocity q of a spiral vortex at z—rtJ^ is given by 

ql = (dwldz)(dwldz)=[(-m+iK)lz][(-m-iK)lz]=(m ,n ~lr?). (m'^=m- + K*) 
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Thus pressure at a distance r is given by 

p=C— px— (pm' 2 /2r 2 ) (1} 

As r ~> oo , p-> D, and (1) yields II=C— px whence (1) can be rewritten as 

p = II— (pra' 2 /2r 2 ) or II— p=pm' 2 /2r 2 . 

We may also observe from (1) that the pressure due to a spiral vortex is the 
same as that due to a source of suitable strength. 

5. Liquid extending to infinity is bounded internally by the fixed cylinder whose 
cross-section is the circle X- y- -- ah. where a>fc> 0. The liquid is in steady 
motion due to equal uniform, line sources through the points ( 0) parallel to the 
axis of the cylinder. Find the complex potential and show that the stream line 
which leaves the source at [a, 0) in the direction malting an angle 0 with ox has 
«n asymptote which makes an angle 10 with ox. 

Shoio further that, in the finite portion of the plane, there arc jour stagnation- 
points. 


Sol. The complex potential due 
to source m at z—a and source m 
atz= — o is obviously 

— m log ( z—a)—m log (z+a) 

= — m log (z 2 — a-). 

When circular cylinder is insert- 
od, the new complex potential, by 
virtue of ‘circle theorem’ becomes 

W=—m log (z 2 — a 2 ) 

— m log [(a 2 6 2 /z 2 ) — a 2 ] 

2m logz— m log (z-— a 2 )— 

m log (z 2 — W) (1) 

The stream function, given by 
the imaginary part of (I) is 

\|/ =2m0 3 — mOi— tn0 2 — m0 4 — m0 3 
and the stream lines are given by 



constant=X (say). 


The stream line required which leaves the point A (a, 0) at on angle 0 with 
•x is obtained by giving X the value which corresponds to a point on it very 
close to A (a, 0). For such a point, which lies on the tangent to the ourve at 
A, we have 

01=0, (say) ; 0 > =0 3 =0 4 =0 5 =O, whence X=—m0. 


For a point on the stream line at a far off distance from O, 

01=02 = 03= 64=05. whence — 2ni0i=— m0 or 0i=J0. 

Thus, the angle between ox and the asymptote to the curve is 40. 

For stagnation points <2w/dz= 0, which yields 

(2m/z)— [2m3/(s 2 — a 2 )]— [2ms/(z 2 — 6 ! )]=0, or S l=a 2 6 2 

Thus, s = 4- WaM. -fi\f(ab)\ these being the intersection 'of the circle with 
the coordinate axes. 


Ex. X. What arrangement of sources and sinks in two dimensions will give 
rise to the function 


lv=log [z— (a 2 /z)]. 

Draw a rough sket ch of the stream lines in this case, and prove that two of 
them subdivide into the circle r=o, and the axis of y, 

[Ag 1958 ; Jad 59 ; Kr 59] 
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Ex. 2. Explain what bydrodynamical problem can be solved by means of the 
transformation 


-m log [(s-e)/( 2 +a)]. [Ag 1953 ] 

Ex. 3. In two-dimensional motion, there iB a uniform source along the real 
axis to total output 2k m stretching from x=0 to x=a, Show that the complex 
potential is 


W ^~~~a\ a Q log ( z -^ = — m £-|logz- ~~ lo 8 (2—o) J- 

Combine this with a uniform stream V parallel to the x-axis and show that the 
dividing stream lino is 

Uy+lm/a)[x(0 2 — 0 1 )-f a 0 2 + l/ log (rj/r 2 ) — (-/a)]=0 

where jq, aro the distances and Oj, 0 2 the corresponding angles from a point 
on the lmo to the ends of the source. Trace the form of this lino. [Oimi 1962] 

Ex. 4. Explain the significance of singular points, like sources and vortices in 
hydrodynamical probloms. Show that any irrotational motion may bo produced 
by a suitable distribution of them. [Mad 1960] 

Ex. 5. Show that the velocity components given by 


u—U 


[ 


gy fr-jr 2 — t/ 2 n 

x- + y" + (^+yi)^ X 


r ,r ax 2b-xy ~\ 


represent a possible fluid motion in two dimensions. 


Show that the motion is irrotational, and interpret the moaniDg of the term* 
in complex potential. - , • * 

Ex. 6. If tlioro is a sourco m at A and a sink — m at B and a uniform stream in 
the direction BA, find the stagnation points, and prove that they lie on or 
the perpendicular bisector 'according as the etroam is relatively strong or 
foeble. [Del 1948 (Adv.)] 

If there is a source at (a, 0) and {—a, 0) and sink at (0, a), (0, —a) all of 
■equal strength, show that the circle through those four points is a stream line. 

Ex. 7. Along tho x-axis thoro oxists for each stretch from x=2 na to .T=(2n+l)a, 
a two-dimensional sourco of strongth h per unit length, and from x=(2n — l)o 
to x—2na, a two-dimonsional sink of equal strength when n takeB all positive 
and negative integral vnluos. If iv is tho complex potential, find — (dtv/dz). 

If in a channel bounded by walls at x=a and x— — a, a line source stretches 
from x=0 to x^a and an equal lino sink from x=0 to x= — a ; find the velocity 
at any point along the walls. 

Ex. 8. Doublots of equal strength p are placed at tho points z—nai when 
«=. . . —2, —1, 0, 1, 2, 3, . . . in a uniform stream —U parallol to the axis 
■of x ; prove that the stream line =0 is 


ay sin (2-y/a) 

7:6 2 ~cos [2r.x/a) — cos (2 ny/a) 


and Bhow that this consiBtB in part of the ir-axis and in part of an oval curve 
which is nearly circular (diameter 26) if 6 is small compared with a. Show that 
this solves tho problem of a stream flowing through a set of parallel equidistant 
rails of approximately oiroular soction. 

Ex. 9. Two sourcos of oqual strength are situated respectively, at tho point* 
f -J-°, o) in an unbounded fluid. Show that at any point on the circle x 2 -f y 2 =a 2 , 
tho fluid velocity is parallel to the axis of y, and inversely as the ordinate of 
the point. Determine also the point in the axis of y at which the velocity is 
greatest. 

Hence show that, if a uniform stream parallel to the axis of y bo combined 
with the two sources, there are necessarily two points at whioh tho velocity 
vanishes. 
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Ex. 10. A thin sheet of incompressible fluid moves on the surface of a sphcro 
of unit radius. Show that the velocity potential and stream function are con- 
jugate functions of the Cartesian co-ordinates of the stereographio projection 
of any point ; and that if the boundary moves as a rigid curve 
on the sphere and its axis of instantaneous rotation cut the sphere in 0, the 
stream function at any point P of the boundary differs from a cos OP by a 
constant, where a is the instantaneous angalar velocity of the boundary. 

3.26. Theorem of Blaslus. In a steady two-dimensional irrotational 
motion ghen by the complex potential v/=f(z), if the pressure thrusts on 
the fixed cylindrical obstacle of any shape are represented by a force 
{X, Y) and a couple of moment M about the origin of co-ordinates, then, 
neglecting the external forces, 


M** Real part of, ~}pf z (j~j dz 

where p is the fluid density and integrals are taken round the contour C of 
the cylinder. 


Proof. Let us consider an element of arc ds surrounding a 
P(x, y) of the fixed cylindri- 
cal obstacle (of unit height), 
the tangent to which makes 
an angle 0 with x-axis. The 
'fluid thrust at P (x, y), of 
magnitude pds, will act along 
the inward normal to the 
cylindrical obstacle and its 
components, parallel to the 
coordinate axes are 
—p sin 0 ds, -f p cos 0 ds 
respectively. Titus, the force 
acting on element ds is given 

b y 

dF=dX J ri dY— 


point 



because. 


-p sin 0 ds+ip cos 0 ds 
— ip ( cos 0-f i sin 0) ds—ip e <9 ds=ip dz 
dz=dx-\-i dy=ds cos 0-H ds sin 0 —ds e <9 . 


( 1 ) 

( 2 ) 


Since, C (the boundary of the obstacle) represents a stream line, we 
have by Bernoulli-Cauchy integral, p+%pq-=K (const.) or 
p=K-~lpq t , where q is the fluid speed on the stream line. Also, 

dwjdz= —u-~-iv— —q { cos Q—i sin Q)=—q e -19 (3) 

Then, integrating over C, we find 


F=X+iY= f ipdz=i [ (K-yq-)dz 
J c io 


=—lip q*dz 


[*L 


dzssO 
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= -~i*P j c <T e f 0 ds [v dz—e 1 ® ds] 

= —lip J c (q 2 e^Xe- ( 0ds) 

or F—X—iY—lip ^ {q- e -=<e )(e <o ds)=\i 9 \JjPf dz (4) 

We consider clockwise moments as positive. The moment about the 
origin of the fluid thrust acting on element ds (vide Fig) js rxdF, i.e. 

dM—{pds sin 8 )y~(pds cos G)x=p(ydy-]-xdx) 

because ds sin Q—dy and ds cos 0=dx. Then on using Bernoulli- 
Cauchy integral, the total moment is 

M=j c p(ydy+xdx)— f (K— &q 2 )()'dy+xdx) 

— K \ c (ydy+xdx)—y q 2 (ydy+xdx). (5) 

=0— ip | q~(x cos 0-j-,y sin 0) ds 

where we have used the fact that the first integral in (5) is zero, since 
ydy-\-xdx is an exact differential. Hence 

q"(x cos 0-fy sin 0) ds 

=Real part of ^ — ip J ^ 2 (x+fy)(cos 0 — z sin 0 )ds | 
— Real part of ■£— ip J" c q z ze~ ( Q ffsj- 
— Re | z(qe~ t ^) 2 (e , 0 ds) | 

=Be {- ip JXsr)’ * } ■ 

Sometimes we write this result in the form 

where N has no simple physical significance. 

Cor. Cauchy-Blasius theorem. We combine the two important theo- 
rems, viz. 

[ f{z)dz=2~i [rum of residues of f(z }], [Cauchy's Residue theorem] 
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r [dv/Y* 

and X—iY=lipj j dz [Blasius theorem ] 

to yield X—iY= —~p [sum of residues of ( dw/dz ) 2 within C] 

This result may be called* 'Cauchy -Blasius theorem and quoted in 
this form, shall be found more useful. 

Ex. 1. Show that the force per unit length on a fixed cylinder surrounded by 
incompressible fluid, of density p, in steady two-dimensional irrotational motion 
in planes perpendicular to the generators is of magnitude 

ipie a j (dw/dz)- dz, 

where w is the complex potential, a is the inclination of the force to the x-axis, 
and the integral is taken positively ronnd the boundary of the cylinder. 

Ex. 2. Discuss the two-dimensional liquid motion described by the potential 
function 

W=F 0 [2+(a2/c}]-(ir/2n) logs, 

r being a constant. Draw a rough sketch of the stream lines. Find the stagna- 
tion points and discuss tho cases f <% =, 4w F 0 a. 

Calculate the resultant force on the body in the liquid. [ Bom 1950] 

Exp. Find the complex potential for the motion due to a system consisting of a 
coincident line-source and line-cortex in ths presence of a circular cylinder of 
radius a, whose axis is parallel to and at a distance b ( a) from the line of the 
source and vortex. Show that the cylinder is attracted by a force of magnitude 
2npa = (m=-fA'=)/6(6"— a 2 ) 

per unit length. 

Sol. Superimposing the complox potentials duo to a source m and vortex K at 
s=0, we obtain 

w=— m log z+iK log z=>{iK—m) log z. (1) 

When the circular cylinder | z—b | =o, (6 a) iB inserted, the complex poten- 
tial (1), by virtue of circle theorem reduces to 


W=>(tiC — m) log z+l—iK—m) log {[a~l(z—b)]+b} (2) 

The force components on the cylinder C are given by Cauchy-BIasius theorem 
X— iF=— up ■{sum of the residues of {dw/dz)- within C) (3) 


Now, 




(iK+m) a- 
a2-tb{z-b){z-b) j 


(*) 


The only singularities of dw/dz within C are, from (4), at 2=6 and at z—b~(a-Jb), 
because 2=0 is not inside C. {b f>a, so a f> a-jb, {6— (a-/6)} b—a }. Now if 
J?[x] stands for residue at x, then 

X[b]={2liK-m)[z}{{iK+ m )a![(bz+al-b*)} at 2=6 

= -2 ( X 2 + m =)/6 

B[6— (o 2 /6)]=-{2(tN— m)lz}{iK+m)a-lb[z— b)} at z=b—{a~jb) 

=2 (/f2+m2)6/(62-c=). 

Substituting in (3) we obtain 

X-iY=- 2wp {K i f-m 2 ){b/(b-—a-)—l/b}= — 2xpa 2 (K"f-m z )/b(b 2 —a s ). 

Thus F=0, X= —2npa- (K-+m-)/b(b 2 — a"), the negative sign implies that tho 
cylinder i3 attracted towards the origin where the vortex spiral is situated. 

•The author firmly believes that this name is quite appropriate and that 
hydrodynamicista will approve it. 
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MOTION OF A SOLITARY VORTEX FILAMENT 


O 


K<~ 



(ZJ 




- §3,30] 

3.30. Motion of a solitary vortex filament. To find the velocity of the 
point P{z) due to a vortex J 

filament K at z=z 0 , we have r h 

dw iK ... 
q ~ dz (z — z 0 ) 
for v/=iK log (z— z 0 ). 

Now put : z—z 0 —R e { °, 
so that (vide Fig.) 

AP=R, arg (z— z o )=0 
By (1), we then have 
u — iv= — i ( KjR ) c-*e. 

Thus, u=—(K/R) sin 0 

= -(KIR>) (y—y 0 ) 
v=(K/R) cos D^(KR>) (x-x 0 ) 
where z=x+iy, z 0 =x 0 +i> 0 . From these we get 

V u-+v-—(KlR) and (v/u)=— cot 0=tan (90+0). 

Thus the direction of motion at P is perpendicular to AP with speed 
( KjR ) in the sense given by the rotation of the vortex at A. 

Cor. Case of several vortices. If the motion is due to n vortex 
filaments of strengths K, at the pints z, (s— J, 2, 3 the complex 
potential at the point P[z), outside the vortex filaments is given by 

v/=S iK, log (z — z,), s= 1, 2 ,...n 
and the components of velocity at this point are given by 

u—iv=—(dv/jdz)=—Z i{K,J(z—z,)}, 5=1, 2, ...n. 

Alternatively, the preceding result is obtained by adding the velocity 
components due to the separate vortices in the form 

u=—2 K, {(y— y»)/r, 2 }, v=2 K, {(x— x„)/r/}, 5=1, 2, ...n 
where z,=x,+iy t . 


3.31. Motion of an individual vortex in a ' vortex-field . The stream 
function ^ at a distance r < a (the radius of a particular cylindrical 
vortex) is determined by (the vorticity) : using polar coordi- 

nates, $ is clearly a function of r only, hence 



J_ dff_ 
+ r dr 




=K ; (for r < a) 


( 1 ) 


Twice integrating (1) and noting that X, is constant we get 
(i) (dtldr) = lrWA/r), (ii) l^rK+A log rf-B, 
where A and B are arbitrary constants. 

Now the velocity at right angles to the radius vector is given by 
(dip f dr) which is Zr+(A/r). The velocity is obviously not infinite at the 
origin so that A must be zero. Hence the transverse velocity in 
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the vortex is Zr which vanishes at the origin (centre). Thus the centre 
of a circular vortex and thereby the vortex filament, alone in the otherwise 
undisturbed fluid will not tend to move ; that is, the vortex filament in- 
duces no velocity at its centre. It follows that if such a vortex is in the 
presence of other vortices, it will not move of itself, but its motion through 
the liquid will be entirely due to the velocities induced by the remaining 
vortices. Hence the complex velocity of the vortex k r , which is pro- 
duced solely by the other vortices is 

Ur—iVr— —E i{K c j{z r —z s )} ; S flzr. (2) 


The preceding result (2) may also be obtained as 
W'=W — i K r log (Z— Z r ) 


so that u r —iv r = — ( dw'/dz ) = — (dw/dz) -j- i {K r /(z— z r )} 

where after differentiation, z r is to be written for z. 

Note. The induced velocity at z r may at once be written by differen- 
tiating the function w—iSK r K , log (z r —z,) : r rflz s, with respect to z T . 
Thus, considering the case of three vortices 

w=i [K l K 2 log (z 1 -z 2 )+A' 2 AT 3 log (z i -zf)fK i K 1 log (Zj-Zj)] 
i‘i-iVi = -(l/K 1 )(dv//dz 1 )=-i[{K,/(z 1 -z 2 )}-\-{K s l(z 3 -zf )}] ; etc. 


Exp. J. Three parallel rectilinear vortices of the same straight K and in the same 
sense meet any plane perpendicular to them tn an equilateral triangle of side a. 
Show that the vortices all move round the came cylinder with uniform speed in time 
2na 2 l3K. [Bom 1961 ] 


Sol. If r be the radius of the eircumcirole of the 
equilateral triangle ABC, then r=a/-\/3. The 
complex potential of the vortices situated at the 

2rj-i/3 

points [z=r e , p = 1, 2, 3] is 

2— i'/3 4 t:z73 

iv= f IT [log (s—r e ) -}- log (z—re ) 

+log (z—r e 6 ”^ 3 )] 

=iK log (2 3 — r 3 }. 

. 2ni 

Ihe velocity induced at z=>r e =r, by others is 


A 



Hi — iVl~~~ft i iK ,0 6 (z 3 — r 3 )— t/C log (c— r)> = — t'A 

Thus <7i= | Ui—iVj, j <=K | (22-i-r)/(; 2 -f cr-fr 3 ) [ ^^—K/r. 

The required time : T={2r.alfZ)^-{Kjr)~2r.a 2 loK. 

Exp. 2. If n rectilinear vortices of the same strength l; are symmetrically a rranged 
as generators of a circular cylinder of radius a in an infinite liquid, pro te t hot the 
vortices will move round the cylinder uniformly in time 8r. 2 a 2 J(n—l)l:, and find the 
velocity of any point of the liquid. 

[Bom 1955 ; Del 47, 45, 37, 33 ; Jad 60 ; Pna 65, 64, 63 ; Pb C 
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Sol. Lot tho n rectilinear vorticoa each of 
strength k bo situated at the points, z 0 , z u 
~ 2 > *3 •■ z n-l • °f tho circlo so that 

Zr.riln 

~r=ae , r=0, 1, .. n-1 

„ . 2-riln 

Tnus, since a e are tho n distinct 

nth roots of a”, [Ijlr.—K) 


, , 2"ri/n) 

S log (c— ac 
r«=»0 


—iK log* 5 {z—a 

r«o 


2ji rijn 

e ) 



= i'.ff log a n ) 


( 1 ) 


The fluid velocity at any point, not occupied by any vortex, is nivon bv 
I dw/ds | =Kn | s»-» | / | (s»- a «) | , * * E 7 

Wo shall now find tho velocity experienced by any one of tho vortices, say 
that which is situated at A(z=a), Then 


Wg—iK log (8«_a«)_»7S: log {:-a)=iK log [( 2 n - a n )/( Z -a)] 

=iK log (z n -l+z n ~-a-\-...+z a n ' 2 +o n-1 ) 

dw 0_.-rr (n-l)^+(n-2)e»-3 a +... + a «-« 

’ dz ~ln-TJ rZ n -2 a f ...+ 7 ^n= 24 ^ 5 =I 

And /^ w o\ (n— l) + (n— 2)4-...+2 + l iK n—l 

\ dz J c -. a a n “ 02 * 

This implies that g x =0, q v ~K (n— l)/2a. Consequently, tho radial and cross- 
radial velocities of the vortex at z — a, are g r =0, Vq=K (n— l)/2o. And by sym- 
metry, oaoli of the vortex has the same transverse velocity. 

The required timo=2ira/{(n— 1} ii/2a) =>8- 2 a 2 /(n— 1) k. 


Note. From (1) : 0-ftvf/ *=iif log [(r n cos n8— a n )+j'r n sin nO], 

— \K log[(r n cos n8— a n ) 2 -f-(r n sin n8) 2 ] 

<=IK log (r 2n — 2a n r” cos nO+a 2 ") 

Tho relation q=CO Xr, ^ w—K (n— l)/2a 2 . 

Ex. A rectilinear vortex of strength K is at a distance / from, and is parallel 
to, tho axis of a solid oylinder of radius a and infinite longth : tho circulation 
about the cylinder is such that the vortex remains stationary. Show that tho 
magnitude of this circulation is 

3.32. System of two vortex filaments. Let the vortex filaments of 
strength and K 2 be situated at the points A (z=z,) and B (z=z,), 
then 


w=iK t log (z—Zi) 4 - 1 ^ 2 1°S ( z ~ Z z)- 
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The velocity (f r , y,) of 
a particular vortex K r is 
produced solely by the 
other vortices, since it 
cannot affect its own 
motion, therefore 

C r =X r — iyr 
—u T —iv T 
=*—(dv/ r ldz) t -r T 
=2 [-iK,l(z r -z,)l 



Y 



G 


B 


Thus, Zj — iK i /(z 1 — r 2 ), r 2 — — iKj K ~2 %i) 

Tliese yield X 1 j 1 +/Cjf 2 =0, and since /fj and K» are constants, this 
can be further written as 


dt 


K&+K& 7 
Aj-f A, j 


=0, => 


A 2 Zt~f~ A 2 z 2 
Ai-f-Aj 


=const. 


(1) 


The point (A^ +K 2 z 2 )l(K 1 -}- A,) may be called the centre o / xorticity 
by analogy with the centre of gravity : the strengths of vortices replac- 
ing the masses. Thus, if A,-f-Aj fz 0, the centre of vorticity is fixed {this 
point is not necessarily a stagnation point). 


Now since K 1 .AG=K S .GB, i.e. AGlGB—KjKi we easily get 
AG^KfABliKi+KJ. 

And to put velocity of A in terms of AG we see that 

= -a~(MiXM? L )~ Aa - a ( v §"" >xi ) 


where a^fa+KJfiAB)*. 

Thus the line AB rotates with this angular velocity' «. Further, 
neither vortex has a component of velocity along AB, it follows that 
AB remains constant in length- 

Ex. 1. Two parallel line vortices of strengths K l7 K s , (K 1 z-K, j<s 0), in un- 
limited liquid across the s plana at right angles at points A, B respectively, the 
centre of mass of masses ifj at A and K, at B is G. Show that if the motion of 
the liquid is due Eolely to these vortices, G is a fired point about which A and B 
move in circles with angular velocity {K^KAjlAB-. Show also that the speed 
at any point P in the z-plane is (Ki+EA) CP]AP.BP , where C is the centre of 
masses if 2 at A and K 1 at B. [ Bom 1963 ( Old )] 

[v/=iif 1 log <r— rJ-t-tTC. log (z — %) yields 

diV iKi , iff 2 t (Ki~K 2 ) 1 - — { A'.r. A'. -f- A'-)}] 

dz = c-=i ’ z— z, (-— -iK-— - 2 ) 

Now z-{{K 1 z,+K i z- l )l(K 1 +K I )}=z-z t and thus 

| s— z e 1 —CP , | z— Zi j =AP, | z-z 2 1 —BP . 

| dwjdz J =(K 1 +K 1 }.CPIAP.BPJ. 


Hence 
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Ex. 2. (a) Find the stream function due to a single line-vortex of strength h. 
When an infinite liquid contains two parallel and equal reetilinenr vortices nt 
a distance 26 apart, prove that tho stream lines relative to the vortices are 
given by tho equation 

* 2 +y 2 — 26 2 log [<x-6) 2 +y2][(x+6) 2 +ij=3=c, 

the origin being the middle point of the join which is taken for tho axis of r. 

[Bom 1952] 

(6) When an infinite liquid contains two parallel and equal vortices of tho came 
strength, and tho spin is in tho same sense in both, show that tho relative 
stream lines are given by 

log {r 4 +b i — 2b-r- cos 20) — (r 2 /26 2 ) = constant, 

6 being measured from the join of vortices, the origin being its middle point. 
Show also that the surfaces of equipressure at any instant aro given by 
r't-k&t— 26 2 r 2 cos 20 = X ( r 2 cos 20+a 2 ). 


3.33. Vortex pair. A pair of vortices each of strength K but of opposite 


rotations is called a vortex pair. 

Let the vortex filaments of 
strength K and — K be situated 
at A (z— Zj) and B (z=z 2 ) at 
time t= 0. The complex poten- 
tial at this instant (i.e. /=0) is 
given by 

w=iK]og (z—z x )— 

iK log (z— z 2 ). 

The velocity (ii„ v r ) of a parti- 
cular vortex K r is produced 
solely by the other vortices, 
since it cannot affect its own 
motion, therefore 

u r —iv f — — (dw r /dr) := z r 
where w r — 2 iK, log (z-z,). 

Thus, 

~ iK \jf log ] g _ 81 

= -/A7(z a -z 2 ) 



Similarly, u s —iv z ——iKl(z i —z 1 ). Fig. (ii) 

Hence q t =K/\ z x -z 2 j =K/AB=q 2 . Thus, both the vortices have a velo- 
city KjAB at right angles to AB, in the negative y-direction, each moviug 
due to the other. 

The stream function at f=0, is given by 

i !>=K log { {(z-z,) }/ 1 (z-z 2 ) |}=A: log (rj/r„) 
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where AP=r x and BP—r z . This means that the stream lines are given 
by the coaxal circles ri/r 2 = const. which have A and B as limiting 
points. The equipotential lines (^=const.) are the conjugate coaxal 
circles which pass through the limiting points z x and z 2 (Fig. ii, p. 164). 

3.34. Energy due to a pair of vortices. Consider a circular vortex pair 
■each of radius a distant 2c apart. 

If K is the strength of each vortex, the complex potential is given by 



w=<J>+i'!'= : iK log (z—c)—iK log (z+c) 
whence, <!'=% log {|z— c|/| z+c \}-K log (r,/r 2 ) 

where |z— c|=r„ |z+c|=r 2 . 

Obviously, the value of yfr on the circle is obtained by putting r^a, 
,r 2 = 2c and thus ^c^—K log (aj2c)=—K log (2 c/a). 

The kinetic energy of the fluid outside the vortex at z=a is 

Ty= JpJJq.q dxdy= IpJJk 'A grad q dxdy [k=(0, 0, 1)] 
grad tjjXq.dS (dS=k dxdy) 

Now, curl (^q)=^ curl q-hgrad tj)X({~grad ^xq as curl q=0 (for 
arrotational motion), hence 
Tj—ipff curl (4q)JS 

=— ip | ipq.dr (by Stokes’ theorem) (1) 

Jci 

—i? «ACj(-r), where Jq.dr=T is circulation, and $ is const. 

= 1? i-K log (2c/a)][—2-K) — rzpK 2 log (2 c/a). (2) 

The negative sign with the integral in (1) is accounted for by the fact 
•that C 1 is an internal boundary with regard to the surrounding fluid. 
An equal amount of kinetic energy is contributed by the other vortex 
also, so the total kinetic energy external to the vortices is 
r 0 =2r 1 =2^p^ 2 log (2 c/a). 

Now the fluid inside the vortex rotates with angular velocity (A7a 2 ) 
and moves as a whole with velocity (K/2c) induced by the other 
•vortex. Thus, its kinetic energy is 
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where we have neglected 
2T'=T ( . 


Obviously, total internal energy is 


Thus, to this order of approximation, the total energy is 
T=Ti+T 0 =2-p K 1 [i-flog (2c/a)]. 

Exp. (a) Whtn an infinite liquid contains two parallel, equal and opposite re 
ctihnear vortices at a distance 2b, prove that the stream lines relative" to the 
vortices are given by the equation 


g2 -r(y— 6) 2 

z 2 -Hy+&) ! ‘ b 


the origin bting the middle point of lh> join, which is tahen for axis of y 

[Kr 1961, 59 ; Lin 63 ; Osm 60 ; Pb 58,50 ; Vt 64 ] 

fb) An infinite liquid contains tiro parallel, equal and opposite rectilinear cortex 
filaments at a distance 2b. Show that the paths of the fluid particles relaliie to the 
vortices can be represented by the' equation 

r 2 + 6 2 — 2r6 cos 6 r C 03 0 

0g j-2j.fc2j.2r6 co 3 6 ’ 6 = const - [Bom 1953] 


(c) Show that for a vortex pair the relative stream lines are given by 
K{(y/2a)+\og (r 1 /r 2 )}=const. 


where 2a is the distance between the vortices and r If 
point from them. 


Sol. (a) The velocities of each of the 
vortices is {Kj AB)<={Kj2b) and this is 
directed towards the x-axis. To find the 
stream lines relative to the vortices, we are 
to impose a velocity on the whole system 
equal and opposite to the velocity of advance 
of the vortex. Thus, to the complex poten- 
tial of the vortex pair, we are to add a 
term (iT/26) z, because, —dv/jdz^—Kjlb 
along XO supplies this information. 
Hence, for the case under consideration 


V/=iK log {lz—ib)/(:+ib)}+(K/2b) z 
Equating the imaginary parts we get 
^i-BTlogl^+fy-fc) 2 ]- 

£ AT log [^+(y-f6) 2 ]+(ir/26) y. 
Thus the relative stream lines are given by 
sP+ly-bf 1 j_ y 
z 2 +(y+t) 2 ' b 


log 


-c. 


r 2 are the distances of any 
[P.aj 1964] 


A (o +i b) 



K 


Si 


->x 



B(o-ib) 


(b) It is evident that the vortex pair lies along ar-axis, so that by inter- 
changing x and y in part (a), and using polar co-ordinates we get 

r 2 +6 2 — 26r cos 0 , r cos 8 


log- 


1 r 2 -j-6' J -i-26r cos 0 ' 6 

(c) Thi3 is mearly i|f=const, where 6 is replaced by a, 


—c (const.) 


Ex. Obtain the stream function due to a vortex pair. Deduce the equation 
•f stream lines relative to the vortices. 

If the vortex pair is replaced by two vortices having the same strength and 
direction of spin, whet will te the equation of the reletive stream lines 1 

[ Pbl954 J 
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3.35. Kirchhoff vortex theorem : general system of vortex filaments. 

If (r,, 0,) ( r 2 , 0 2 ),...be the polar coordinates at any time t of a system 
of rectilinear vortices of strength K t , K s , . then 

BK v Xp—A, BK V y v —B ; BK V r P ~=C, BK P ry Qp—BK P Kq=D 
where A, B, C and D are constants. 

The fluid motion due to n vortex filaments of strengths K v at the 

points z v =x p -\-iy T , where p— 1, 2, 3 n is given by the complex 

potential 

W—B P iK P log (z—zj). (1) 

The velocity at any point of the fluid, not occupied by any vortex, 
is given by 

— ufiv=dwldz='Z j > iKpj(z—Zp). 

The velocity (u P , v ,) of a particular \ortex K r is produced solely by 
the other vortices as it will not move on its owm account. Its velocity 
is therefore given by 


“,5, T&5 (2) 

Multiply both sides of (2) by K v and sum up from p—\ to n ; this 
gives 

BK V ( — Uj+iVp) — B B I ” i K v Kql(z p — z 5 ) "1=0 ; (3) 

p qyip L J 

the double summation vanishes because the terms cancel in pairs, e.g. 
/ K v K„ (z P — Zv) cancels i Kv K v (z Q —z r ) and there are no terms in Kj?, 
etc. Thus (3) yields 

2 Kp Up=0, B K v v P =0 (4) 

or BK„x t =A, B K„y v =B (4') 

because u t =dx P /d(, etc. and A, B are constants of integration. 
Further, 

Bp Kp Zp ^ dw pf dz ^ ^ , “ B Kp Zp Bi Kqj(zp — z a )^j 


This gives 

B v K v (Xp+iyp)(—ttpA-iVp)~i B K v Kv- ix real quantity; (5) 

since such pairs of terms as K v Kv Zp/(z f —Zq)A-Kq K v z,/(z a — z P ) 
—Kp Kq and again there are no terms in K p 2 . Now (5) yields. 

B Kp (x p Vp — y p itp)—B Kp Kq— D (const) ; 

B Kp (Xp Up+yp Vp)-0 ' * ( 6 ) 

Using Xy—yx=r' ! o in the first equation of (6) and integrating the 
second equation of (6), we get 

BKp rf Ov=B Kp Kq ; B Kp r/=C (const.), 
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Ex. If (r l5 Qj), (r 2 , o 3 ). ... lie the polar co-ordinates at t<me t of a system a] 
rectilinear lorhces of strength /.j, /„ 2 . • •> prove that 

27 hr2= const, and 27 lr-6~{t-i) 27 £jL 2 . 

1964 ; Aid 63, 59 ; Ban 47 ; Bom 64 {old), 63 56 ; Cal 53 ; Del 56 ; 

Jad 59 ; Lhn 62 ; Mad 60 ; Osm 61, 59 ; Pb 53 {Sup ; Itoj 65)] 

3.36 Single infinite row of vortices. We shall now find the complex 
potential of an infinite row of parallel rectilinear i ortices of the same 
strength K at a distance a apart. 

Let us consider (2/i-f-l) vortices, taking the origin at the middle one 
and axis of x through the centres of their sections so that these are 
situated at 0, ± a, ± 2a, ...± na. 



The complex potential of these (2n-f 1) vortices is 
w 2n+1 — iXlog z+iK log (z — «)+••• +iK log (z— na)-\- 

iK log (z+a)+iK log (z+2a)+...+iKlo g (zfna). 
—iK log z (z 2 +a 2 )(z 2 — 2°a-)...(z-~-n ? a") 

-«•“*-?( HrX 1 -^r)-( 1 -W> 

iK log (—1)” (u/-n)(a 2 . 2 2 a 2 ...n 2 a 2 ). 
Omitting the irrelevant constant, the same can be expressed as 

w 2n +i = i^log— ^ 1 1_ 2 2 a 2 ')"‘( 1_ ^ 

We now put 0 =(t zz/a) in the infinite product : 

sin 0=0 (1 — 0 2 /tj 2 )( 1 — 0 2 /2 2 7t 2 ) ..(l-0 2 /«-V)... 

to obtain 

sin (jrz/fl)=(7rz/fl)(l-z 2 /fl 2 )(l-z 2 /2V)...(l-z 2 /«V)..< (2) 

Now let »-> co in (1), then from (1) and (2) we get 

w=iK log sin (re z/a). (3) 

The velocity of the vortex at the origin is given by 

0o=— 2 ^[ iK log sin ~~iK log z ] f=0 

= -iK [~co t — -J-”U as z~>0. 
l_ a a z J 
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Thus it is at rest ; similarly every other vortex is at rest so that the 
vortex row induces no velocity in itself. 

The velocity components at any point of the fluid not occupied by 
any vortex filament are obtained from 

u—iv= — (dw/dz) =—iK(-x/a ) cot (nz/a) 

= —iK\ cos A (£+00 sin A (x—iy) , ( jrc \ 

sin A sin A (x—iy) \ a ) 

KX sinh Zky KX sin 2Xx 

• H = , . 

” cosh 2Xy— cos 2Ax’ cosh 2Xy— cos 2Ax 

(where A=tc /a) 

3.37. Double infinite row of vortices. Let us suppose that we 
have a system consisting of an infinite number of vortices, each of 
strength K, evenly placed along a line, and another system also 
■consisting of infinite number of vortices, each of strength — K, spaced 
similarly, along a parallel line. Let the line mid-way between the two 
lines of vortices be taken as x-axis. 

Let one vortex on infinite row AA' be at z=z 2 and one vortex on 


\ 

1 


1 

£ — v tz—\ tr* n 

II 

yz — s 

z c Za,z;2az r a 

s t zji -a, =,+2 Oy=,+.'{ a 

0 


/ — V! 

^ — X /""'VI / — Vt /'■ ^ 

~ r> Ja,z t ;2 a> z r a 

= i,*i- a , s 


infinite row BB' be at z=z 2 , so that the system consists of vortices K 
■at z=z 1 ±na and vortices —K at z=z 2 ±na, where zz = 0, 1, 2, 3... At 
any point z outside the vortices, the complex potential due to the 
two vortices K at z = zi±na and two vortices — K at z=z 2 ±na is 


w 0 =iK log 


^-n d)f z-z s +na) iK 
(z — z 2 ~na)(z — z 2 +na) 


{z—zffi—ifia- 

{z—z 2 y—n*a 2 


Clearly, iKl og [{z—z^fiz—z,)] is the complex potential due to K 
at z—z 1 and —K at z =z 2 . Hence, the complex potential for the whole 
system is 


w—iK log 


0 zfA 

(z-z 2 ) 


■+* £ 
n = 1 


log 


(z — z^—rfa” 
( z—Zo )- — n"a- 


(z—Zj) K l—^z—ziY/ti’a-] 

(z-z 2 ) n 1— [(z-z 2 )'-/u 2 a 2 ] 
n=l 


=iK log 


( 1 ) 
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Since sin 6=6 it (1— 6 ; /n : - : ), for all values of 6, real or com- 

r.=l 


plex, we get on setting 6 equal to r. (z— Zj)/a and - (r — z.)/a in turn 
sin \r.[z— rj)/o]=[rT(r— zjja] II {1— (z— z x ) ! /n ! o 5 }| 
sin [-(r-r s )/c]=[-(z-z 2 )/c3 n {l-(z-z,)-/n-a-}} ’"' C ° 

Hence, (1) reduces to 


v/=iK loe 


sin [- (z-zQ/g] 
sin [- (z— z,)/fl]’ 


( 2 > 


The velocity components at am point of the fluid not occupied by 
any vortex filament are obtained' (putting -rja = A) from 

n— ;>’= — ( Jv , //dz)= — iK'/ {cot A (z— z 3 )— cot / (z— z s )}- 

—2/70. sin A (z,— z x )/[cos A (z— z x )— cos 7. (2z— z x — z.)]. (3) 

To find the velocity (« ls v,) of the vortex AT at z x (say), we have, 

Uj— /Vj= — {£> [w— iK log (z— zj]} when z=z x and D—d\dz 
— iK {A COt A (Z — Z,) — A COt A (Z— Zj)-f (z — 

Since {cot /. (z— z x )— [1/A (z-Zj)]}^-0 as z-=Zj, we have 

Uj^—ivj—iK A cot A (z,— z.), (A— r:/a). (4) 

Cor. 2. Let the two infinite rows yL4’ and BE' of the vortices at a 
distance 2b apart symmetrically placed with regard to the real axis 
have rotations directed in opposite directions, so that the rortices are 
directly opposite m pairs. 


' 

y 

/• vJ v_y w v 
0 

r = f tb 


2b 

_ v ^ n 

• 


,7-7 \_7 7-7 ^L/ 7_7 v_7 v.7 ° 


■>X 


Here we have z 1 =/h, z 2 ——ib, so that (2) yields 

sin [~ (z~ib)ja] 

,,.,/nog — (r+ , w/oJ • 

The velocity (« x , v x ) of the vortex K at z=/6 is, by (4) 
Ut—iv^iK ?. cot ?. (2/7)= Av coth (2Ah). 
Vj=Q and i i t =K\ coth (2A7). 


Thus 
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Since (he choice of the vortex taken at z=z x is perfectly arbitrary, every 
vortex in A A' has the same velocity and, from symmetry, every vortex 
in BB' has also the same velocity. Thus the street moves as a whole in 
the direction of its length, with speed ( Knja ) coth (2r.b(a), 

Cor. 2. Karman vortex street*. This consists of two parallel infinite 
rows AA’ and BB’ of the same spacing a, so arranged that each vortex 
K ofAA’ is directly above the mid-point of the join of two vortices, each 
-K, of BB'. 



The vortices in the upper row are at z—ma-fib and in the lower at 
z=(m+i)a-ib, where wj^O, ±1, ±2, ... Thus the complex 
potential is 


w=iK log 


sin 7i ( z—ib)la 
sin it {z+ib - la) /a 


which is obtained by putting z x =ib and z z ={a—ib in § 3.37(2), p. 170,. 
The velocity of the vortex K at z x —ib is, by § 3.37(4), p. 170 

«i— iv i= cot it (jb-\a-\-ib)la 



whence v 1 =0, k 1 =(ATtc/<z) tanh (2rtb/d). 

Thus, the street now moves through the liquid with velocity 
(Kn/a) tanh (2 nb/a). 

Ex. 1. (a) Prove Kelvin’s theorem relating to circulation in a closed circuit. 

If an infinite row of parallel straight vortices, each of strength IC, ho situated 
at the points 

0, ± o. ± 2a > • • • ± na > • • ■ 

show that the complex potential is given by 

W—iK log sin (rcz/a) ; 

find the velocity components at any point of the fluid. [ Cal 1954 ] 


*The student is recommended to construct an independent proof of this 
important theorem with the help of § 3.37 p.I69. 
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(b) Provo that the product of cross-section and angular velocity at any point 
-on a vortex filament is constant all along tho vortex filament and for all 
time. 

Find tho complox potential of an infinite row of parallel rectilinear vortices 
of the same strength h at a distance a apart, [Pfc ]pS6 (5)] 

Ex. 2. (a) A vortex street consists of an infinite set of vortices of strengths I: at 
the points 

y—b, x=na ; (n=0, j-1, ± 2, . , . ) 

together with an infinite set of strengths —h at tho points y=-—b, z=na. Prove 
that tho street induces in itself a translation with speed 

(If 2a) coth (2 nbja) 

along its length. [ London School of Mathematics B.A. {lions.) 1951 ] 

(b) Define strength of a vortex filament and prove that it is constant and 
further that tho vortex lines move with tho fluid. 

Two rows of (straight) vortices exist on two infinite parallel lines with the 
samo spacing, tho vortiuties in the two lines being equal but opposite. How 
<lo tho lines move ? Find tho condition that tho system may be in relative 
equilibrium with a motion of translation parallel to the lines. [Del 1948 ) 

Exp. An infinite row of equidistant rectilinear vortices are at a distance a apart. 
The vortices are of the same numerical strength h hut they are alternately of 
opposite signs. Find the complex function that determines the velocity potential 
and stream function. Show that the vortices remain at rest and draw the stream 
lines. Show aleo that, if \ be the radius of a vortex, the amount of flow between 
■any vortex and the next is 

(kin) log cot (n\l2a). [Aid 1956 ; Jad 58 ; Pb 49 ; PI i 66] 

Sol. Tho system consists of (hj2r. — K) 

(i) Vortices, -}-/.-at2=0, ~2a, +4a,.„ 

^ii) VorticeB, — /; at z=^a, ~3a, ^5 a,... 



Hence tho complex potential shall be 


w — iK log 


s (r2-4a 2 ) (: 2 — 10a 2 ) (x 2 -30a 2 ) 

-Jz-’.-al) (-2- J) 0 2) ( s 2-i6a2) 


Thus, V/—iK Iog- n * = iK ! °S 


(r/2a) U {1 — (z/2na) 2 } 
II {I — [»/(2n+l)a] 2 > 


-(-const. 


t=iK log 


sin (r.z/2a) 
cos (r.zjia) 


= =i/f log tan 



(1) 


Thi 3 i 3 tho required complox potential function that determines the velocity 
potential and stream function. Since 

2 fyaw(z)-wiz)=*iK [log tan (dr) -flog tan (Az)], 


(d=w/2o). 
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, sin A (x-f iy) sin A ( x—iy ) . cosh 2Ay — cos 2 Ax 

*• ^' r> ' cos A (x-fs y) cos A (x — ii /) = cosh 2Ay-(-co8 2Ax 

■whence the stream lines are given by 

cosh 2Ay=>B cos 2 Ax, (A^Ttfia, B=const.) 

If the vortex K at 2=0 has the velocity (i/ 0l t; 0 ), then 

u D —iv 0 = ~{D[ili log tan Az — IK log z)}_ =f) , [D=d/dz] 
= — i/C {A (secMr/tan Az)—z~ 1} — 0 as z — 0 


( 2 > 


whence it follows that the vortices remain at rest. 

To find the amount of flow between any two vertices A end B (say) we usc- 
the relation 


flow across AB=tyj}—i! t i ji . 


Y 



Now ij~0 for or Oijj (on x-axis), therefore, by (2) 

<|>=(iT/ 2) log [(1— cos 2Ax)/(l+cos 2A)]=/C log tan Ax 
<ij} — [log tan A (a — X) — log tan A/,] 
r =/f[log tan [(r./2) — A ?.]-<- log cot AX], 

Now, putting K=h/ 2rt, A~r.j2a we get 4>J3 — l°g cot (u?./2a). 

Ex. An infinite row of equidistant rectilinear vortices of equal numerical strength 
K, but alternately of opposite signs, are spaced at distances a apart in infinite 
fluid. Show that the complex potential is 

W=iK log tan (nz/2a), 

the origin of co-ordinates being at one of the vortices of positive sign, and hence 
show that the row remains at rest in this configuration. 

Show further that if the very small radius.of cross-section of each vortex filament 
is ea, then the amount of flow between two consecutive vortices is approximately 
2/C log 2jne, [ Del 1946 ; Osm 62 ; Ena 59 ; Pb 64] 

[The result follows from the proceeding problem because 

\=za , cot (->./2a) = {cos (r:e/2)}/{ein (>ie/2)}=l/(ve/2) = 2/ne] 

Ex, 1. An infinite row of parallel rectilinear vortices, each of circulation 2 nh, 
intersects the z-plone at right angles at the points 2 =na-fji&, where n=0, 
;J~ 1, -{-2, . . . Another parallel row, in which each vortex has circulation 
-2-fc, meets the z-plane at the points z={n+l) a — iib, the two rows together 
forming a Karman Street. Show that the complex velocity potential in the 
2 -plano is 

ih log sin [w (z— J ib)ja]—ik log sin [—(s — la+lib\la] 
and prove that the velocity of advance of the rows is (r.kja) tanh (nb/a). 

Find tho velocity of the fluid at a general point in the plane which lies midway 
between tho two vortex rows. [ Ena 1958 ; Pb 62] 



174 STATIONERY VORTEX PAIR IN THE WAKE OF A CYLINDER [§3.38 

Ex. 2. Show that the stream function for a row of an infinite number of 
rectilinear vortices of equal strength k, evenly placed at intervals along the 
a:-axi3 in an infinite fluid is 

(5»=Jfc [cosh (2 ttj//< 3) — cos (2mi :/o)]. 
all the vortices being parallel to the z-axis. 

The position of a second row of such vortices of strength —k would be 
obtained by a rigid body displacement of the first set defined by z=\a, 
Show that such a double row or vortex street advances with Bpeed 

wfcr C03h 2xp+cos 2;rX "li 
a [_ co3h 2xp— cos 2rf. J 
•in a direction 0, with the street, given by 

tan 0=sin 2nX/sinh 2 xp. 

Ex. 3. A system consists of two infinite rows of equal parallel lino vortices. 
One row has vortices of strength +1: at z=na, (n=0, J^l, ^2, . . .). The other 
has vortice3 of strength— I: at z=(n+X— fp)a ; (n= 0, -J-l, -j-2, . . . ) whereX, P 
are real constants. Show that the vortices maintain their positions relative to 
one another but that the whole system advances in a direction 0 witheither 
row, where 

tan 0=sin 2xX-^sinh 2rrp. 

3.38. Stationary vortex pair in the wake of a cylinder in a stream. 
Suppose that there is a vortex pair placed symmetrically about OX 



past which there is a stream V in the positive direction of x-axis. 
The complex potential of the arrangement is 

f(z)=~Vz+iK log {(z—zj/z—zj)} 
where the vortex K is at A (z=z 1 ), and the vortex—/: at B{z=z^). 

Now insert the circular cylinder | z | =a, so that the vortices 
lie in its wake ; application of Circle theorem then gives the complex 
potential 


W —f(z) —V(a-/z)—iK log {[m-zMaW-zj} 
^-V^z+^+iKl og log 4 


const. 


=iK log (z— z l )+w t + const. 
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z-(q 2 /z,) 


( fl \ z — 

Z -\ — - J + I^log 7 — c r . TTF^n- 

z) b (z-Zj)[z-(a-/ Zl )] 

The velocity of the vortex K at A is given by — ( dWijdz ) when z = z 1 . 

This is the velocity induced by other vortices on the vortex A. Thus 
the vortex A will be stationary if (dw z /dz)—0 ; and this is true of 
every other vortex, so that all the vortices will encounter a similar 
fate. Accordingly we get 

FW-«*)+flC *,* ]“° 

H l a) ~ lk Zl l (z- 5l ) (z^! — a'-) (zf-df J 

Changing i to —i on either side we get 

V{zf — a 2 )=iK tiA {Zi ; i ' ~ w j f * 2 ~ I'* /. — 1 (2) 


or 


or 


Dividing (1) by (2) we get 

( z,-—a 2 ) zfi (z^— a-) (z x 2 — q e )+g g (z I — z/— q 2 
(2i 2 -a 2 ) — z x 2 (z^-qO (z^-q^+a^Zi-Zj^ z^-a 3 * 
z^(zi 2 — q-) 2 (ZjZi— q 2 ) (z 1 »-q»)+g«(z x ~g 1 )» 

Zi'C 2 ! 2 — q 2 ) 2- (zi 2 i-a 2 ) (2 l *-a t ) + a\2 l —z } )' 

By cross-multiplication, we get 

(zjZj — q 2 ) (Zj 2 — q 2 ) fo 2 —a 2 ) [(z 1 s —a 2 )Z 1 ! —z J , (z 1 i —a i )]= 

q 2 (z 1 -z 1 ) 2 [z 1 (z 1 2 -q 2 )+z 1 (Zi 2 -q 2 )][Zi(z 1 s -q 2 ) -^(z^-a 2 )] 
or fl*(zA- fl *) (Zj 2 — q 2 ) (z x 2 -a 2 ) (z x 2 -z x 2 ) = 

q ? (z-z 1 ) 2 (z 1 zi-q=) (z x +z x ) (z x -z x ) (z^-fq 2 ) 
Cancelling q 2 (z x z x — q 2 ) (z x 2 — z x 2 ) from either side we get 
(z x 2 — q 2 ) (z x 2 — q 2 ) -f (Zi — z 1 ) 2 (z 1 z 1 + q 2 ) = 0. 

This we can rewrite this as 


(ZjZj— q 2 ) 3 +z 1 z 1 (z 1 -z 1 ) 2 =0. (3) 

Putting z 1 =6e < 0 in (3), we get (h 2 — q 2 ) 2 =4h 4 sin 2 0 giving 

(fe 2 — q 2 )=2fc 2 sin 0, i.e. a 2 =fc 2 (l— 2 sin 0) (4) 

Simplifying (1) with the help of (3) and then eliminating 0 with the 
help of (4j,we get 

K=-V(b 2 -d l )%b-+a-)lbK (5) 

Hence for a pair of vortices at a given distance b from the centre of a 
fixed cylinder in a given stream V in the positive direction of the real 
axis, the equations 
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a 2 =6 2 ( 1-2 sin 0), K=-V{b-—a-'f- (b--^a-)/b z 

determine the positions and strengths of the \ortcx pair so that they 
may remain at rest. 

Exp. T tvo point vortices each of strength JC arc situated at o) and a point 
vortex of strength —IK is situated at the origin. Show that the fluid motion \s 
stationary and find the equations of stream lines. Show that the stream line which 
passes through the stagnation points meets the x-axis at (f^b, o) where 


3 V3 (&2-a2)2=16a3&. 

Sol. Tho complex potential is given by 

W=iK log (z—a)+iK log (z-f-a)-liK log z 
or 2w—2iK log (z 2 — a 2 ) — iK log z. 




3 z 2 +a 2 
z(z-—a}) * 


U> 


The fluid motion will be stationary if the induced velocity at any of the tor/ex is 
zero. Thus the induced velocity of A (on account of 0 and B) is 


dv/' r dw iK "I r d_ / 

dz ~ [_ dz z— a_J Ld=V 

Zr=a 


iK log (z+a) — 1^- log z^j =0 


which implies stationary motion. The stagnation points, given by dvrjdz— 0, are 

2 =±WV 3, i-e. (0,±o/V 3). 

The stream lines are given by 


2b=2K i log [(x 2 — y- — a 2 } 2 + 4x 2 y 2 ] —\K log (x 2 +y 2 ) 
or [(z 2 +3/ 2 ) 2 — 2a 2 (x 2 — y 2 )+a'] 2 i=^ 2 (x 2 +j/ 2 ) 

cr {,x"-\-y-)-—2a-(x-~y")-\-a /i ~A-\f(xt+y~) (2) 

The stream lines will pass through (o, io/V^3) provided 
(a*/9) -2a 2 { -o 2 /3) + a i = ±Aajf3 
This leads to A = -4-(16V3/91a 3 . 

These stream lines will pass through ( 4-6, o) if 

b 4 — 2a 2 b s +a 4 = (16 V3/9) a 2 6, or 3f3 (6 2 -a 2 ) 2 =10a 3 6. 

3.40. Images in two dimensions. If the motion of the fluid in the x-y 
plane is due to a system of sources, sinks, doublets, vortices, etc. and if 
there is a curve C in the plane such that there is no flow across it, the 
system of sources, sinks, doublets, vortices, etc. on one side of C is said, 
to be the image of the sources, sinks, doublets, vortices, etc. on the other 
side of C. Obviously the curve C must be a stream line for there is 
no flow across it and so if we introduce a rigid barrier coincident 
with C, the fluid motion will not be affected. Clearly, the velocity 
of the fluid at any point, normal to the rigid barrier must be zero. 

In the following we shall obtain the image system for ane straight li 
and a circle for a source, a doublet, and a vortex. 



{§3.40 IMAGES IN TWO DIMENSIONS 177 

(1) Image of a source in a straight line. Let there be two sources 
each of strength m at A and 
B on opposite sides of and 
equidistant from the line 
OP. 

Since <f>=— m log r 

3 <f>fdr—m/r. 

Thus velocity at P due to 
m at A 

~ ( mjr ) along AP 

and the velocity at P due to 
m at B 

— ( mjr ) along BP 

Hence the normal velocity at P=—(m/r ) cos 0-f (m/r) cos 0=0. 

Thus, there is no flow across the straight line OP. This implies that 
the image of a simple source in A a straight line is an equal source 
equidistant from the line. 

(2) Image of a doublet in a straight line. A doublet is a combination 
of a source and a sink 
of equal strength which 
have their respective images 
in the straight line OY 
(say) as an equal source 
and sink of the same 
strength and placed equidis- 
tant from the straight line. 

It follows that the image of 
a doublet of strength it at 
(a, 0) with its axis inclined 
at an angle a with OX, is 
an equal doublet at B{— a, 0) 
inclined at (-— a) to OX, i.e. 
an equal anti-parallel doublet. 

Exp. 1. IJfvid fill the region of spate, on the positive side of the x-axis, which is 
a riqid boundary, and if there be a source tn at the paint (0, a) and an equal sink 
at (0, h), and if the pressure on (he negative side of the boundary be the same as 
the pressure of the Jlutd at infinity, thaw that the resultant pressure on the 
boundary is 

■x?m t i.a—b)-]aU,aa r b), 

where p it the density of tl ef uid. [Earn 1962 ! Del 65, 36, 32 J 

Sol. The image of sourco m at z~ia is r?n equal source t/i at ia, and the 

image of <-ir.k, — m at z—ib is an equal mnlc at z=—ib, and this imago ,.3 stem 
does iV.vp.y with th rt boundary y — 0 ( t .0 , x - u?:s ■) . Thus, the complex potential 
of the entire system is , 

1 */ = — m log (c— aiJ-fj.u log (t — it ) — m log (t + nj+tft log (r+W) 
i.c. w= — m log (;2-f log 




( 1 ) 
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Tho velocity at any point z is given by 
I dzl 


[§3.40 


~j =2m J : 




(;2+a=)(z2+62j 


consequently^ ** My P °' at ° n distant a from tho origin is (z=a) j 3 

? o2w (a 2 -i 2 )r/(a24- a 2)( a: 2^{,2)_ 

To determine the pressure rve need ue« n ^ 

vfe Wfl+i!’-*™.., Tb»;, .mco,-0 vte E n 7““ , ;S,"4ir»r Xi“’ 

(p/p)— (H/p)— $g2 # or (U_ p)/p=Jg2. 

Thus, tbe pressure gradient (or fall in pressure) is (U *t . 
pressure P on the boundary is P U 1 l u —P) , hence tho resultant 


Since, 


Pa j (U-p)dz «= ip f g2dx_2 m 2pf ^(a 2 -*, 2 ) 2 <fa 
0 Jo (z 2 +a 2 ) 2 (x2-fb! 

J» 2 +b 2 1 a 2 


1 


02)2(2:2. 
I 


6 2 } 2 

b 2 i 

„ - ‘~(* 2 -Q 2 ) 2 (iHPj2 

P=2m* P J—\ « 2 b 2 , 

J 0 1 * 2 ~« 2 V 3 2 +a 2 z s +b 2 /~<£ 2 +a 2 ) 2 '~ (^fpjs } dx 


=2m 2 p /£±iV_!L. 

Li> 2 — <oA ga 


•*) 


4a ■" 46 J" 


«=npm 2 g( g 2 4-6 2 )~(o4-I>) 2 -pm2fo-fc)2 
_ . 2ab (od-b) 2ab(a+b) 

“ , - 2 - «pace on one side o/ an infinite plane wall i/ c 0 y?n, 7 . . . 

cid, incompressible liquid moving at infinity with velocity T1 in th{ r* r th % * V T 
axis of x. The motion of the liquid is Iholfu tTa dimsnt T ^ * r f ct,on »/ Me 
A doublet of strength pie at a distance a from the tall and Linte l //’ V) ph ," e ' 
direction of the axis ofx Show that ifu<- lln ih “ potn/s »n t/je negative 

wall is a Maximum alpknteVslanc/^faJromb th/’fZZV t"*' ***? Z 

/rom tfte doublet on the wall, and is minimum Zo. f f P*V'»dteuiar 

If, p=da 2 V, find the point y where the jelocilv of the liauid is ,, rn ■ t, 
that the stream lines include the circle V J 9 ® * a/!f * lfl<w 


where the origin is taken at O , 

Tho complex potential 
for a doublet of strength ^ 
at z<=»z 0 inclined at an angle 
a to the real axis is 
ta . 

V-e l(z-z 0 ). [§3-21 (3)p. I4C.] 

Since tbe imago of the doub- 
let in question, is an equal 
doublet, similarly oriented, 
the complex potential for the 
system, consisting of original 
doublet, image doublet and 
the stream V is 


* 2 +(y— a)*=4at 


[Pb 1950 { Supp ,)] 

A V 



Thus, 


v/ 


_g c 


.lie 

*f>— : — Uz=- 

1 r -t- t n 


2 pz 


Vz . 


ia ’ z+ia z 2 q-a 2 

dv/Jdz=-V-2p (a?—z 2 )/(a 2 +z 2 ) 2 , 


(1) 

( 2 ) 
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Now, by Bemoulli-Cauchy integral 

(p/?}+|g ! =canst.=(II/jO-H{72 

i.e. (H— p)/?=i ( g*— 17 2 ). (3) 

Since at any point on the -wall, r=x (the real axis), tee get from (I) 

| -dwjdz | 2=g2=[C+2 !1 (a 2 _x2)/(a 2 +x2)2]2 (4) 

Thus, (n-p)/ f =[2n2 (a2-x2)/ (o 2-fx- ) 1 ]+[2 (1 D (a 2 -* 2 )/^ 2 -}.* 2 ) 2 ]. ( 5) 

For maximum or minimum value of the pressure, dpjdx= 0, so that 


T 4z(a-—x-) 

Px(a 2 x-)2~| , 

r 2x 

4x( 0 2_x2)' 

L (o2+x 2 )l ~ 

{a 2 + z 2)S J ‘ 

_(a 2 -fx2)2 

■ (a2+x2)3 J 


or 4jix [2 h- (a-—x-)+U <a 2 -f x 2 } 2 ] (3a 2 -x 2 )/(a 2 -hx 2 )5=0. 

Thus, either 2=0 or x=ay 3. Note on the trail (y=0), at x=at/3, 

(dv//dz) = — I74-(jt/4a2) by (2). 

If ji <[ 4a 2 (7, then the value of (d 2 p/dx 2 ) at s=<n/"3 is negative; so that the 
pressure of the fluid at tho trail is a maximum. However, {<Pp/dx 2 ) at x=0 is 
positive, so that the pressure is a minim um. If > r i=ia~U, then 

U+{Sa”-U (u2-z2)/(a2+ I 2 ) »> == 0 by (2), 

or x*— 6a 2 = 2 4-9a4=0, =j. (z 2 -3a 2 ) 2 =0 or c=~aV3. 

Thus, the stagnation-points are cr\f3, 0). 


From (1), by equating imaginary parts and using \L<=>4a-U, tre get 

rr , , 8q2 Vylx-^f—a-) 

Z/ " r (x 2 -f-y 2 )'--f 2a2(xS_y2j-^ 0 4 

Patting ^=0, tre get 

( 2 2J-y2)2_6a2x2_10a2y2 + 9a4 = 0, 
or (x 2 -f y 2 — 2ay— 3a : ) (z 2 -5-y 2 -f 2av— 3a 2 )=0. 

This obviously includes the circle : w 2 +{y— a) 2 — 4a 2 . 

Ex. 1. Find the velocity potential and the stream function due to a two- 
dimensional source of liquid. Find also the effect of the pressure of an infinite 
straight boundary in the plane of the motion of this liquid. 

In the case of the motion of liquid in a part of plane bounded by a straight 
line due to a source, prove that, if mp is the mass of liquid (of density p) gene- 
rated at the source per unit of time, the pressure on the length 21 of the boun- 
dary immediately opposite to the source is less than that on an equal length at 
a great distance by 


_L JLtan'- 1 

l l ' 

2 -- V c 

c "I 2 d-c 2 


where c is the distance of the source from the boundary. 

[Ag 1965, 55 ; Bom 52 ; Jab 59] 

Ex. 2. Explain the terms source, sink and doublet as used in Hydrodynamics. 
Two straight lines which are at right angles are the boundaries of a quarter 
plane occupied by a homogeneous liquid. There is a source and a sink of equal 
strength on bounding straieht lines at a distance a from the point of inter- 
section. Find an expression for the liquid motion in the plane. [Del J, ' 

Ex. 3. A source is placed midway between two planes whose distance 
one another i3 2a. Find the equation of the stream lines when the 
two dimensions end show those particles, which at an infinite A* 
tant ]'j from one of the boundaries, issued from the source in a 
an angle w/4 with it. 
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(3) Image of a vortex filament in a plane. Let A, B the vortex fila- 
ments of strength k and 
— fc be situated at z x and 
z 2 respectively. The com- 
plex potential of the vor- 
tex pair is 

w=iK log (z— z,) — 

ik log (z~z 2 ) 
so that the current func- 
tion </■ is given by 
^ = K log (rjr 2 ) 
where | z— z 2 1 =r 1 and | z — z 2 j =r 2 . 

It is evident that there will be no flow across a plane bisecting AB at 
right angles, for a point P on it r 1 =r 2 so that </> = 0. The motion 
would, therefore, be unaffected if the plane were made a rigid 
barrier. Thus the image of a vortex filament in a plane to which it is 
parallel is an equal and opposite vortex filament at its optical image in 
the plane. 

Thus, if AB= 2a, the vortex filament A shall move ( under the sole 
effect of B) parallel to the plane with uniform velocity 

| dwldz j - |iA7(z 1 -z 2 ) | —K/AB—KIla. (1) 

Also, the velocity midway between A and B due to both the vortices is 
2 Kja, so the vortex moves parallel to the plane with one-fourth of the 
velocity of the liquid at the boundary. 

Exp. 1. Find the motion of a straight vortex filament in an infinite region bound- 
ed by an infinite plane wall to which the filament is parallel, and prove that the 
pressure defect at any point cf the wall due to the filament is proportional to 
cos^O C03 29, where 0 is the inclination of the plane through the filament and the 
point to the plane through the filament perpendicular to the wall. 

Sol Tho vortex filament h at A gives 
rise to a vottex filament — h at B, its 
optical image in tho plane. Lot tho join 
of AB bo i/-axis, so that the co-ordi- 
nates of. t and B are ia and —ia res- 
pectively. Hence tho complex potential 
shall be 

W=ik log [(= — ai)l(z+ of)] (1) 

vrhich at time t shall becomo 

W=ilt logf — — — — ~ ^ -chore V—-~- 
\z+ta — Vt/ 2a 

This gives, 

_ — 2 -^- 1 . 
a t ]_ t—io — vt z-i-ia—vt j 

The valuo of [(Sf/SO + i (2>j//SI)] at a point P on OX (y=0), (Fig.) at t= 0, is 
1 2 0 , . 3\f/ \ _ ZVIca h" cos 2 9 
\ 31 1 1 31 )q x°+a 2 ~ 


[JH 1955 ; Pb 50 (Slip)] 
A 




(V 3-s= tan 0). 
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Thus (30/B() o =/: s co82O/a 2 , 

Also nt i=0, the velocity at P on Or is the rr fultnnt of l./PA, k/PB perpendi- 
cular to PA and PB respectively and 18 obtained moie easily Horn (1), i.e. 

i dv/ 2ka 21 

q— — a=> — cos 0. (y = 0, x—a tan 0). 

i dz | a ! + a 

Now the pressure is given by the Cauchy’s pressure equation : 


T+i 


= const =/(<), (say). 


Thus the pressure at the point P at time (=0 is given by 

p 2k- cos ! 0 IP- ros 2 G 

- L - + , 77 <=/ 0 . 

P a- a- 

Now as the point P -> w > , p— ..II and 0 -> Aw ; so that /(<) = H/p) for all /. 

Hence. — — — cos-0 (1—2 cos 2 0) = — ^5 - cos 2 0. cob 20. 

’ F a- ' a- 

Thus tho pressure defect at any point P of tho wall OX is as stated. 

Note. The force on the plane due to the motion is 

-- — f cos 2 0 cos 20. a sec 2 0 d0 = 0. 


Jflfl f +I~ 

a- J —hz 


Exp. 2. Prove that a thin cylindrical torlex nf strength k, running parallel to a 
plane boundary at distance a will travel with velocity (kjdra) ; and show that a 
stream of fluid will flow past between the travelling vortex and the boundary, of total 
amount 

(k]2n) [log (2a/c)—}] 

p r r unit length along the vorter, when c is the (small) radius of the cross-section of 


the vortex. 

Sol, Tho cylindrical vortex k 
at A (z=ia) will give ri-e to 
an image — k at A' (zc=—ia) 
and consequently, tho com- 
plex potential will be 

W= '21T log (to )• (,) 

The velocity at A shall be 
soltly due to its image, and is 
given by 

dw' d / ik , . . s. 

dT=-Tz\~-2?}°z (s+,fl) > 


{Del 1938 ] 


'• j dz I 3 2w 1 z+ia!~4na /( *0, 

z—ia V ,s 

Now let us reduce tiie system to relative equilibrium by guperimposiug an 
equal and opposite velocity to that of the vortex velocity, viz. kjir.a ; this evi- 
dently adds an additional term (Lyjiza), [(3t|</3 ij)=(kj4za)] to the stream f 
tion derivable from (1). 


'2 hT ! °s to to ’-'“to 
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We need total flow Q between the travelling vortex and the plane given by 
<?='{'(<» oJ-'ho- a-el • Thus 

Q=-[kl in) log {e 2 / (2n — c) 2 > — [kji-a) [a—c) 

=(fc/2x)[log <(2a/c)-l>-( a -c)/2a] 

=(E/2r)[log (2a/c)+log {l-(c/2a)>-J+|(c/ 0 )] 

== (A-/2— ) [l°g (2o/c) — J] ; neglecting c- in expansion of log series. 

Ex. 1. If a rectilinear vortex moves (in two dimensions) in fluid bounded by a 
fixed plane, prove that a stream line can never coincide with a line of constant 
pressure. 

Ex. 2. An infinitely long line vortex of strength m, parallel to the axis cf z, is 
situated in infinite liquid bounded by a rigid wall in the plane y—0. Prove 
that, if there be no field of force, the surfaces of equal pressure are given by 

[(x-a)2+(y-fc)2][(x-a)2+(y+6)2]«=cr2/ 2 +6 2 -(3:-a)2] 
where (a, 6) are the co-ordinates of the vortex and c is a parametric constant. 

{Bom 1957 ; Lkti 59 ; Osm 59] 

(4) Image of a vortex in 
a quadrant. If the vortex 
k be at (x, y), then the 
image system consists of 

(i) —k at (x, — y ), 

(ii) - k at (—x, y), 

(iii) -{ -k at (— x, — y). 

Figure shows the ar- 
rangement of images. 

The velocity of the vortex 
at A (x, y) is due solely to 
its images and since vor- 
tex moves parallel to the 
plane with velocity (Je/2a), 

[§3-40(3), p. 180], hence its 
components are as shown in the figure. The radial and cross-radial 
components are given by 



dr k n k_ . k cos 6 k sin 0 k cos 26 
dt ~2 y C ° S 2x 2r sin 6 2 r cos 0 — r sin 20 


r 


d0 k k . 0 k Q k k sin 0 k cos 0 —k 
dt ~2r"~2y Sm °“£F 005 6== F "2? sliT~2 7 cosT^lF' 


Therefore by division, 

1 dr „ cos 20 

~T d0~~~~ sin 20 
whence integration pro- 
vides 

log r-f-log sin 20=log a 
or rsin20=a (1) 
where a is a const, of 
integration. 
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This is Cote's spiral and its trace is on p. 182, botton. 

To obtain its Cartesian equivalent, we rewrite (1) as 
\ar—r sin0. r cosO 

when ce : } (xt+y 1 ) a 2 =x 2 y 2 or ^r-ryr—-^- 

Ex. Exemplify the theory of imsge3 in two-dimensional liquid motions by 
finding the velocity potential of infinite liquid bounded by two plane walla en- 
closing a right angle, 

(i) when there is a single line source of strength m, 

(ii) when there i3 a single line vortex of strength m. 

Prove that, in the latter case, tho path of the vortex is a carve of the typo 

1 _1 1 _ 

x 2 ^ y” a 2 

8nd the rate of description of the vectorial area about the origin iB constant. 

[London 1932 , 70] 

[Since 3 C’j—xy=—\l:, the vortices describe the Cote’s spiral in the same way bb 
a particle under the central repulsive force varying as the inverse of the cube 
of the distance. Obviously the rate of description of vectorial area about the 
origin is constant.] 

(5) Images in a plane : a general method. Suppose all te sources eli 
in the half plane y > 0 and 
that their complex potential 
is given by 

/(-)= — Zm t log (z—z T ). 

Now, when the plane bar- 
rier 7=0 is inserted, the 
complex potential reduces to 

w=/(z)4-/(z) 

= — Zm r log (z— z r ) — 

Zm r log (Z— Zr). 

Since on y— 0, z—z, it 
follows that w is purely real 
and the plane y= 0 is the 

stream line ^=0. Also when z r lies in the region y > u, tnen z, tics 
in the region y <2 0, so that no new singularities are introduced into 
the region y > 0. 

Suppose now that all the sources and sinks lie in the half plane 
x > 0 and the usual complex potential is/(z)=— Znir log (z— z r ). 
Now when the plane barrier X—0 is inserted, the complex potential 
reduces to 

v/—f(z)+f(—z)=—Zm r log (z—z T )—Zm T log (— z— z r ) 
for on X=0, — z=Z, so that w is purely real and the plane x=0 is the 
stream line ip—0. 

Two-dimensional doublet. Suppose now that there is a two-dimen- 
sional doublet of strength g inclined at a to x-axis. Then the image 
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is an equal anti-parallel doublet. The complex potential for the iso- 
lated doublet at z 0 is (vide §3-21(3), p. 146) 

Wi=A(z)=fi e ta ((jz — z 0 ). 


1 

1 

1 

! 

y 

1 

i 

/ i 

i 

\ 




\ , 0 


\a 

1 A (-m) 


When the plane x=0 is inserted, it reduces to 

. . Ii e <a fi e't— *) jx e' 1 u. e~ <a 

w=/( z )=r-7-+ - z —=-—-~ — — —• 

~ 4 " 2q ii '' Zq 4 | ig 

by an argument similar to what has been said above. 

(6) Image of a source in frpnt of a circle. When a source m at z=f 
is present alone in the lluidj the complex potential is — m log (-—/). 
But when we insert a cylinder, the complex potential, by circle 
theorem, becomes 

w=-m log {z—f)—m log [(a-/z)—f] (1) 

We re-write (1), by adding an immaterial constant term — log (— /). 
Thus 

w == — m log ( z—f)—m log [z— (a-/f)]+ m log z. (2) 

This is the complex poten- 
tential of 

(i) a source m at A{z=f) 

(ii) a source m at B 

[z=a-/f] 

(iii) a sink —m at 0, 

(z=0) 

Since OB=a 2 //, it follows 
that A and B are inverse 
points with respect to the 
circular section of the 
cylinder and B is inside 
the section when A is out- 
side. 
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From (2), by equating the imaginary' parts after putting z—ae^ on 
the circle, and setting ( a-/f)=f', we get 


r = —m tan' 2 


c- 


a sin 0 \ 

tan ' 


CO 5 


■if csin <LV 

\ a cos 0—/' ) ‘ 


nft 


= — m tan 


[~ a sin 9 (2a cos 6— /'—/ H 
| cos 0 (2 a cos 0— /'—/)_ 


= — m tan -1 (tan 0)-fm r j=O. 


Hence for this complex potential, circle is a stream line. Thus the 
image system for a source outside a circle (i.e. circular cylinder) consists 
of an equal source at the inverse point and an equal sink at the centre of 
the circle . 

Second Method. Let us consider three points O, A and B on a 
straight line OX. Place a 
sink"— mat O. a source 
m each at B and A. 

Since 6= — / 710, for a 
single two-dimensional 
source, therefore the 
stream function at any 
point P will be 
■0 = -fmft—mV — niT 
= — mfa-pO'’) 1 
since O'— 6=?. 

Now draw* a circle with 
centre O and radius 

\ f OAfOB. so that A and B are inverse points with respect to the- 
circle. If P be any point on this circle, then 

OA.OB=OP- or [OA [OP]= [OP[ OB] 



so that triangles OAP and OPB are similar. Hence 
s=w — 6' or 

Thus d> = — 772- (a constant). 

It follows that on the circle, y is constant, so that the circle is a 
stream line. 


Hence the image of a source at B with regard to a circle is an equal 
source at the inverse point A with an equal sink at the centre O of the 
circle. 

Third Method. The image system can also be found by direct 
calculation of radial velocity on a circular cy linder. 

Let us place a source m at A outside the circle and an equal source 
m at B. the inverse point of A with respect to the circle (Fig. p. 186). 

Tne velocity at P due to m at A=(in;AP) along AP. 
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The velocity at P due to m at B—(m/BP) along BP. 



Hence the the velocity at P normal to the circle, due to m at A and 
in at B is 

=(m/AP ) cos Z-OPA+itn/BP ) cos Z_OPB. 

Now triangles OAP and OBP are similar, so that 

/_OPB= /_OAP=a (say) and /_OPN= Z_PBA—^' 


AN 


Now, cos a= 7r -.= 


AP+PN 
OA~~ OA 
BP . BP 
OP 


v4P+OP cos 6' AP OP 
~ = OA i OA 


OA 


cos 0' 


+j' p cos °' 




OB 


for gP 


OP 

OA' 


BP~\ 

AP_\ 


Hence normal veloc.ty = ~ p cos j cos 0' ) = 

Clearly if we place a sink —m at O, the normal velocity at P shall 
be zero^ 

Thus the ihiage system consists of an equal source at B, the inverse point, 
and an equal^sink at O, the centre of the circle. 

Cor. Th^ image of a source at B and an equal sink at O is an equal 
source at A, the inverse point of B where B lies inside the circle. 

Exp. 1. Two-dimensional source as parallel to the axis of a rigid cylinder cj 
■circular section. In a plane perpendicular to the axis, the source and axis of the 
■cylinder are represented by the points A and 0 respectively. P is a point in this 
plane and is on the cylinder, show that the speed oj the liquid at P is pro- 
portional to 

AOPA/AP-. 

Sol. Let -4' be the point inverse to the point A with regard to the circle, 
centre O and radius a. Then the image of source m at A (0 A—j'f.a) is a source 
in at A' and sink — m at 0. Consequently the complex potential is given by 
w— — Tii log (a—f)—m log ( z—a-/f)+m log z 


Thus, — 


dw m m m 

dT^z'Trf + N^ff~~ 


m{a-— z 2 ) 


( 1 ) 


Tvliere/'esa 2 // - . If the point P lies on the circle, then z=ae and (1) yields 

j dw | o 2 1 (l-e 2 * 9 ) | 2p sin 8 4 A OP-4 

I dz r OP.AP.A'P -AP.[OP.(APIf)}~ a AP"- 


Since A'PjAP^OPjOA. The final conclusion is qr-^OPAjAP-. 
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(i) a source of strength mat A (c=/> 

(ii) a source of strength m at A' {z—f) 

(iii) a sink of strength —m at B (z^=bet*) 

(iv) a sink of strength —m at B' 



Honoo tho complex potential function ia 

W=-m log (z—f)—m log {=-/') +m log (s~M*)+w log (z-6Vx), 

From this equation wo can obtain velocity potential and stream function 
by equating tho real and imaginary parts on either side. 

Sinco OA . OA'-OB . OB'=*a- ; the points A, A’,B, B’ are concyclic. Let the 
circle through these four points meet the original circle in C and C . 

Since 0.1 . (MW=0C2 

• 00 is a tangent at C to tho circle through C, C'. Therefore the two circles 
cut orthogonally. Also the circle A’B'CC' passes through A and B, the source 
and the sink, hence it must bo a stream line. 

This is otherwise also clear ; for tho stream lines for a source and an equal sink 
are circles, the circle through the above four points is o stream line. L ami t. 
are stagnation-points. 

Exp. 4, Show that the force prr unit length exert'd on a circular cylinder, radius 
a, due to a source of strength m, at a distance efrom the axis is 

~ r ' r ' n 0 IC \Bom l955 ; Jad 58 ; Kr 60 ; F6 62, 58] 
Sol. In Fig. 0.-l = c ; 0B=o2/c=c’ (say). 
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The complex potential due to source m at A(z = c) and its image system, m at 
B and — m at O is 

W=m log z — in log (2 — c)—m log ( r—c '). 

Thus, dw/<lz=:{mlz)—{ml(z—c)}—{inl(z—c')}. 

Since components of force are given by Cauchy-Blasius theorem, viz. 

X-iY=-~P [sum of the residues of (dvv/rfs) 2 within cylinder] (1) 

we proceed to find the residues of (dw/dz)t. Now 

(div/dt) 2 ■= (m 2 /; 2 ) + c) 2 > + <m 2 /{ 2 — c') 2 > + <2»i 2 /(z — c)(s — c')> — 

fim 2 jz(z — c'}—{-2m-lz\z—c)}. 

Patting the expression on the right into partial fractions we get 
(div/dz) 2 =(myz2) + {ma/(z-c)Z} + {m2/z— c') 2 >+ < 2 m 2 /( 2 -c){c-c')> + 

{2m e /(z—c')(c' — c)}-f-(2m 2 /(a'z)—{2m 2 /(z — c')c'}+{'2m 2 /(z~c)c}+(2m s /cz). 
Obviously the poles inside the cylindrical contour are 2=0 and z=c'. The sum 
of the residues, i.e. the sum of the co-efficients of z~ 1 and ( 2 — c')" 1 is 
( 2 m ? /c')+( 2 m 2 /c)+ 2 m 2 /(c'— c)— (•2j» 2 /c')=<2mV/c(c / — c)>=<(2m 2 a 2 /c(a 2 — c 2 )>. (2) 
From (1) and 12) 

X-iF=-wp . 2inV-/c(fl!-c2), 

Hence X=2-pm 2 a 2 /c(e 2 — a 2 ), l r =0. 

Thus the cylinder is attracted towards the source, and a sketch of Btrenm 
lines reveals that the pressuie is greater on the opposite side of the cylinder 
to that of the source. 

Ex. A source of fluid situated in space of two dimensions, is of such strength 
that 2n p (i represents the mass of the fluid of density p emitted per unit of 
time. Show that the force necessary to hold a circular disc at rest in the plane 
of the source is 

2upa 2 p 2 /r(r 2 — n 2 ), 

where a is the radius of the disc and r the distance of the source from its centre. 
In what direction is the disc urged by the pressure ? 

[Ay 1959, 56 ; Aid 61 ; Got 61 ; Raj 64] 
[Here the strength of the source is, by definition, p, because mass of fluid 
emitted is 2u p p. per unit of time.] 

Exp. 5. Within a circular boundary of radius a there is a two-dimensional liquid 
motion due to a source producing liquid at tl e rale m, at a distar cc f from the 
centre , and an equal sink at the centre. Find the velocity potential, and show that 
the resultant pressure on the boundary is 

pm 2 / 3 /2a 2 w(a 2 — / 2 ) 
where p is the density of the liquid. 

Deduce as a limit the velocity potential due to a doublet at the centre. 

[An 1961, 59, 51 ; Ala 61 ; Ban 47 ; Cal 54 ; Del 57, 51 ; Mad 59, 57 ; Pna 65 ; 

' Pb 56 (S) ; Sag 54; Ut 64, 61] 


Sol. Here, the strength of the 
source is mf2~ = m' (sav). Now, 
to do away with the cylindrical 
boundary, we consider its effect 
in the form of images) Tlio 
image of source m' at 4(2-=-/) 
and sink — m' at 0 ( 2 = 0 ) is a 
source m' at A'[z=a-lf=f', say) 
Consequently, the required 
complex potential is 

w ——’n' log(c -f)—m' log(c -/') 
4 to' log 2 (1) 

To find the velocity potential, 
w e equate the real parts in (1), 
and remembering that roal part 
of leg S)=log j X, | we get 



m' log AP-m' log /l'P4»>' ) 0 g OP = -m' log (AP . A'PjOP). 
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Now, (dw/d2)=-m'[l/(z-/)+l/(z-/')-l/z]. 

Since the components of the fluid thrust are given by Caucby-Blasius theorem, 
viz. 

X—iYt = — Trp [Sum of tho residues of (dw/dz) 2 within the cylinder] (2) 
wo proceed to find the residues of (dw/dz) 2 . Now 

(l/ W ' 2 )(dw/dc) 2 = [l/(c-/) 2 J+[l/( 2 -/0 2 ]+(l/ 2i! H-[2/( Z -/)(2-/')]-[2/c(c-/')]- 

[2 /z(z-/)]. 

Putting the expression on the right into partial fractions, we get 

(dw/d 2 ) 2 =m' 2 <(l/^)+[l/(^-/) 2 ]+[l/( 2 -/') 2 ]+[2/(--/)(/-/')]H- 

[2/(z— /')(/'• -/)] + (2/5f')-[2/(=-/'}/']-[2//(=-/)] + (2//r)>. 
Obviously the poles inside the circular boundary are z=0 and z—f The sum 
of the residues, i.o. tho co-efficients of 2-1 and ( z—f )~i is 

2m ,2 {(l//')-b(l//)-fl/(/-/')-(l//)> = [2m' 2 /// , (/-/')]=[m 2 /3/2a 2 n 2 (/ 2 - a 2)]. 
Substitutions in (2) lend to 

X—iY = — Trp.[m 2 / 3 /2a 2 j: 2 (/ 2 — o 2 ]. 

Thus Z=pm 2 /S/2T:a 2 {a 2 -/ 2 ) ; T=0. 

To obtain the doublet at the centre, we have to mBko/->0, m / /-^(i[or a 2 //->oo] 
Now from (1) 

wlm '<=— log (1— flz )— log (1— z//')+ const. 

— (Z/^+f 2 //') expanding logarithms and neglecting const, 
or w = ((i/z)-f (p-z/a 2 ) [m[/— >(i and f’-a - /] 

Equating roal parts wo get 

0s=p. oos 0 (r"l+a~ 2 r). 

Exp. 6. A line source is in the presence of an infinite plane on which is placed 
a semi-circular cylindrical boss ; (he direction o/ the source is parallel to the axis 
of the boss, the source is at distance c from the plane and the axis of the boss, whose 
radius is a. Show that the radius to the point on the boss at which the velocity 
is a maximum mates an angle 0 -with the radius to the source where 
0=cos-i<(a 2 +c 2 )/y'2( ff )4.i4)y, 


Sol, Tho imago of sourco 
m at A (z=c) in the 
cylindrical boundary is a 
source m at B (z=a 2 /c=c') 
and a sink, —m at 0 (2=0). 
This does away with the 
cylindrical boundary. And the 
imago of source m at A (2 = e) 
in tho lino a;=0 is sourco m 
at A' (2 = — c), that of m and 
— m at B and 0 is m at 
B'(z= — c') and — rn at 0. 
Hence tho complex potential 
shall bo 


[Del 1962 ; Osm 60] 



w* 

dw 

m' 

Tho velocity at 

dw 


-2m log 2— m log (z 2 — c 2 )- 


= — 2m ^ -2 — c 2 
any point P (z= 


m log [z-—c'-) 

— 2m(r 4 — c 2 c' 2 ) 
z(z»-c 2 )iz 2 -c' 2 ) 


Z 2 -c' 2 2 J* 

ae’® ) is given by 


5= 


dz 


2 ma i | (e ij9 —l) 


■ s o 2t0 ty\ | 

j (a- e -c-) I 
4mae 2 sin 20 


{a 2 e 2,0 -(a 4 /c 2 )> 


— 2a 2 c 2 cos 20) 


( 1 ) 
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Thus, (477iac 2 /g) = (a 4 -f c 4 — 2a 2 c 2 coB20)/sin 20. 

If g is maximum, then (1 jq) must be minimum. Now, put (4mac 2 /g)=Af, bo that 
JC=(a 4 +c 4 ) cosec 20— 2a*c 2 cot 20 

(dK/dO) = —2(a i +c i ) cosec 20 cot 20+4a 2 c 2 coscc* 20 (2) 

(d 2 iir/<f0 2 )=4(a 4 -f c 4 ) cosec 0 (cosoe 2 204-cot 2 20)— 8a 2 c 2 cosec 2 20 cot 20 

=4 cosec 0{(a 2 cosec o — c 2 cot Q) 2 -fa 4 cot 2 0-fc 4 cosec 2 0} (3) 

Since 0^ i~, it is clear that (d 2 A'/d0 2 ) > 0, so that AT must bo minimum anti 
hence g must be maximum. From (2), putting (dKjd0)=0, we obtain 

(a'i-f-c 4 ) cosec 20 cot 2Q=4a 2 c 2 cosec 2 20 or cos 20=2a 2 c 2 /(a 4 -f c 4 ) 

Thus 2 cos 2 0=(a 4 4-c 4 4-2o 2 c 2 )/(a 4 -}-c 4 ), or cos 2 0=(a 2 -j-c 2 ) 2 /2{a 4 -j-c 4 ), 

i.o. cos 0=(a 2 4-c 2 )/V2(a 4 4-c 4 ). (4) 

fix. J, In tho two-dimensional motion of an infinite liquid there is a rigid 
boundary consisting of that part of tho circle s 2 4 -y 2 = a 2 , which lies in the first 
and fourth quadrants and the parts of tho axis of y which lie outside tho circle. 
A simple source of strength m is placed at tho point (/, 0) where /]>a. Provo 
that the speed of the fluid at tho point (a cob 0, a sin 0) of tho semi-circular 
boundary is 

AmaJ~ aln 20/(a 4 -f-/ 4 — 2a 2 _/ 2 cos 20). 

Find at what points of tho boundary tho pressure is least. [Oem 1961 ) 

[By Bemoulli-Cauchy pressure equation, p4-i pg 2 =const., it follows 

that p is least when g is maximum. Thus, at a point P (z=ae l0 ) whore 0 is 
given by (4), tho pressuro is least. At every other point, p is greater than that 
at !>.] 

Ex 2. (a) In liquid boundod by the axes of x and y in the first quadrant 
thoro is a source of strength m at distance a from the origin on tho bisector 
of the angle xoy, Prove that tho complex potential is — m log (a 4 -f z 4 ). 

(b) OX, OT are fixed rigid boundaries and there is a source at (a, b). 
Find the form of the etroam lines and show that the dividing lino is 

xy (x 2 — y 2 — a 2 4-0 2 )t=0. 

(b') Tho two-dimensional motion duo to a source whoso polar coordi- 
nates are r=a, 0=|3, (P<^tt/ 4) is bounded by tho lines 0=0 and 0=n/2. Show that 
the equations of tho stream lines aro 

r 4 sin (40— a)— 2 r 2 a 2 cos 2(2 sin (20— a)— a 4 sin a=0, 

where a is a parameter. In particular, find tho equation of the stream line from 
the source to the stagnation point on the lino 0=0. \Pb 1963 ] 

Ex. 3. A sourco is situated at the point (i>, b) in the region bounded 
by tho axis of x and the circle x 2 4-}/ 2 =a 2 , the source being outside the circle. 
Show that tho fluid velocity vanishes at the points (± a, 0) and that it will 
vanish at ono other point on tho circle provided that 26<[(2-f yf2)a. 

Ex. 4. (i) Provo that if there are any number of sources at points on a 
circle, tho circle is a stream lino provided that there is no boundary and that 
the algebraic sum of the strengths of tho sources is zero (Del 1949 ; l.A.S. 59) 
(ii) Show that tho eamo is true if tho region of flow is bounded by a 
circle which cuts orthogonally the circle in question. 

Ex. 5. Show that he motion of a liquid within a circular boundary of radius a 
due to a source m at a distance a/2 from tho centre and an equal sink at tho 
centre is given by 

W=— m log [(z— \a)(z— 2o)/z], 
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Prove that the velocity of a fluid particle at the boundary is 
[4m tin 6/a (5—4 cos 0)], 

A being the angle between the radius through the source and the radius to the 
particle. Show how to calculate the pressure on the boundary. [Bom 1957] 

Ex. 6. If a circle be cut in half by the y- axis, forming a rigid boundary 
and a source of strength m, be on the ar-axis at a distance a, equal to half the 
radius, from the centre, prove that the stream lines are given by 

(16a 1 -!- r 4 ) cos 20 — 17a 2 r 2 =(16a l — r 1 ) sinSO.cot 
■ty being a suitably adjusted value of the stream function. 

Show further that the stream line ^ —I mr. leaves the source in a direction 
perpendicular to OX and enters the sink at an angle ~/4 with OX, and 
sketch the stream lines. [Pi, I960] 

Ex. 7. In the case of two-dimensional fluid motion produced by a source 
ol strength m placed at a point P outside a rigid circular disc of radius a whose 
centre is 0, show that the velocity of slip of the fluid in contact with the disc is 
greatest at the points where the line joining P to the ends of the diameter at 
right angles to OP cut the circle. Prove that its magnitude at these points i 3 

2m.OPj(OP-—a-). [Bom 1964 [old) ; Gli 55 ; Pb 50(S)] 

Ex. 8. Provo Legally’ s Theorm * on the resultant force and couple on a cylinder 
in a uniform (two-dimensional) current of liquid .in which Eources and dcublets 
are present. 


(7) Image of a doublet in front of a circle. The complex potential for 
a. doublet of strength /x, inclined at an angle a to OX, when present 
alone at z—f is /x e ia l(z—f ). If the circular cylinder | z | =a, ( a<f ) 
is inserted into the field, the complex potential, by Circle theorem, 
becomes 

... ve { * . , yz e {l ~ -«> fa* „\ 

z-f + m-f- z-f • (z-nf \~f ) 

jxe 12 f u. 0 - \ jxe f( “' a) 

“Tv + V7 r /FT') 4 " 7 ~~‘ 

Omitting the constant term (which is immaterial for flow patterns), 
this equations gives the complex potential of doublet of strength g at 
z—f, inclination a and a doublet 
of strength /x'=(po-// 2 ) at z= 
a 2 /f which the image doublet in- 
clined at (-—a). Thus it follows 
that the image is anti-parallel 
doublet of strength ( ya 2 /f 2 ) 
situated at its inverse point. 

Second method. Let A A' be 
the doublet outside the circle, 
then the image of m at A' is a 
source m at B', the inverse point 
of A' with respect to the circle 
and sink — m at 0 ; that of —m 
at A is — m at B, the inverse point of A with respect to the circle ana 
-H?i at O. Clearly the source m and sink — m at 0 cancel each other. 

*See §1S p. 41, ‘Hydrodynamics’ by D.H. Wilson. 
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Since, OB.OA=OB' OA'=a 2 

and f_BOB' — /_AOA' 

triangles OAA! and OBB’ are similar, whence 

BB’ OB’ OB’ OA’ a- 
AA’ ~ OA' ~ OA ' OA' ~~ OA.OA' 


Now let A'-o-A, so that A A' makes a constant angle a with OA, 
then B'-rB and BB' makes (r: -a) with OB. Therefore, the strength of 
the image doublet is 


/ 

E- 


=Lim m.BB ' = Lim m 

E' — *B A—T A ' 


AA'.a- 

OA.OA’ 



\m.AA'-o-\C] 


And ultimately the given doublet is at A and the image doublet at B, 
the inverse point of A with respect to the circle. 


Hence the image of a doublet of strength fiat a distance f > a from the 
centre of a circle of radius a is a doublet at the inverse point, of strength 
fia'-jf 2 , and the axes of the doublet cmd its image are anti-parallel. 

Exp. Within a rigid boundary tn the form of the circle 
(x-hx)-A(y— 4x)2=Sx-, 

there ie a liquid motion due to a doublet of itrergth p. at the point A(0, 3r) with. He 
axis along the axis of y. 

Show that the velocity potential is , _ „ 

f , x—3x , y—Zx 1 

* L (x-ZaT-Ay 2 "*■ J 

fBan 4965, 54 ; Del 63, 52, 45, 35 ; Cal 56 ; Raj 65 ; Sag 55 ; Vt 65] 


Sol. The inverse point of A( 0,3a) is B(3a,0) with regard to the circle of 
centre C. The distance CBe=4-\f 2a, by distance formula as well as from 
CA C B=8x~ : the definition of inverse points. To find the situation of B, we 
£ c e that line CA is 

(z-fa)/co3 135 = (y— ia)lein 135 =>r. 


Where this lino meets x-axie, y=0, 
so that r— — i\[2a. Thus the 
image doublet is situated on 
z-azis. Since the image of the 
doublet at A with regard to a 
circle is another doublet at the 
inverse point B, the axes of the 
doublets making supplementary 
engh* with CAB, (Le. anti-para- 
llel), it follows that the axis of the 
imag — doublet at B is directed 
along OX. 

If th» moment of the image- 
' oublft at Ti be p', then by 
f§ 3.40{7j]. 

(radius) 2 1 (doublet dUtanc 
=ti 8* 2 J(CA) 2 =4*. 

H>dcp» the complex potential 
function vs 

w— ^ e<0 -J- V- 
z~3z ' z — 3 
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>r d-iJ, = [i f - -f i 

\_(x—‘ia)+iy x+i[y— 3a) 

=(1 F 4 

L (*-3a)-+y- *“+( y—\ 

To obtain the velocity potential, wo need equate the real parts only, which give 

*-r[i- > - 8t + y~ z * 1 

L (x-3a)-+y 2 z 2 +(y- 3 j)2 J* 



(8) 0 / a vortex outside a circular cylinder. When a vortex 

filament k at z=f (> a) is present alone in the fluid, the complex 
potential is ik log (z-f). But when we insert the circular cylinder 
| z\=a, the complex potential becomes 

W=ik log (z- f)-ik log [(a-lz)-f] ( 1 ) 

by virtue of the Circle theorem. We rewrite (1) by adding the 
constant term ik log (— /) 

w-ik log ( z-f)-ik log ( z —a 2 lf)+ik log z. 


This is the complex potential of 

(i) a vortex k at A, z= / ; 

(ii) a vortex —k at B, z—arlf ; 

(iii) a vortex k at O, z — 0 (centre). 

Since OB=a 2 /f, it follows that 
A and B are inverse points with 
regard to the circular section of 
the cylinder and B is inside the 
section when A is outside. By 
putting z—a e 10 , we notice that 
ip = 0 so that the circle is a stream 
line. 



Thus the image system for a vortex k outside the circular cylinder 
consists of a vortex of strength ( — k) at the inverse point and a vortex of 
strength k at the centre. 


We may notice that the vortex k at A(z= f ) describes a circle round 
the cylinder with velocity (counter-clockwise) 


dW 

' ik 

ik j ik a 1 

k 

a 2 

dz 

lz-(«7/ v 

) z jf * p-a'- 

f 

(f 2 -a'-) 


2=/ \ Z=/ 


where W— v/—W/—w— ik log (z—f). 

Cors. 1. The image of\t vortex —k at B and a vortex k at the centre 
is a vortex k at A, the fr.ve:rse point of B, where B lies inside the 
cylinder. V 

2. The term ik log z also ^represents the circulation round the 
cylinder so that the image system can also be stated as under : 

The image system for a vorte^k outside the circular cylinder consists 
of a vortex of strength (—!:) at.the inverse point and a circulation of 
strength k round the cylinder, j 
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Ex, A vortex of strength k it placed at the point (f, o) outside a circular 
cylinder, centre [o, o) of radius a. By calculating the forces exerted on the image 
system, prove that the cylinder is acted on by a force of magnitude 
V.rfk-a-lfift—a"). In what direction is the cylinder urged by this force 1 

[Mad 1953) 


[Replace rn by k and c by fin Exp. 4 p. 755]. 


Exp. A long fixed cylinder of radius a is surrounded by infinite friclionless 
incompressible liquid, and there is in the liquid a vortex filament of strength k, 
which is parallel to the axis of the cylinder at a distance c (o^>o) from this axis, 
Given that there is no circulation round any circuit enclosing the cylinder but not 
the filament, show that the speed q of the fluid at the surface of the cylinder is 



c 2 — a 2 \ 
r 2 ) 


r being the distance of the point considered from the filament. 


Sot. Tho imago system consists of a 
vortox of strength —k at tho invorso 
point B [z>=a 2 /c=e'( say)] and a vor- 
tex of strength k at tho contro (z=0). 
Therefore, tho complox potential of 
tho entire system is 

tVc*ik log ( z—c)—ik log (z— c'J+tfc log z 
Equating tho imaginary partB, wo got 



<jr<=>Jfc{log [r cos 0—c) 2 +r 2 sin 2 0]— log [(r cob 0— c') 5 -fr 2 Bin 2 0]-f log r 2 } 
<=~ih [log (r 2 +o 2 — 2er cos 0)— log (r 2 — 2 r e'eos 0+c' 2 )+log r 2 ] 


3r 


=k 


[ r—c coaO 
r 2 +c 2 


r— o' cos 0 




At r-«,(±t)-*[£ 


2re ooa 0 r 2 +c' 2 — 2rc' cos 0 

— c cos 0 c c— a cos 0 
a ri 2 


r l 2 

=jLri— c2 ~ a " 1 
= « L n 2 J 

Jc / ^ v 

Replacing ri by r*=AT?, wo got — — J. 


4 -] 


4 ] 


(9) Image of a vortex 
inside a circular cylinder. 
Consider a vortex pair, 
where the vortices are 
situated at z—z 1 and z=z v 
The complex potential is 
W-ik log [(z-zi)/(z-z 2 )] 
and the stream function is 

so that the stream lines are 



h -cr l ( 1 ) 

where | z— z x \ : r 2 = j z— z t j ; and c is any constant. 
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The equation (1) represents a system of co-axial circles with A and B 
as limiting points. Further the motion is not steady and the stream 
lines are not fixed but follow closely the vortices moving through the 
liquid. 


If now, some circle of the 
co-axial system is replaced 
by an indentical rigid boun- 
dary and kept fixed, then 
the image system of a vortex 
inside a circular cylinder 
would be an equal and op- 
posite vortex at the inverse 
point. The vortex A will 
move round a circle of ra- 
dius a, centre O, with velocity '. 



q=k/AB=kl(OB-r)=kl[(afr)~-rl 

Since q— wxr, => oi=qjr, it follows that the angular velocity 
of A is kj{a l —rc). 

Exp. 1. If a pair of equal and opposite vortex filaments are situated inside, or 
outside, a circular cylinder of radius a at equal distances from its axis, prove that 
the equation of the cylinder described by each vortex is 

(r2-i?!)2.(r2 sin* 0-b*)=4a”-bW sin* 0 '• - 

where bis a constant and 0 is measured fromT the line through the centre perpen- 
dicular to the join of the vortices. ~ "" : * 

Sol. Case (i) Let the vortex 
pair be inside the cylinder. Tbs 
imago of vortex h nt xl(z=z-i) 
is a vortex —h at A' (z^a-fii, 
and the imago of - I: at B(z=z 1 ) 
is an equal and opposite vor- 
tex h at IV (c-a-fii). 

Hence the complex potential 
of the system of four vortices is 
W=ih log (z— zp -ik log (z-z i)~ 

?/.- log 

il; log [z-(o2/zi)] 

■=■?'« log (z — Zj)+ v, 

whore. V/'— - th log (z — zj) — 
il: log (z~o=/zj) t- 1 1: log (z— « 
and the complex velocity of the 

vortex h nt A is the value of (— dw'/dz) when z=zj. Now if f* ien 

v(,'=fc log [AD'IAA'.AB). 

Thus the stream linos arc given by 

AB'I A A'. A B— coast. 



If A is tho point (xj, yft, or (r, 0), then 

r= + («>A 2 ) -ir (nVr) crs20 =co(J3t _ 
[(a*/r)-r]2.(2r sm 0)2 


§ 3 . 40 ] 


IMAGES IN TWO DIMENSIONS 


197 


or 

or 

or 

or 

or 


H-fa 4 — 2 a 2 r 2 C03 20 .1 

= const.— — 

(a 4 — r 2 )*.r* 6in 2 9 b 2 


(say) 


h*(r 4 +a 4 — 2a 2 r 2 C03 20)=r 2 (a 2 — r 2 ) 2 e:q2Q 
t 2 [(r 2 -a 2 ) 2 +2a 2 r 2 (l-cos 20)]=r 2 (a 2 -r 2 ) 2 sin 2 0 
(r- — a 2 ) 2 [6 2 — r 2 sin 2 63 = — 4a 2 6 2 r 2 sin 2 0 
(r 2 — a*) 2 (r 2 sin 2 0— i 2 )=4a 2 b 2 r 2 ein 2 0. 


Case (ii), A 7 ou> /c< the vortices 
be outside the cylinder. Ltl 
cortex h be at A(z—z{) t then 
—h will be at B (z=r 2 j). 


The complex potential, when 
the cylinder ( z | =a is not 
present in the field, is given by 

Hi log f(=- 2 i)/('— ?i)] 

We now insert the cylinder 
and the application of Circle 
theorem provides the complex 
potential 

W=*ik log [( 2 — s i )l(.c-n)']— 
Vt7;log<[(o 2 /2)-zj]/I(a 2 /2)-z 1 ]> 
=tfc log (j— 

where v/'——ik log {(z— 2 j) 



and wo have ignored an irrelevant constant. 


Then as before, if tv'=0'-f nji', then ^’=log f AB'/AA'.AB). 

This is what has been obtained earlier and consequently the same result will 
be obtained again. 

Exp. 2. Three vortex filaments, each oj etrength K, are symmelritally placed 
inside a circular cylinder of radius a, and pass through the comers of an equilateral 
triangle of side -\[3b. If there is no circulation in the fluid other than that due to 
the vortices, show that they will revolve about the axis of the cylinder with angular 
velocity 

•K(a«+2lS)/6 2 {aO-E,C). 

[Del 1957 ; Jad 59 ; Osm 61 ; Pb 61] 

Sol, Vortex filaments, each of strength h are placed at A, B, O ; A’, B' t O' or# 
the inverse points of A, B, C with regard to the circular boundary. 


Since each side = \fSb, therefore, OB=OC=OAt=b. 

Further OA,OA'=a”, therefore, 0A'—(a 2 /b)=b'^0B'—00'. 

Thus , BB'-=CC'—AA'={b'—b). 

The image system for the vortices, each of strength K at A,B, C consists of 
the vortices, each of strength —K, at A', B', O'. 

Of any vortex pair, it is known that each moves perpendicular b to their join 
[AA' say) with a velocity K/r, where r is the distance between them. 

’The vortex at A moves solely due lb the other vortices at B, 0, A', B' and C' 
and describes a circle with a certain angular velocity about 0. It will be 
convenient, therefore, to rosolve all velocities in a direction perpendicular to 
OA, i.c, along AP (vide Fig, p. 198) 

Let AB’=AC'=r and l_OAB'= LOAC'*=tS. 
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Then cos 


Q OA'+AB'Z-OB' 2 
20A.AB' 


bl+ T 2-b'i 

2br 


and AB' , =0A Z —0B' S —20A,0B' cos 120, 


i.e. r‘=b'-+b , z+b.b’=d'~+b”-+b ,z . 

Now we calculate the velocities as 
under : 

(i) Velocity due to A' along 
^P=.N.l/(4M)=N<l/[(a2/6)-6]> 

(ii) Velocity due to B' is along 
AQ and its magnitude is— Kjr. 

(iii) Velocity due to B is along AD 
and its magnitude is 

(KIAB)=KNZb 

(iv) Velocity due to G is along AE 
and its magnitude is 

(KjAC)=KI-f3b 

(v) Velocity due to O' is along AF 
and its magnitude is— ICjr. 

Thus the velocities perpendicular 
to OA are 



— K [ a 2_ fc 2 T 003 8+ V36 ° 0S 30 ° + Vl6 COB 30 °-~- cos 0] 
”*[s5Z5* ^~ + T-] =K [^b2 + T~i ( b *+r n ~~ p-) J*] 

a 4 -fc 4 ' 


-*[p=p+w-M»=si+ 


a 4 -fc 4 


d 


_ r6 2 (a 4 +6 4 +a 2 6 2 )+(a z -6 z )(a 4 -t 4 ) 

L 6(a® — 6®) 


6 2 6[a 4 +&4-fa 2 62J 
a 6 +26® 


]■ 


6(a®— 6®)' 


Thus, 50=N(a«+26®)/fc(a®-6®) j =>0=lT(a®+266)/62(a6-h«). 


5.50. Conformal invariance of hydrodynamical singularities. An essen- 
tial feature of conformal mapping is that the vanishing of the 
Laplacian (y-=0) remains invariant under transformation. Thus a 
harmonic function remains harmonic after conformal transformation 
to a new cordinate plane. This may be ascertained for transformation 
X,=f(z). Thus if y) which in terms of 5, r, may be written <!>(£, ij), 
then 


dl 2 dr? \dV \dx-‘df-j 
so that if dzldt is not infinite then 

(0V/3* 2 )+(3V/07 2 )=O; => (3^/0? 2 )-H3 2 f/0rr=O. 

Thus, if <f>(x, y) is a general potential function in the r-plane, then 
G>(!-, vj) is necessarily a general potential function in the £-plane._ In 
other words, (velocity) potential functions transform into (velocity) 
potential functions. Furthermore, any curve or boundary (i.e. 
stream line) in the z-plane along which <f> is constant is mapped into a 
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new curve or boundary (i.e. stream line) in the £-plane along which 
$ is constant. 

We now discuss the retention of some important hydrodynamic 
singularities on conformal transformation. 

(1) Source. Let there be a source of strength m at the point P(z 0 ) 
in the z-plane and enclose it by a small curve C. Let P'(t 0 ) be the 
corresponding point in /-plane and let C be the corresponding curve in 
the /-plane, then C must enclose P ' ; because the domain D in the 
z-plane is mapped in one-to-one fashion onto D' in the /-plane under 
analytic function /=/(z) transformation. 

The flow across C by the definition of a source is lump. The flow 
across C is also given in terms of the stream function by — p dp, 

JC 

and since each point on C' corresponds to one and only one point on 

C, we must have, — p dp——p\ dip taken in the same sense. This 
J c JC' 

means that the flow across C' is 2 r.mp, and this will be the same for 
any small closed curve surrounding P'(/ 0 ). Thus, there must be a source 
m at P'(t 0 ). Hence, we can say that in a conformal transformation a source 
is transformed into an equal source. If C' encircles P' only once, the 
source will be of strength m. If C' encircles P' n times when C 
encircles P once, the strength of the source at P will be {min). 

Note. Other hydrodynamic singularities must transform into 
singularities of the same character as is evident from the fact that they 
are all derivable from a source. Thus, a sink transforms conformal- 
ly into a sink, a doublet into a doublet, a vortex into a vertex, a vortex 
source into a vortex source, and so on. However, we prove each case 
separately. 

(2) Doublet. Let the doublet of strength p at the point A (z) in the 

z-plane be obtained by the combination of source — m at A and at 

B, so that (Lim m . AB) =p ; as Sz-vO, m-> co. 



On transforming, we get a source m at D and a sink — m at C in the 
/-plane. If AB is small enough, magnification gives 

CD/AB = \{dt/dz) | so that m.CD =m.AB\(dt jdz) |. 

Proceeding to the limits, the result is p'=p | [dtjdz) | ; which is th: 
strength of the doublet in /-plane. 
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If the doublet in the z-plane is inclined at a with the real axis, the 
doublet in /-plane will be inclined with the real axis at an ansle £, 
where 

p=arg g/=arg {(dtjdz) Zz) [v 6 t=(dtjdz).Zz] 

=arg {dtjdz )- farg Sr— arg (dtjdz) t. 

Thus, a doublet of strength ft and inclined at a with real axis in the 
z-plane transforms conformally into a doublet of strength u'{=u| (dtjdz) [} 
and inclination p (=a-r -arg (dtjdz)) tuith the real axis in the l- plans. 

(3) Vortex filament. Let there be a vortex at P(z 0 ) of strength K in 
the rvplane and let P\t 0 ) be the corresponding point in the /-plane ; 
the connecting mapping being /=/!r). Let C be any small closed 
curve surrounding P{Z 0 ) and C' the corresponding small closed curve 
surrounding P' (/ 0 ). 

The circulation round C, by definition, is : — j d<j>=— ~j =K. 

Since each point on C' corresponds to one and only one point 

on C, we must have — do = — dj> and thus, circulation around 

J c J c' 

any small closed curve C surrounding P'(t 0 ) is K. Therefore, there 
must be a vortex of strength K at P\t 0 ) Hence, a vortex is transformed 
into an equal \ortex at the corresponding point. 

These vortices however do not necessarily continue to move so as to 
occupy corresponding points ; if however we know the motion of one, 
the motion of the other is usually deduced by a device due to Routh ’ 
(vide §3.62 p 213) 

(4) Kinetic energy. Let P(z 0 ) be a point inside a small /\ABC in the 
z-plane. Let P'(t 0 ) be the corresponding point to P inside the corres- 
ponding small LA'B'C in the /-plane. The kinetic energy of the 
fluid in the two triangles is respectively 

T^hq- &ABC={?\ (dwjdz) \-^ABC 7 ... 

T i =hcq'- ! &A’B , C'=}c\(dw l dt)\ 2 &A'B'C j 1 

where w is the complex potential for the fluid motion. Now 
&'=| (dtjdz) j='<\ and \(dv/jdz)\ = \tdv/' t dt)(dtjdz) j, 
by conformality, we see from (1) that T X =T». 

Notes. (1) The complex potential, v/=6—id>, of a flow is imarianl 
under a conformal mapping ; because 6 and </> are both harmonic and 
hence conformally invariant. 

The complex potential, = performs a conformal mapping 

onto the i'/-plane, where ^-lines and d-lines are respectively horizontal 
and vertical lines. 

(2) The retention of the character of the hydrodynamic singularities 
during transformations is of considerable importance in solving cer- 
tain problems. In some transformations mathematical singularities 
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appear from the transformation. Physically, these correspond to stag- 
nation points and are not termed hydrodynamic singularities. 

J.5i. Source or vortex between parallel walls. Liquid fills the doubly 
infinite strip between barriers along the lines y=±lc, and there is a 
source of strength m {or vortex of strength K) at the origin. Determine 
the motion ami the paths <f the particles. 

Here, the image system is a row of an infinite number of sources (or 
an infinite number of vortices), 
all along y-axis, and to avoid the -4 r i‘ 

longer computations, we trans- j 
form the regiony— trie inz-plane, ,w'_l Lsr—xt— — 
to the upper half of £- plane bv the ~ vwr: -fzz r. 

transformation Z=i e r - z b ; z — 0 -sc; .stay-iantj ^r_ rj V ci^a-yc 
-corresponding to £=?. w ' r ' " _ : f 

Let the strength of the singular- 
ity be M{—m if the singularity is 

source, and if if the singularity is vortex). Then the complex potential 
of m at X,—i and its image mzt'C= —i is 

v/= — m log t'C—i) — m log (C-~i) ——m log (— e 2 ” z ^-rl) (1) 

or £-H$=— m log (— 2e~ z l c )l{e~^ c — 

= — (mnzJc)—m log sinh (rrz/c) (2) 

neglecting an added constant. 

The paths of the particles are given by dr = constant, which from (2) 
or (!) are given by 

const. — tan -3 {e 2 ~ z l°. sin (2~y/c)/[l — e 2 ~ x ^ c cos (2 ~yjc)fs 
■or e -2-r/« [cos {2—yJc)-~h sin (2-y/c)]= 1 (A is some const) 

Por the case of vortex K, the complex potential of K at C=i and its 
image— K at £= —/is 

v/=r7f log (T-i)-iK log r'C-f f) = /Xlog [re~ 2 / c -l)(e" z/c -rl)J 
fifi-iA=iK \ og tanh (~z/2c). 

Now, 2i$=W{z)—w{z)=iK log tanh (-z/2c) tanh (~z/2c) 

,5=K log [tanh ^ tanb^^-] 

1 m _/ cosh (nx^c ) — cosh i (~ylc) \ 

- 1 K l0S l. cosh (~x/c)-r cosh / (T.yjc) ) 

COSh (- X ^- C05 \ 

2 B \cosh (~x/c)-fcos (•xyjc) ) 

Hence, the stream lines are given by 

cosh ( ~x/c)—X cos (~yfc) 
wnich are also the paths of the particles. 

The velocity of the vortex at O, i.e. (u a , v 0 ) is given by ( D=djdz ) 
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u 0 —iv 0 -=—{D[iK log tanh (r.z[2c)—iK log (r.z/2c)]} z „ 0 

=iX(r/2c){cosech (-z/2c)— (nz/2c) _3 }->0 as z->0. 

Thus, u 0 = 0, v 0 =0 and the vortex at O and thereby all its images 
remain at rest. 

Ex. 1. (a) Determine the path of a single vortex in a corner between planes 
meeting at right angles. What is the ultimate direction in which the vortex 
moves 1 (Lhn 1956) 

(b) Define a vortex pair, and obtain its complex potential. Deduce that a 
single vortex in the presence of a plane will move parallel to the plane, and find 
the velocity of this motion, as well as the pressure on the plane area due to tbi 9 
motion. 

Use the method of conformal transformation to show that two equal but oppo- 
site vortices of proper strength can remain at rest behind a circular cylinder in 
a uniform stream, if they are suitably placed. [Pna 1960) 

Ex, 2. The irrotational motion in two-dimensionB of a fluid bounded by the 
lines is due to a doublet p at the origin, the axis of the doublet being 

in the positive direction of the axis of x. Prove that the motion is given by 

g'={(ix/26) coth [-.(x+iy)/2b]. 

Show also that the points where the fluid is moving parallel to the axis ofy 
lie on the curve 

cosh (nr/&)=sec (r.yjb). (Kr 1961) 

3.52. Applications of conformal invariance 

Exp.l. Between the fixed boundaries 0—~/4 and 0= — rr/4, there tea two-dimen- 
lional liquid motion due to a source of strength m at the point r=a, 0 = 0, and an 
equal sink at the point r*=b, 0 = 0. Use the method oj images to show that the 
stream function is 

— m tB.n' l {r i (a i —b i ) sin 49/[r®— r 4 (a 4 -j-// 1 ) oos 40+a 4 t' s J}. 

Show also that the velocity at (r, 0) is 

4m(a 4 -6 4 )r 3 / A /( r 8_2a‘ J r 4 cos 40-f o8)(r8-2 b*r* cos 40-f t®). 

[Ag 1945 ; Alg 60, 57 ; Oti 56 ; Jot 61, 60 ; Sag 56 ; CH63 ; I.A.S. 53] 

Sol. Tho boundaries 0=ir:/4 in the x-y plane can bo transformed to the 
imaginary axis 9 =i "/2 in the 5-plane by the mapping 5=c 2 , i.e. i?e f ? = (r£’0) 2 . 
This yields R—r 2 and 0 = <?/2. The points (a, 0) and (fc, 0) in the z-plane go over 
to the points (a 2 , 0), (b~, 0) in the 5-plnne. Now image of +m at (a~, 0) in 
Tj-axis (5 = 0) is -f m at (—a 2 , 0) ; image of —m at (6 2 , Onn r r axis (5=0) is —m 
at (— 6 2 , 0), We can now do away with the boundary 5 = 0, and the complex 
potential duo to m at (a*, 0) and (—a 2 , 0) ; duo to — m at (fc 2 , 0) and (— b-, 0) 
is simply 

W=—m log (5— a-)— m log (5-f o 2 )-f m log (5— 6 2 )-}-m log (5+6 2 ) 

=— m log [(5 2 -o 4 )/(5 2 -& 4 )] = -m log [(z*-a*)Hz*-b*)] (V 5=- 2 ) (1) 

Putting z=re 4 ® ; oquating the imaginary parts we get 

ijid — ^[tan -1 ^? -4 sin 40/{r 4 cos 40 — a 4 )} — tan'^r 4 sin 40/(r4 cos 40— M)}] 
c=— m tan'^rHa 4 — 6 4 ) sin 40/£rS — cos 40-f-a 4 6 4 ]}. 

, , dv/ P 4z 3 4z 3 "] 4m(a 4 — fc 4 ): 2 

Also ’ "37 = - m L 

m 'dv/ j 4m(o 4 — i 4 ) 1 z 3 j 4m{a i —b 4 }r > 

Thus, 9=-]^ j- | ' 2 4_ a 4 j | -4_6t j — | r4 t 4i0_ a 4 | |r*e 4< 0-i> 4 | 

«=4m(a 4 - t 4 ) *®/ \/ (rfi — 2aM~cos 4 D -frfl) 
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Ex. /.Between the fixed boundaries 0=;{ ; rr/4 1 there is a two-dimensional liquid 
motion duo to a source of strength in at the point r=a, 0=0, and an equal 
sink ot the point r—b, 0=0, Show that the stream function i(i is given by 
ifr ■= — ma-f-m(3, whore 

tan a=r 4 sin 40/(r 1 cos 40— o' 1 ) and tan p=i 4 sin 40 /(r 4 0 os 49— 6 4 ). [Mar I960] 

Exp, 2. Between the fixed boundaries 0 = x/0 and 0= — n/O, there is a two-dimen- 
sional liquid motion due to a source at the point (r = o, 0 = a), and a sink at the 
origin, absorbing water at the same rate as the source produces it. Find the- 
stream function, and show that one o) the stream lines is a part of the curve 

r3 sin 3x—c s Bin 30. 

[Ag I960, 57 ; Alg 64, 58 ; Aid 62 ; Del 54, 50 ; Raj (52J 
Sol. Let us transform the z-plano to the £-plane by the transformation 
z 3 =C whore z=re ( 0, and X,=R e<P ( 
i.o. r 3 e 3J 0=/J c‘p, so that r 3 = /?, 30=j3. 

Henoo the boundaries 0 =, -4-n/6 transform to boundary (vertical lino) 
{(=* -[-jt/2. The point (o, a) transforms to (c 3 , 3a) and the origin (0, 0) in z-plano- 
corresponds to the origin (0, 0) 

in the £-plane. , 

Let tho strength of tho sourco I 

be m. Since sink absorbs water 1 


sink is — m. D *\T ~V A 

The imago of +m at (c 3 , 3a) N. / 

is +m at [c 3 , (tt — 3a)] ; and the \ / 

image of — m at (0, 0) is —in at 3<xf\ /\3<x 

( 0 > 0 ). Q 

Wo can now do away with tho 
boundary p = -J-ar/2 (tho verti- 
cal line) and the required complex potentia W is given by 

W=2m log 1 ',—m log (l)— c 3 e 3 *")— m log t£ — c 3 e { (is“ 3a ') 

=0m log z—m log (z 3 — c 3 c 3i *)(z 3 — c 3 e -t3 “) 

=6»» log s—m log (z®— c 8 — 2f'e 3 z 3 sin 3 a) 

or 0+i‘i(i=Om (log r+tfl )— m log [r® oos G9+ 2c 3 r 3 sin 38 sin 3a— c B )+ 

6 L i( r 6 ein 60— 2c 3 r 3 sin 3a oos -iO)f 

Equating tho imaginary parts, we got 

. f r° sin 00— 2c 3 r 3 sin 3a cos 30 "1, 

•|=6n.0-m tan-i ^ coa m n^r P 3 ^\ 

One of tho streom linos is when =0, which gives 

t nq_ r® sin 69— 2c 3 r 3 Rin 3a oos 30 
an r 8 Oos CQ -|-2c 3 r 3 sin 3a sin 36— c 8 

Sotting tan 60=>sin 60/cos 00, cro3s-multiplying and cancelling r 8 sin 60 cos GO, 
wo got 

e 8 sin G0=2r 3 c 3 sin 3a [cos 30 cos 60+sin 30 sin 60] 
or c 3 sin 30 cos 39= H sin 3a cos 30 

or cos 30 [r 3 Bin 3a — c 3 sin 30] =0 


i 

(C% TT-3a) 

n 

( C?,3<x) 

V 

/ 

As* 

0 
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either cos 30 = 0 which Ogives 30= -4-w/2. i.e. 0 = 4- r /0 which are the given 
boundaries or 

r® sin 3a = c 3 sin 30 
which is tho other result stated. 

Exp, 3. In the part of an infinite plane bounded by a circular quadrant AB and 
the productions of the radii OA , OB, there is a two-dimensional motion due to the 
production of liquid at A, and its absorption at B, at the uniform rale m. Find 
the Velocity Potential of the motion •, and (how that the liquid uliich issues from 
A in the direction mating an angle (i with OA follows the path whose polar 
equation is 
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Exp. 4. In a region bounded by a fixed quadrantal arc and its radii, deduce the 
motion due to a source and an equal sink situated at the ends of one oj the 
bounding radii. Show that the stream line leaving either end at an angle a with 
the radius is 

i r- sin (a+0}=a i sin (a— 6) 

where a is the radius of the circle [ J Ig 1956 ; Aid 64 ; Bom 55 : Gti 59, 53] 

Sol. The interior of the quadrant of the circle can be transferred to the upper 
half of the "-plane by the transformation 



The source m at A (c=a) goes to source m at £= = and -source {— m) i.e. 
Sink at 0 goes over to sink — tn at C=l. The point B (i=fo) goes to £=0. 

The image of —m at £=1 in the liner] = 0 is an equal sink at £=], and the 
image of source mat a isV» source'™ at o in the line 7]=0, Hence the complex 
potential shall be 

v/=2m log (S — 1)— 2m log (s— s 0 ) 

=2n» log (S— 1)— 2m log (— So)(l — wpo) 

=2™ log (£— l)-f-const (expanding log series and taking limits) 
=2m log {[(a- -r :-)2/(a - — z-)-] — 1 } -(-const. 

=2m log {4a-z-l(a- — r-) 2 } +const. , 

=— 4m log {(: 2 — a 2 )/:} ; omitting constant. (1) 

Thus, ‘ 4m log {r- e 2 *®— a 2 )/r e’®} 

= —4711 log {[(r 2 — a 2 ) cos 0-fi (r 2 -f-a 2 ) sin 0]/r) 
hence \{7 = — 4m tan~l [{(r 2 + a 2 J/(r 2 — a 2 )) tan 0] 

or tan (->!r/4m)={(r I +a 2 )/!7- ! -a 2 )} tan 6. (2) 

Thus, r=a or 0=-/2 corresponds to (\!//4m) = — n/2 and 0 = 0 (lino OA) corres- 
ponds to \}/ =0. Thus, (1) really determines the motion within the fluid. 

From (1), setting 4m — m'. 
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Note. In some transformations mathematical singularities appear from the 
"transformation. Hydrodynamically, these correspond to stagnation points 
•and are not termed hydrodynamic singularities (vide source, vortex otc) 


Exp. 5, Prove that in two-dimensional irrolational fluid motion, if the stream 
tines are confocal ellipses 


= then = A log [v r a=+/ + V’6=+>. ]+£, 

and the velocity at any point is inversely proportionat to iht square root of the 
rectangle under the focal radii of the point. 

[Aid 1963 ; Ban 56 ; Del 55, 39 ; Qti 64, 63 ; Jab 62 ; Lhn 56 ; Mad 58 ; 

Osm 59 ; Pb 53] 

Sol. The conformal transformation z=c cos w is known to yield the given 
type of confocal ellipses and hence eliminating 4> we get 

(x 2 /c 2 cosh 2 '|')+(y 2 /c 2 sinh 2 <(/)«=>]. (jj 


Thus, if ij/ = const., the stream lines are confocal ellipses. And comparing (I), 
with the given set of ellipses, we get 


c- cosh 2 i^=a 2 -{-/., c 2 sinh 2 If ; -6" a 2 — 6 2 =e 2 , i.e. ae=c. 

Also V" n 2 +?-+V r fc 2 +?.=c (cosh i}> 4- sinh \j/)=ce'j' 

or ij/*=log [V , “ 2 +>-+V r h 4 +>]— log c (2) 

If w—4>+i<]r is the complex potential of some fluid motion, then so is Aw. 
Hence (2) gives 

\]r<=A log [Va^Th+YbHD.J+B 

Velocity : To find the velocity at any point, we have to calculate ( dtv/dr | . 

Now dz/dw= — c ein ;>/■=>— c\A— cos 2 w=-Vc 2 -z 2 , Thus, 

| -tfw/dz 1 ■=> 1 V ( c— z ) V(c+ Z ) 1 ' X = ! YF-oe) Y^+ae) ) ' l (3) 
Now, if the focii are (±ne, 0), denoted hy S and H and P is the point z, then 
SP—Y z —ae, HP=Y 2+o« 7 then (3) yields q~\jSP. HP which is the result to 
be established. 

Exp. 6. A columnar vortex filament moves in an infinite liquid bounded by tiro 
nlane walls intersecting at right angles and parallel to the vortex. Prove that the 
l -.th of any point of the vortex has for equation 

r sin 20=const. 


Prove that when the vortex is at the same distance a from each wall, the equation 
of the stream lines is 

{r 2 -f (4u 4 /r 2 )} cosec 20=coDstant. 

Prove alio that 

r 2 =2a 2 -Hfc 2 t 2 /Sn 2 a 2 ) 

where K is the strength of the vortex and 1=0 when the vortex is at thepoint 
r-Y^a, O = r.H. 1922 ’ 20) 

Sol. We have proved in § 3.40(4), p. 182 that r sin 20 = const. 

Now initially r=Y^^=~! i > therefore const. =\/ 2a, 

r sin %)=Y 2a (1) 


whence 


f 
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As to the second part, let us effect the 
transformation Att \ 

& iig p(2o»2 ) 

<=22, i.e. Re' =r’e ^ R ~ r* ; x = S0. 

When 9=0; x=0, and when 0 = it/4, x= x/2. 

The rigid boundary in the 2 -plane now 
transforms to a line in <-plane extending 
from 7 . = 0 to x— n and the point (Vfl. in) 
transforms to (2o 2 , Aw) [See Fig.] 
tn/2 

t — 2 a} e -"-s. 

Thus, log — 

f _ 2a 2 e -W2 £ — L_l__ 

/ 2 2_o a 2 t - . l-plaru) 

- i/f log ( z2+2a2t . ) 

or ♦+f*-«Clog ^■ 0, . 2 > 9 + *^ Bin 2Q - 2 ° 2 ) . 

T B r 2 cos 2B+» (r 2 sin 20+2a 2 ) 

Equating the imaginary parts we obtain 

^ = (ff/2) log <(r<— 4a 2 r 2 sin 20f 4o 4 )/(r 4 -f 4a 2 r 2 sin 20+4a 4 )> 

The stream lines are given by = const., i.e. 

r 4 _ 4 a 2 r 2 si n 20 -f 4 a 4 = A (i-t-f 4 a 2 r 2 sin 20-f-4a 4 ) 

or coeec 2Q=B [constant). 

Now from (1) 

coseo 2 20=(r 2 /2o 2 ) or cot 20 =\/r 2 ^ 2 a 2 / a y 2 

Also (K/2r) cot 2 0=dr/d< [§ 3.40(4) p. 182] 

dr K y/ r 2 — 2a 2 
Therefore, -rr = : 

V2a r 

Integrating we get, 


Also 

Therefore, 


T r rdr • • 2 0 9. -K 2 < 2 

1 a\/2 V r 2 — 2a 2 a t 2a 2 

Since K—k\2r., the result follows j 

r 2 = 2a 2 -f (?; 2 < 2 /8n 2 a 2 ). 

Exp, 7. The space enclosed between the planes a;=0, a; = a, y=0 on the positive 
side of y~0 is filled with uniform incompressible liquid. A rectilinear vortex 
parallel to the axis of z has co-ordinates (x\ y'). Determine the velocity at any 
point of the liquid and show that the path of the vortex is given by 

cot 2 (nxja) +ooth 2 (ny/a)=const. 

[Del 1966, 49 ; Krk 65 ; Pb 56, 52, 48] 

Sol. The mapping £=— cos (nz/a) transforms the region x=0, y= 0, x=a of tho 
a-plane into tho region rj ^ 0 of the S-plnne. 

The point z' = x'-\-iy r corresponds to 
£'= — cos (J rz'/a). Since the imoge of / £ 7 

tho vortex K at f is the vortex —K } r ?-xI:-rMz. 

at V so far as the boundary y) = 0 is zzxizz-zrzfz £rZ-zzfzr 

concerned, the complex potential shall z-zzffrzTzf- ff— — ~~ ' 

be -frizz rJv X=a 

w=tKio g K-o-tA log (t;-?) z-i-i'iil ! . 

=iK [log{ -C03 (x;/a)-f C03 (nz'/a)} — 

log cos (n 2 /a)+cos {nz'/a}}] o' To qT f 


^-5.U =a 




"Er L- 

rA-j' 

0 

r^-S 
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= %K log 


sin X (z-f z') sin > (z — z') 
sin X (z+z') sin X (z— z') 


(>.=n/2a). 


(«> 


The velocity atony point of the liquid not occupied by tbo vortex is given bv 
| dw/dz | . 

The velocity of the vortex at z=-z' is duo solely to its images, and the complex 
potential of the imnges at z=z' is 

w'=[w—iK log (z-z')] at z=z' 


Now ~-t=stK >.{cot >(z+z')— cot > (z-j-5'j— cot ). (z— 2')}zc=z' (2> 

az 

"where wo have used [cot >.{(z—z') — {l/> (z— z'}>] -3- 0 as z z'. 

Thus, (2) gives 

~ X' —1K\ (cot£). (x-'4-ii/') — cot 2Xx'+t coth 2Xi/'}. 

Since cot 2X (x'+ty) = (sin 4>x'— i sinh 4>y')/(cosh 4Xy'~ cos tlx'), wo get on 
equating the real and imaginary parts 

jj;' = 20, /2 cosh 2 \y' sin 2 2Xi7 8 ' n h 2>y' (cosh Oy'— cos 4Xx')} 

y't=>NX ^ — 2 cos 2Xx' sinh 2 2 ly'/sin 2Xx' (cosh 4Xy'~ cob 4Xx')} 

Division of the last two equations gives 

dx' cosh 2Xy* sin 2 2Xx' cos 2Xx ' cosh 2Xy' ■ 
dy' cos 2Xx' sinh 2 2Xy' ’ ^sm 3 2Xx' ‘ sinh 2 2Xj/' 

To obtain the path, we integrate the preceding result and replace x', y’ by the 
current coordinates (x, y). Thus 

cosec 2 2Xx+cosech 2 2Xi/=const. 

or cot 2 (-x/a) + coth 2 (jrt//a)=const. [X=n/2a] 

Ex I Use the method of images to prove that if there be a source rn at tho 
point z 0 in a fluid bounded by the lines 0 = 0 and 0=n/3, the solution is given by 

w=-m log {(z 3 -*o 3 )( :3— z 0 3 )> 

^here z=x+iy, z 0 =x 0 +iy 0 , and 

[Ag 1953, 46 ; Ban 61 ; Del 48 ; Lien 62 ; Pna 59 ; Sag 57] 


Fx 2 The motion of a liquid is in two dimensions, and there is a constant 
source' at one point A in the liquid and an equal sink at another point B. Find 

the form of the stream lines and prove that the velocity at any point P vanes 

(AP.BP)- 1 , the plane of motion being unlimited. 

If the liquid is bounded by the planes x=0; *=o ; y=0 ; y~u, and I if the 
source is at the point (0, a) and the sink at (o. 0), find an expression . fwthe 
velocity potential. L/ ‘ 

Fx 1 An area A is bounded by that part of the s-axis for which a > o and by 
that branch of ^-V-n- which is in the positive quadrant. There is a two. 
dimensional unh source at (a, 0) which^nds out liquid umformly m all d, re. 
tions Show bv means of the transformation w=log(- -a-) that in ste y 
motion^ the stfeam lines of the liquid ^thin the area ,1 are portions of rect- 
angular hyperbolas. Draw the stream Ipes corresponding to '['-0, ] ., |... 


If *T, r 2 are the distances of a point P 
show’ that the velocity of the fluid 
being the origin. 


[within the fluid from the points ( 4-a, 0), 
at P ( OP-r ) is measured by 2r/rqrj,j? 
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Ex. 4. The internal boundary of a liquid is composed of the two orthogonal, 
circles 

x s +y-+2y = l ; xZ+y-— 2y=l. 

A source producing liquid at the rate m is placed at one of the points of inters 
section (z=l). Show that the complex potential of the fluid motion is 

~~ log [c(c--f-I)/(s — 1) 4 3. and that the two circles are the only stream lines pos- 
sessing double points. 

Ex. 5. Liquid flows steadily and irrotationally in two dimensions in a space 
with fixed boundaries the cross section of which consists of the two lines 
-4- n/ 10 and the curve r5 cos 59 = K 5 . 

Prove that, if V is the velocity of the liquid in contact with one of the 
plane boundaries at unit distance Irom their intersection, the volumo of liquid 
which passes per unit time through a circular ring in the plane 0=0 is 

It. !'a 2 (a 4 + l2a 2 6 2 -}- 86 4 ), 

■where a is the radius of the ring, and 6 the distance of its centre from the inter- 
section of the plane boundaries. 

3.60. Vortex sheet. Consider the surface in a fluid and a point A of 
the same occupying the position of 
centroid of an element dS of the said A n 

surface. Let the points A 0 , A 1 be taken | 

on the normal at A such that 1 

AA 0 — —itn, AAi~ Jed, 
where n is the unit normal at A and e 
is an infinitesimal positive scalar. Thus 
when A describes S, A 0 and A t describe 
S 0 and 5j parallel and on opposite sides 
of and equidistant from S. The normals 
at the boundary of dS together with dSi 
and dS 3 enclose a cylindrical element of 
volume dv—e dS. 

Now suppose that the fluid moves 
irrolationally everywhere except in the 
part bounded by S 0 and Sj. Let £ be 
the vorticity vector at A, then 

'£dv—%sdS=(s)dS (say), 

where o>. Let e-^ 0 in such a way that (0 remains constant, (i.e. 
£ -wco). Then the surface S is called a vortex sheet of vorticity (£> per unit 
area. We may note that the normal component of velocity is continuous 
across the vortex sheet. 

With the notations of Fig. 

fli=q+i e (n . v) q ; q 0 =q--i s (n . v) q 
so that q = |(q„-!-q I ) which is independent of s. The result suggests 
that the velocity of a point A of a vortex sheet is the arithmetic mean 
of the velocities just above and just below A on the normal at A. 

An extension of Gauss’s theorem is 

| curl qdv=J d Sxq or j £ dv= J nxqtfS 



(0 
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Therefore, if we apply (1) to the elementary cylinder of volume dv 
we get 

£ tdS =n x (q! — q 0 ) dS to this order. 

Dividing by dS and Jetting e->0, we obtain 
o>=nx(q t — q 0 ). 

Obviously a non-zero volue of <o is associated with discontinuity of 
the components of q 0 , q t perpendicular to n, so that the tangential 
velocity changes abruptly across a vortex sheet. 

As (o.n = 0, it follows that to is perpendicular to n and is therefore 
tangential to the vortex sheet, i.e. a vortex sheet may be thought of as 
covered by a system of vortex filaments. 

Cor. A two-dimensional vortex sheet is represented by a curve AB in 
the plane of motion, such that the tangential velocity changes abruptly 
but there is no change in the normal velocity as we cross the curve AB. 

Exp. The motion of liquid at rest at infinity is due to a circular cylindrical cortex 
sheet of radius a and of constant strength k. Determine the complex potential 
iraide and outside the sheet. 

Sol. Supposo that throughout the interior of tho circle |c| =a4 Jo, the spin 
is constant and oqual to to. The complex potential at external points is 
obviously ito a+Sa)- log z. 

Lot us remove tho liquid from within tho circle | z | =a, so that wo are left 
with on annular vortex of internal radius a which bocomeB the given vortex 
sheet if Sa-^-0. 2«S ask. 

From what has been said, it follows that tho complex potential at external 
points is 

W=iu(a + 5a) 2 log z — itoa- log s 
= !<■> . 2a . ga log z—ikj log z. 

Tho circle | = | =a iB a fixed boundary, and space enclosed by it is clearly 
simply-coQcectod. It follows tliat tlie liquid within it must be at rest and eo w 
must bo constant. 

3.61. Potential field due to a given vortex. Let us consider an arbitrary 
surface covered uniformly with sources (+ + ... ++) on one side 

and sinks ( ... ) on the other so 

that the surface may be thought of as a 
double layer of small but finite thickness It 
rather than the arbitrary surface (Fig.). 

We can now do away with the difficulty 
of the discontinuity of potential. By far the largest part of the stream 
coming from the sources flows directly to the sinks and produces a 
large difference of potential in the small distance h. Let us choose 
the strengths of the uniformly distributed doublets such that the 
potential difference is everywhere equal to k. The rest of the field 
is built by comparatively a small quantity of source stream. 

If M be the mass of liquid flowing past a source of strength m, and 
q r is the velocity at a distance r from it, then 

fi{=4r.r-q r , as also M=4-m, 
?r =(il//4-r 5 )=-0^/3r. 



so that 
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Thus the potential of the source is 

M 




dr= const. 


M 

j o nr- — CUilJ c. j ■ 

o 4 nr- 47tr 

Similarly the potential of the sink is 

<t> = const. + (Af/4w). 

The potential at a point P due to the element dS of the doublet sheet 
is (Fig.) 

mdS f 1 1_\ 

\ r x r 2 ) 

where m is the source intensity per unit 
surface and r 2 , r x the distance from P 
to the source and sink elements respec- 
tively. Clearly r 2 =?i+& cos 0 (Fig.). 

Since h is very small, 


dj>=- 


mdS , mdS _ 
4jrr 2 4jrri 


( 1 ) 


— ( 1-— cos o') 

r% r x \ r x J 



dm 


11 h a 

or — = 72 cos0 (2) 

From (1) and (2) we get 

d<j> = ( mhdS cos Q/4ur x 2 ) . 

The velocity inside the double layer equals the source intensity per unit 
area, i.e. m ; since almost all the flow is confined to the double layer 
itself . Thus the potential increases by mh which must be equal to k if 
0. Hence 

dj>—(kl 4n){cos 0 dSjrfl). 

Integration then provides 

, k f f cos 0 ds k rr 

4tu]J rfi 4tc ] j 

where dm is the solid angle subtended by the surface dS at P. Thus 
finally 

<j> — kt&l4n (3) 
where m is the solid angle 
subtended at P (x, y, z) by 
the surface having the closed 
vortex filament for edge. 

Cor. If P moves round 
a closed curve interlinking 
the vortex ring (Fig.) the 
solid angle increases by 4k, 
so that this potential function 
is a cyclic quantity increas- 
ing by the cyclic constant k 
every time when the circuit is 
completed. 
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Exp. Prove that in regions remote from a single thin vortex ring the stream lines 
approximate to the curves 

r—c sin 2 6 

where r denotes the distance of a point P from the centre 0 of the ring, and 0 the 
angle which the line OP makes with the axis of the ring and c is a constant. 

[ Aid 1958 ; Osm 59 ) 

Sol. Tho velocity potential 0 due to a vortex ring is given by 



<o*=2x {1 — cos a) 

From (1) and (2) we get 

0 = Jfc (1— cos a)=lk[l—x/-f(a 2 +x 2 )] 
=P[l-<l+(cr/®) 2 >-l'2] 

1 a 2 1-3 a 4 


( 2 ) 


2 x 2 2'4 X* + J * ^ • 

Thus, to this degree of approximation, tbe value of 0 at a distence r frcm the 
centre of the vortex ring is 


The atroam lines are given by 


il 

■e- 

n 

— =- COS 0 
r 2 

(1) 

dr 

rd0 



-130/3 r) -r"i(30/30) 
whence we got, from (1) and (2) 

(drjr) = (2 oos 8 dO/sin 0). 

Integrating we get 

log r = log sin 2 Q-}- const. or r >=c sin 2 0 


which is the required result. 

Ex. 1, (a) Prove that for a single thin vortex ring of radius a, the stream 
function at a point near tho ring and distant x from its plane is approximately 
equal to 

~kx 2 a 2 /i(a 2 +x 2 ) s l 2 , 

where k is the circulation through tbe ring. 

''77,1 Obtain tho approximate formula 

(fc/4rc&)[log (86/a) — 
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Also, | dX,jdz | —nc | 2 n_1 | =>icr ’ 1-1 
/. log | dKldz)\i = \og {ncr i”' 1 ) 

Also /{h, 1U)=— JK log 1)! 

= — | K log (cri” sin n 0 i) 
because x is obtained from 

-(0y/3< )l ) = (-3t73^ 1 ; 
(3x/95i) = (3^735i)^ 

[ 5 i means at (Si, <)i)] 
and the value of if/' [it. tho cur- 
rent function duo to K at 
alone] is 

ty'^-Klog | Z-K\ | 

=■— JA log [lS — Sil 2 + ('l+ 1 li) 2 ]. 



The path is determined by the constant value of x' given by 
y '( x l>yi) = -’(Z.l,i)l)+iK log | dS/d%. 

This gives : —ill log (erf 1 sin nO^ + JJf log (ncri n ' 1 ) = const. 

or ri sin nfli = const , the Cotes Spiral. 

3.70. Analysts of two-dimensional steady motion of a liquid drop. 
Let us consider two neighbouring stream lines AA‘ and BB‘ : 
these being coincident with 
the paths of the fluid parti- 
cles for the motion is 
steady. 

Here P, P' (vide Fig) are 
the positions of any parti- 
cle at time t and f + Sr. Let 
the normals to A A' at these 
points meet in O, the cen- 
tre of curvature. Let PS = 

6 n, the element of the nor- 
mal be regarded positive 
towards the centre of cur- 
vature. Along AA‘ and BB' 
we mark lengths PQ, SR 
each equal to 6 n and con- 
sider ihe square drop of 
fluid PQRS at any time t, 
which at time (+8 f, occu- 
pies the prism represented 
by the rhombus P'Q'R'S' ; 
the distortion being the 
result of different velocities 
at P and S which are q and q+idqldn^n 
Let LPOP' = §, (_R'NO=§, £S'P'0=o.. 

From the triangle NOP', G-f-(3=j7i+^a. 



The motion under investigation is necessarily restricted to an infini- 
tesimal element, during an infinitesimal time 5/, so that the quantities 
involved, i e. 0 and a, are necessarily infinitesimal. 
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small, f it may be found by expanding the functions g in (161) in 
powers of ??. The outer and inner solutions are joined at the points 
of inflexion, and values there are denoted by a subscript j. 

The inner solution is found by approximating to the equation for 
u z in terms of <f> and tfj. Since z = u\—u z , 


v 



2 u\u{ 
u 


1 


1 8 
2u 1 u[ 8<f> 



(166) 


where it is to be specially noted that the dash denotes differentiation 
with respect to (p. If the term {2u 1 u , l )~ 1 8{u i )jdp is replaced by a 
function of <f> or « 2 alone, the equation (166) may be treated, for each 
value of <p, as an ordinary differential equation for u~ in terms of <fi. 
At the wall 8{u")/8<p — 0; but if we simply neglect it in (166), the 
resulting solution gives values of 3 2 (« 2 )/cty) 2 which are of one sign for 
all values of i/», and hence, since 


8hi __ , a 2 
ay 2 ~ - a./; 2 


(« 2 ), 


(167) 


there are no points of inflexion. Since the inner solution is to be 
joined to the outer solution at a point of inflexion, it is essential that 
8 z (u z )/8tp" should vanish when u — u } , where u } is the value of u at 
the point of inflexion as determined from the outer solution. More- 
over, the function by which we replace [2u 1 u’ 1 )~ i d{u i )j8(f> in (166) 
should vanish at the wall. Now u/uj satisfies both these requirements, 
and leads to a solution in elementary functions. J Hence (166) is 
replaced by M 2 u\ 

or, with 7} as defined in (159), 


(168) 


i! 

di 7 


1 (Vl\ _ 8 K/i_ u \ 

2 \«f/ « \ u ll 


(169) 


f Sinco 




(seo equation (20)), and u = 0 at y = 0, a small value of y corresponds to a com- 
paratively largo value of y/v*. ,, 

t (m/m ,) 5 also satisfies the abovo requirements, and has a doublo zero at the «« , 
but leads to tho appoarnneo of elliptic integrals in the solution. The results in 
cases where both procedures — i.e. tho substitution of u/Uj and of , 

tested wero found to be very similar, and so the procedure which leads to the simpler 
integral is adopted. 
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( 170 ) 


This equation integrates to 

where G 2 is a constant of integration whose value is 

C 2 — [^(“ 2 )] J(— l fi “i«i%0) 

-■&>«■* (1,1) 
The equation (170) may be integrated again, with the condition 
u = 0 when rj = 0 , to give 

i 

+ 8in -1 


(1 +C*)i 


rin-i l ~ u l u i \ 

(1+C^r 


(172) 


but, as we shall see presently, this formula is not used in the final 
solution. 

By putting u — u } in (170) we find 



4»i(-«f«,0*(C*+l)*. 


(173) 


By putting u = u } in (172) we could also find the value of rjj from 
this solution. Now d(u 2 )ld-q = —dzjdij, and hence the values of 
d{u 2 )jd-q and rj at the point of inflexion (u = u } ) are known from the 
outer solution. We have already arranged that d 2 (u 2 )/drj 2 for the 
inner solution shall vanish at u = u } -, we now determine C so that 
\d(u 2 )jdTj\ J for the inner solution, as given by (173), has the value 
determined from the outer solution. But then we cannot ensure 
that the value of 7) } for the inner solution is equal to its value as 
determined from the outer solution. In fact (169) is a second-order 
differential equation: the conditions u = 0 at 77 = 0 and 
d{u 2 )jdrj — \d{u 2 )jdti\j 

at u — Uj determine the solution completely. Thus of the four condi- 
tions we should like to impose at the join, 


«=«,. sjOT - °- 


3837.6 


Z 
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we can impose only the last three. Hence in the resulting graph of w 2 
against 77 there is a discontinuity in rj at u — u r When we come to 
find u in terms of y this difficulty is overcome, as we shall see, by 
a procedure which is effectively the same as displacing the outer 
solution parallel to the 77 -axis by an amount equal to the discon- 
tinuity. 

To express u in terms of y for the inner solution (u ^ Uj), we have, 
from equation ( 20 ), 

y== j IT = 2( ^ }i J $ ( 174 ) 

0 0 



(175) 


the last expression being obtained from equation (170). Hence, for 
u < Uj, we find by performing the integration in (175) and inverting, 

u/iij — 1— (1-f C^sinfsin-^l-f C 2 )~*— u^— u^/vu^y), (176) 

Uj being determined from the outer solution and G by making 
d(u z )/dri continuous at the join as previously explained. 

For the outer solution (u > Uj) we have 

«/«i = (!— z/uf)*, (177) 


where z is given by (158) or (163), for example. This gives u in terms 
of 77 , and to connect u and y we express y in terms of 77 by the 
formula 

y ’ £fe) Wl(1 + c ')- , + 2 «>* | " ,8 » 

The first term is the value of y at the join as determined from (176). 
In the lower limit of the integral in the second term the value of 
77 j is to be taken from the outer solution. This is effectively the 
same as taking the value from the inner solution and supposing the 
curve of z against rj displaced parallel to the 77 -axis through a distance 
equal to the difference of the two values. 

From the final formulae it is apparent that the value of 77 for the 
inner solution is not required, except to check that the discontinuity 
in 77 is small. In the cases in which it has been calculated it is found 
that the discontinuity is a very small fraction of the value of 77 
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■which corresponds to the boundary layer thickness 8, as determined 
by taking y = 8 where uju x = 0-995. 

The solution is now complete. Although the procedure adopted is 
complicated, the results are comparatively easy to apply since most 
of the formulae are given explicitly. 

It remains to determine the position of the point of separation 
From (171) we see that C = 0 at separation: hence from (173) 

[^(« 2 )] = 4w 1 ( u[u } <p)- (179) 

at separation, and this is equal to —(8zl8-q) } , which, together with 
Ui, is determined from the outer solution. Hence (179) is an equation 
to determine the value, <p a , of at separation. 

The method was applied by Karman and Millikan ( loc . cit.) to 
solve the problem in which 

u x — Po—Px*. u\ = p* 0 - 2 p x <p. (180) 

This corresponds to flow along a flat plate against a linearly decreas- 
ing adverse pressure gradient, with a constant value of u for all 
values of y at the leading edge. Separation was found to occur at 
P x x/P 0 = 0-102, whereas the value given by the use of the momentum 
equation with a quartic expression for the velocity (equation (145)) 
is 0-156. At separation, the boundary layer thickness, 8, defined as 
the value of y for which u/u^ = 0-995, is given by 8 (ft/c)* = 2-43, 
and the Reynolds number E s (= u x S/v) by (Piv^E^/Pq — 2-18. The 
corresponding numbers for the solution from the momentum equa- 
tion are 3-46 and 2-92 respectively. 

A solution of the same problem by a method of expansion in series, 
which we shall consider more fully in the following section, gave 
Pi x IPo — 0-120 at separation, compared with the value 0-102 from 
the method of outer and inner solutions, and 0-156 from the momen- 
tum equation. Of these three methods, that of expansion in series 
(in spite of the slowness of the convergence) is almost certainly the 
most accurate. If the result given by it be taken as correct, then the 
method of outer and inner solutions gives an answer 15 per cent, in 
error, and the use of the momentum equation an answer 30 per cent, 
in error. Whether the percentage errors in other problems (reckoned 
as percentages of the distance betv-een the pressure minimum and 
the point of separation, for example) w-ill be of the same order of 
magnitude, remains to be decided. 
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Millikanf and von DoenhofEJ have applied the method of outer and 
inner solutions to the pressure distribution measured by Schubauer 
at an elliptic cylinder (p. 162). Millikan approximates to v\ by two 
different cubics in $ for two ranges of values of <p, while von Doenhoff 
uses two quadratics. With the distance from the forward stagnation 
point expressed as a multiple x of the minor axis, Millika n finds 



separation at x — 1*88 and von Doenhoff at x = 1-92, compared 
with an observed value 1-99 and no separation at all by Pohlhausen’s 
method. The pressure minimum is at x = 1-30. 

Karman and Millikan (be. cit.) have also considered by their 
method the problem in which the graph of u x against x or against 
(p is composed of two straight lines: 


= [3 0 x 

— (Po^~Pi) x i Pi x 

<P = )J 0 x* 

= — \ iPo^~Pi) x i + (Po"i'^i) a:x i — iPi x2 
u\ = 2f3 0 <p 

<Pi = \h x \- 


(0 < x < Xj) 

(x ^ xj, 

(0 < a; < xj 

(x > Xj), ■ (181) 

(0 < <p < &) 

(<P > <Px)> 


This represents in certain circumstances a first, very rough, approxi- 
mation to the velocity distribution outside the boundary layer at 


f Journ. Aero. Sciences, 3 (1936), 91-94. 

% N.A .C'.A . Technical Note No. 544 (1935). 
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an aerofoil section. If the suffix 8 denotes values at separation, then 
(PJfpx, and (v/tp^E^ are functions of P]J(3 0 only, where 8 is 

the boundary layer thickness (defined as the value of y for which 
u/u 1 = 0-995) and Eg = % SJv. The results obtained are reproduced 
in Fig. 46. 


63. Approximate methods of calculating steady two-dimen- 
sional boundary layer flow. Application of the solution 
with a linear pressure gradient. 

If % = ) V-A*. (182) 

with u = = f! 0 at x = 0, then 

--§ = -mo-Pi*), (183) 

p ox 

and the equation of motion is 


8u du 0 


This equation may be solved in series. Write 

£ = /WA» v = hWol^y = WiHVy, 

<A = W 0 *)W,v) = 

where </i is the stream-fimction, so that 

« = ^ = »)-8 ^( 1 ))+-). 


(184) 

j (185) 
( 186 ) 


If we substitute in (184) and equate the coefficients of the various 
powers of £ on the two sides of the equation, we obtain a series of 
ordinary differential equations for the/’s. The boundary conditions 
are (since « = j/ = 0aty = 0) / r ( 0) = /^(0) = 0 and (since « as 
7} -> co) /o(ij) 2, /j(?7 ) h>- J, J' T {rj) 0 for r ^ 2 as 57 -> oo. The func- 
tion / 0 is the same as the function / which satisfies equation (45) in 
§53. The equations are third-order equations, and all except the 
first are non-homogeneous linear equations. The first seven functions 
(/ 0 ,/i, ...,/ 0 ) have been tabulated by Howarth,f who also obtained 
rough values of/ 7 and/ 8 . For values of £ in the neighbourhood of 
0-1 the first nine terms are no longer sufficient to give a sufficiently 
accurate representation; the value of £ at separation is greater than 
0-1 and cannot be determined from the series correct to three 
decimal places. Several approximate methods (specially devised 
for the particular problem) were applied to extend the solution to 
the position of separation, and cheeks were applied. The results 


t Pro c. Roy. Soc. A, 164 (1938), 647-664. 
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all agreed in giving separation at £ = 0-120. Now 
yi(8u/dy) y __ Q _ J_ 


mi 






(187) 


where S x and & are the displacement and momentum thicknesses as 
defined in equations (36) and (37), while 

% = &(W)> — < = P v (188) 

Hence the quantities 

yi(8u/8y) v=0 _ vHpujSy^^ 

PoP\(i~£) ’ 

(-<)'*! _ mi 


yi V* 


(189) 


r _ (-<)*» m 

X 1 1 5 

V* V* 

are functions of £ only. They are tabulated against f in Table 8, 

which also contains tables of dxfd£ and y/^r. 

/ 

For small values of £, the first term in the expansion of y is 


X = P J mi'-m-n)] dy = 0-664|l. 
0 

Table 8 


(190) 


£ 

ESSfilSil 

mmm 

•a 

X 

d X 

d£ 

fix 

Wt 

0*0000 

00 

0*000 

0*000 

00 

0*000 

0*0125 

2-773 

0-199 

0-076 

3-17 

0*024 

0*0250 

1-817 

0*292 

0*110 

2-39 

0-046 

0-0375 

1-360 

0-371 

0-137 

2-08 

0-066 

0*0500 

1-064 

0-447 

0-162 

i -93 

0-084 

0-0625 

0-843 

0-523 

0-186 

1-85 

0*100 

0*0750 

0-663 

0-603 

0*209 

1-82 

0-115 

0-0875 

0-503 

0-691 

0-231 

i*8i 

0-128 

0*1000 

o-345 

0-794 

0-254 

1-84 

0-138 

0*1 125 

0-184 

0-931 

0-276 

i-88 

0-147 

0*120 

o-ooo 

I'HO 

0*290 

1*92 

0-151 


Table 9 contains values of w/% for several values of £ and y. 
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Table 9 
Values of uj u x 



0*0125 

0-025 

°'°375 




0-0875 

0*100 

0-1125 

0*120 

0*0 

0*000 

0*000 

0*000 

0*000 

0*000 

0*000 

0*000 

0*000 

0*000 

0*000 

0*2 

0-125 

0*117 

0-108 

0*099 

0-089 

0-078 

0-066 

0*052 

0-034 

0*010 

o -4 

0*251 

0-237 

0*222 

0-205 

0-188 

0-168 

0-146 

0*120 

0-085 

0-038 

o*6 

0-377 

0-358 

0-338 

0-317 

0-293 

0-267 

0-237 

0*202 

0-152 

0-085 

o-8 

0-498 

0-477 

0-455 

0-430 

0-403 

0-372 

0-337 

0*294 

0-234 

0-149 

■B 

SiU 

0-590 

0-567 

0-541 

0-513 

0*400 

0-442 

0-394 

0-325 

0*227 

■ 


0-692 

0-670 

0-645 

0-617 

0-585 

0-546 

0-498 

0-426 

0-318 

WSm 

0-796 

0-779 

0-760 

0-738 

0*712 

0-682 

0-646 

0-598 

0-527 


i*6 

0-864 

0-850 

0-834 

0-815 

0-794 

0-769 

0-736 

0-692 

0-625 

0-517 

i-8 

0-914 

0-904 

0-891 

0-877 

o-86o 

0-839 

0-812 

0-776 

0-716 

0-616 

2*0 

0-949 

0*942 

o -934 

0*923 

0*910 

0-894 

0-872 

0-844 

0-794 

0-708 

2*2 

0*972 

0-967 

0-962 

0-954 

0-946 

0-934 

0-918 

0-897 

0-858 

0-787 

2-4 

0-985 

0-983 

o -979 

0-975 

0-969 

0-961 

°- 9 Si 

0-936 

0-908 

0-853 

2*6 

o -993 

0-991 

0*990 

0-987 

0-984 

0-979 

0*972 

0-962 

o -943 

0-903 

2-8 

0-997 

0-996 

0-995 

0-994 

0*992 

0-989 

0-985 

0-978 

0-967 

0*940 

3 -o 

0-998 

0-998 

0-998 

0-997 

0-996 

o -995 

0*992 

0-989 

0-982 

0-965 

3 -z 

0-999 

0-999 

0-999 

0-999 

0-999 

0-998 

0-997 

o -994 

0-991 

0-981 

3'4 

1*000 

1*000 

1*000 

1*000 

1*000 

0-999 

mi 

0-998 

o -995 

0*990 

3-6 


. . 

. • 

. . 

. . 

1*000 

1*000 

0-999 

0-998 

0-995 

3-8 

. . 

. . 

. . 

. . 

. . 

. . 

. . 

1*000 

0-999 

0-998 

4 '° 

. * 

. . 

. . 


. . 

* . 

. . 

. • 

1*000 

0-999 

4-2 


•• 



-- 




• * 

1*000 


The above solution has been made the basis of a general method for 
any distribution of u x in a retarded region (% negative) 4 In the 
first place, the graph of u x against x may be replaced approximately 
by a polygon. The value of & being known at the first vertex (which 
may be taken at the pressure minimum, the solution up to the 
pressure minimum being supposed found by expansion in series 
from the stagnation point, or from the momentum equation, or by 
any other suitable method), and u[ being the slope of the first side of 
the polygon, x is known at the first vertex. The value, | 0 , of | 
corresponding to the first vertex is found from a graph or table of 
X against £. The value of — j3j for the first side of the polygon is the 
slope of the side, and is obtained by equating /? 0 (1— £ 0 ) to the 
value of u x at the first vertex. The above solution is then applied 
along the first side of the polygon, with 

f = fo+A*/A. (191) 

where x is measured from the first vertex of the polygon. At the 
second vertex we make d continuous, and since there is a discon- 


■f Howarth, op. til., 565-578. 
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tinuity in. % there is a discontinuity in x and therefore also in f 
This discontinuity is found, and we proceed along the second side in 
the same way as along the first, and so on. 

The discontinuity in f at each vertex of the polygon implies a 
discontinuity in the skin-friction; and since the skin-friction is 
one of the most important results of the calculation this is a grave 
objection. Conversely, if we made the skin-friction continuous at 
the vertices, we should introduce discontinuities in #. There would 
be a violation of the momentum equation (38) (since dd-jdx would 
become infinite), corresponding to a series of impulses applied at the 
vertices of the polygon. 

The discontinuities can be avoided by keeping # continuous hut 
taking the limit when the sides of the polygon tend to zero. In place 
of the relation (191) between f and x, together with a series of dis- 
continuities in £, we then obtain a differential equation for f in terms 
of x. If two vertices are taken at a distance Sx apart, then from (191) 
the variation in f corresponding to the side of the polygon joining 
them is ft 8x/ft, which, since ft = —■ft and ft(l— f) = u v is equal 
to —u^l—^Sxju^ To obtain the total variation inf corresponding to 
a variation Sx in x we must add on the discontinuity at the second 
vertex. This is obtained by making # or v^xli—ui) 1 continuous, ie. 



or — = %—,8x. 
X “1 


Since Sx = (d^/df) Sf, this gives a variation 

dx/df % 

in f . The total variation in f for a variation Sx in a: is therefore 

(192) 




= )< 


x % «fr(i — £) 


! dx/df ui % 

and the differential equation required is 


Sx, 


df 1 X < 

dx *d x /d£ u[ V 


(193) 


Since x-rd^/df is a known function of f, while u{ju{, are known 
functions of x, (193) gives f in terms of x if the initial value of f is 
known. This initial value of f is found as above from the initial 
value of x- however, we start from the pressure minimum, 
where u{ = 0, x = 0 and i = 0. Moreover, since x = 0-664f* for 
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small g, the equation (193) has then a singular point at the origin, 
through -which an infinite number of integral curves pass, so that it 
is necessary to determine also the initial value of d£jdz. This deter- 
mination is effected by considering the first side of the polygon, with 
vertices Sx apart, as having zero slope, while the slope of the second 
side is the value of % at Sx, i.e. % Sx. The value of at a distance 
Sx from the pressure minimum is therefore ( — Sxy& 0 /v, where is 
the value of & at the pressure minimum, the variation of & along the 
first side of the polygon being ignored since it is 0(Sx). Equating 
the value of x thus found to 0-664(8£)*, where 8| is the value of 
£ at Sx, we find for the initial value of d£/dx, 

/d£\ _ 2-26&qffj 

Wo ~ v 


(194) 


The values of f corresponding to values of x may now be found from 
(193); the corresponding values of the skin-friction and the displace- 
ment thickness are found by graphical interpolation from Table 8, 
and the velocity distributions from Table 9. 

In this method of procedure we must again suppose that the graphs 
of velocity against distance from the wall at various sections are 
members of a singly -infinite family of curves — namely, the velocity 
curves obtained from (186). At the separation point f will be 0-120, 
and for values of £ between 0 and 0-120 the skin-friction for this 
singly-infinite system of curves takes all positive values. 

We have seen in § 64 that if = cx m there is a solution for which 
(< du/8y) v=0 = 0 for all x if m = —0-0904. The method described 
above was tested by using (193) to find the value of m for which the 
Bkin-friction vanishes everywhere — i.e. for which £ = 0-120 and 
dg/dx = 0. (193) then reduces to 


0-151 


(m— 1)— 0-880m — 0, 


whence m = — 0-0938. It may be noted that when the momentum 
equation with a quartic expression for the velocity is used to deter- 
mine the corresponding value of m we require A = — 12 in (145) and 
(146), whence it is found that m = — 0-100. 

With values of u[, u x determined graphically from the experimental 
values of u L obtained by Schubauer at the surface of an elliptic 
cylinder (pp. 162, 172), and with the solution up to the pressure 
mi nim um found from the momentum equation with a quartic 


3837.8 


Aa 
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expression for the velocity, Howarth found that, according to (193) 
and (194), separation occurs (i.e. f = 0-120) at a distance from the 
forward stagnation point equal to 1-925 times the minor axis. 


64. Approximate methods of calculating steady two-dimensional 
boundary layer flow. Expansion in powers of y ; generalization of 
the solution with tq = cxP; approximate solution in closed form for 
a nearly linear velocity distribution in an accelerated region; an 
iterative process. 


Green t has attempted to find a solution by expanding the stream-function 
in a series of powers of y with coefficients which are functions of x. When the 
expressions 


’P =/i|7+/s|i+/*2;+-. 


2 ! 


3! 


4! 




(195) 


(where the/’s are functions of x and dashes denote differentiation with respect 
to x) are substituted into the equation of steady motion, and the coefficients 
of the various powers of y on the two sides of the equation are equated, it is 
found that 


1 «J, fa = 0- vfi =fifv Vh = 2/j/j' (190) 

The function f u which is (&u/5y)„_ 0 , must be determined so as to make 
at the outside of the boundary layer. Apart from inaccuracies which may 
arise in numerical work from the repeated differentiations required by (196), 
the main difficulty lies in the determination of f v Green applied this method 
to an experimental pressure distribution for flow past a circular cylinder, and 
developed a trial and error step-by-step method of determining f v (Basically, 
the method depends on making u ■ tq exidcufcy = Oaty = 8, and eliminating 
S between the resulting equations.) The pressure distribution and the calcu- 
lated skin-friction are shown in Chap. IX, Fig. 164. 

Several of the methods described in previous sections give values of the 
skin-friction which are more reliable than the values of the velocity in the 
middle of the boundary layer. Expansion in powers of y may then be used to 
obtain improved values of the velocity. 

A method has been suggested by Falkner and SkanJ of generalizing the 
solution described in § 54 for the case i q = cxP (c and m constants) so as to 
derive approximate solutions for any distribution of tq. If in the equation of 
steady motion we write 

Tj = (ujvxfy, <}> = («j vxfj(x,-q), ( 197 > 

t Phil. Mag. (7), 12 (1931), 2-30; AJd.C. Report* and Memoranda, No. 1313 
(1930). 

J AJl.C. Report* and Memoranda, No. 1314 (1930). 
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the equation becomes 

H&S-9H-* (I98) 

where M = u[ xju v (189) 

In the special case u = cx m , M = m, / is a function of rj only; the term in 
square brackets goes out and (198) reduces to an ordinary differential equation. 

In the general case Falkner and Skan replace (198) by an ordinary differ- 
ential equation whose coefficients are functions of x: 

< 20o > 

and determine O t and 0, so that (200) shall agree with (198) as closely as 
possible. The method employed by Falkner and Skan is to make (200) agree 
with (198) for small values of 17. Now from (197) 

u ~% = U ^‘ v= = -i(«t^)*[( Af +l)/+’)( Af -D^ + 2*|]. 

(201) 

and since u and v must vanish at 17 = 0 for all values of x, 8/jdt) and / must 
vanish at ij = 0 for all values of x. If we put 17 = 0 in (198), wo obtain simply 


(cf. equation (16)), whilst with 17 =» 0 equation (200) becomes 

(ft.- -«■<*>• 

In order that these should be identical, we must have 

O^x) = M. (202) 

If we differentiate (198) and (200) with respect to 77, and put 77 = 0, we obtain 
in both cases dy/dy* = 0. If wo differentiate twice and put 77 = 0, we obtain 
from (198) 

««d from (200) (f )|..[S<W0-<V«>]-(|j9.. t - »■ 

In order that these may be identical we require that 


O t (x) = 


M + 1 x da 


, = (TL\ = IMiM 

\0nv ij-o UfSuJ \0i//v-o 


Now (200) reduces to equation (60) with 

[GW*)]*i? = *, [<?*(*)]*/ = F, /J = OJO t , (205) 

so that, in particular, if a is taken from the solution of the approximate 
equation (200), 

W = iffi(^r-o=h(wi)r- o' < 2O0) 
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(?! being equal to M. Since corresponding values of (d 1 FjdY l ) y . ts and /S aro 
known, corresponding values of /3 and «/M l are known. Hence G 2 (= Mfi) 
is equal to M divided by a known function of Since AT is a known 

function of x, (203) is an ordinary differential equation for a. When this 
is solved the solution is complete. Some corresponding values of j3 and 
(d s j F/dT' 2 ) r _ 0 are shown for reference below: 

-0-1988 —0-19 — 0-18 — 0-16 -0-14 — o-io o o-i 0-2 

o 0-086 0-1283 0-1905 0-2395 0-319 0-4696 0-5870 o-686, 

0-3 0-4 0-5 o-6 o-8 i-o 1-2 i-6 2-0 2-4 

0-7745 o-854 s 0-927, 0-996 1*120 1-2326 1-336 1-521 1-687 1-837 


0 = 

6SL- 

<£Kl' : 


The somewhat different application of (203), involving further approxima- 
tions, which was made by Falkner and Skan, has been criticized by Howarth.t 
who also points out that (203) will fail in the neighbourhood of the separation 
point. For since /J = —0-1988 at the separation point, G 2 remains finito 
there. Since a vanishes, (203) would make da/dx vanish also at the separation 
point, and this is not correct. 

Fairly satisfactory results are obtained in a region of accelerated flow, and 
the method may be used as an alternative to Dryden’s modification^ to 
bridge over a region in which A > 12 when such a region occurs in an applica- 
tion of the momentum equation with a quartic velocity distribution (§ 60, 

p. 161). 

The results obtained by Falkner and Skan for the skin-friction over the 
forward part of a circular cylinder with the use of a measured pressure dis- 
tribution are shown together with those of Green in Chap. IX, Fig. 164. 

Thom, || remarking that round the front of a circular cylinder ti/iq is almost 
independent of x, writes ti/u 1 = /, and seeks a first approximation with / a 
function of y by neglecting the term v Bujdy in the equation of motion. Actually 
/ is thus found as a function of (u[jv)*y, and so is a function of y alone only when 
u' x is constant. The first approximation is then used to evaluate the neglected 
term v 8 u[ 8 y and the neglected part iq 8 f/ 8 x of 8 u/ 8 x, and a second approxima- 
tion is found, which results in the equation 


»-(£?)*/ [r-v+^l : wim d f +3 S W)df )' ii, ^ 


where 


rm i„ (V3— V2)V(1— /) 
F(f) - log e V3-V(2+/) ’ 

f 

w^ikf)S fFV)df - 


The values obtained by Thom in this way for the skin-friction round the 
front of a circular cylinder are shown in Chap. IX, Fig. 164, together with thoso 


t A.R.C. Reports and Memoranda, No. 1632 (1935), pp. 37—44. 
j See footnote t, p. 161. 

|| A.R.C. Reports and Memoranda, No. 1176 (1928). 
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of Green and of Falkner and Skan. Up to 46° from the forward stagnation point 
the solution is satisfactory; beyond that it departs widely from the values 
obtained by other writers and from the observed values. Up to 46° the 
velocity distribution outside the boundary layer is approximately linear, and 
we have seen in § 64 that for a linear velooity distribution u/u 1 is a function 
of (u'Jvfy only. It is, in fact, only in an accelerated region with the velocity 
distribution approximately linear that we should expect Thom’s approxima- 
tion to give satisfactory results, and then its only advantage over the solution 
in series is that the formulae can be expressed in terms of simple quadratures. 

A very laborious iterative process has also been suggested by Thom 
(loc. cit.). He shows that, if A, B, G, D are the vertices of a small reotanglo 
with AD and BO of length 2a; and parallel to the wall, and AB and CD of 
length-2y and perpendicular to the wall, and if P is the centre of this rectangle, 
then, approximately. 


Up = i{uj.-\-u s - 3 ru 0 +u D )—Y l Up(u A -\ r u B —u 0 —u D ) 

—Y t Vp(u A +u D —u a —u 0 )+Y a , 


where 


v - yi v -JL v_ 

1 8ke’ 2 8v* 8 2 vp 8x‘ 


(208) 


The boundary layer having been divided into a rectangular net and plausible 
values of u assumed at the comers, the values of u at the contras are calcu- 
lated from (208), the values of v being calculated from the equation of con- 
tinuity. The centres of the n&w rectangular net at the comers of which the 
values of u are now known are the comers of the original net and now values 
at these points are calculated from (208). This iterative process has to be 
repeated many times before the values are repeated sufficiently accurately. 


65. Boundary layer growth. Motion started impulsively from 

rest. 

When relative motion of a viscous incompressible fluid of constant 
density and of an immersed solid body is started impulsively from 
rest, the initial motion of the fluid is irrotational, without circulation. 
This is shown by observation, and may be proved theoretically in 
the same way as for inviscid fluids, f since it may be assumed that 
the viscous stresses remain finite. The fluid in contact with the solid 
body is, however, at rest relative to the boundary, whilst the 
adjacent layer of fluid is slipping past the boundary with a velocity 
determined from ideal fluid theory. There is thus initially a surface 
of slip, or vortex-sheet, in the fluid, coincident with the Burface of 
the solid body. In other words there is a boundary layer of zero 
thickness. The vorticity in the sheet diffuses from the boundary 
into the fluid and is convected by the stream. The boundary layer 

t Lamb’s Hydrodynamics (1032), p. 11. It is assumed that any extraneous im- 
pulsive body forces acting on the fluid aro conservative. 
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grows in thickness. (The same results follow from a consideration 
of the equations for the vorticity components in a viscous incom- 
pressible fluid, or of the equation for the circulation in a circuit 
moving with the fluid.f ) 

In any region along the boundary where the fluid is flowing against 
a pressure gradient, the forward stream will, after a time, leave the 
boundary if the pressure gradient extends far enough. Up to the time 
when separation begins, the velocity and pressure juBt outside the 
boundary layer may be taken to be the same as those at the surface 
in the irrotational motion without circulation, since this assumption 
provides a very close approximation to the facts. The pressure may 
also, as in boundary layer theory generally, be taken as constant 
across any section of the boundary layer. 

Separation begins when the velocity gradient normal to the 
boundary vanishes at the boundary. For two-dimensional motion, 
the time, T, that elapses before separation begins, and the distribu- 
tion of velocity in the boundary layer, may be approximately 
calculated. For an impulsive start, the second approximation to 
the velocity distribution, sufficient to give a first approximation 
to T, was calculated by Blasius.J The third approximation to the 
velocity distribution, and the second approximation to T, have been 
calculated by Goldstein and Rosenhead.|| 

After separation has once begun, the position of separation moves 
upstream. The movement could be followed theoretically on the 
assumption that the velocity and pressure outside the boundary 
layer continue to be the 1 same as in the irrotational motion without 
circulation; but this assumption is no longer valid, and the results 
would have at best only a qualitative value, — and then only for flow 
past a symmetrical cylinder, since for an asymmetrical cylinder a 
circulation begins to grow as soon as separation starts. Even for a 
symmetrical cylinder, the thickening of the boundary layer beyond 
the position of separation — or, rather, its projection into the main 
body of the fluid — and the consequent formation of a wake deprive 
results obtained on the above assumption of any quantitative value. 

We assume that at time t = 0 a cylinder starts to move in a 
straight line with velocity u 0 , and that this velocity remains constant 

t Chap, m, § 36. See also Jeffreys, Proc. Camb. Phil. Soc. 24 (1928), 477-479. 

J Zeitschr.f. Math. u. Phys. 56 (1908), 20-37. 

|| Proc. Camb. Phil. Soc. 32 (1936), 392-401. 
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thereafter. We take a frame of reference fixed relative to the 
cylinder. If £ is distance along a section of the cylinder from the 
forward stagnation point and y distance normal to the surface of 
the cylinder, the approximate equation of motion in the boundary 


layer is 


8u , du , du du i . dhi 

- + u -+v- - u^ + v — . 


where u x is the velocity just outside the boundary layer, as before. 
Initially the boundary layer has zero thickness, and at the beginning 
of the motion the diffusion far outweighs the convection and the 
influence of the pressure gradient, — i.e. the convection terms in the 
acceleration on the right can be neglected compared with du/dt, and 
the term u x dujdx neglected compared with vahijoy 2 . The equation 
for the first approximation to u is 


and the solution required is 


du dhi 

dt~ v dtf-’ 


where 


u — % erf 13, 

y 

V 2(i /<)»’ 


( 211 ) 


and erf 77 is defined in equation (160). This solution makes u — 0 
when 7] = 0, u practically equal to when 73 is large and theoretic- 
ally equal to % when y — oo, and makes the thickness of the boundary 
layer zero when t = 0. 

The first approximation to v must satisfy the equation of con- 
tinuity and must vanish when 73 = 0. It is therefore given by 

v = — 2yl(vt)ui[i) erf 17 — ir~*( 1 — e -1 ?')], (212) 

where the dash denotes differentiation with respect to When 


' ’ v ~ — 2 {vt)ir]ui — — yu[, 

and becomes infinite. The solution therefore fails theoretically for 
infinite values of 73 . But for moderate values of 73 , at which u is 
practically equal to u v v is of order (vt) l u^. 

To find a second approximation, denote by u! , v' the terms that 
must be added to the first approximations given by (211) and (212). 
u'/u and v'jv are of order tu[, and to find u' it is sufficient to solve 
the equation 8V M ^ 

v W-Ji ~ -“>”*+“S+ , V 

t La this section the dash is used to denote diSerentiation on tt, only. 
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where on the right u and v have their values as given by (211) and 
(212) for the first approximation. Write 


Then 


u' = 


(213) 


2l ? “T ~ 4 / — 2 ? ? — je- 5 ?’ erf i? — 1 -f 2n- 1 (e-’)*— c -*v')T 

The solution of this equation is ,2 ‘ 4) 

/= f(2ij 2 — l)e^f 2 ^2-j-377~t^e -, ! , erf 77-f-l 

_| ff -i c -^ + 2^-i e -2>j* +a (2,2 + i) J (215) 

+P[b T ~ i (2v 2 + 1 ) eT fv+V e ~ r, *]> J 

where a and /? are constants to be chosen so that «' = 0 at rj — 0 
and at 17 = 00. These conditions require 


“=-( 1 + l)=- 1 ' 2mi - ' 

^(^H 80364 - . 


(216) 


Then u is the sum of the expressions given by (211) and (213), i.e. 

u = u 1 evl7i- 1 r tu 1 uif{T]). (217) 


The position of separation of forward flow from the wall is given by 
~8uj&y — 0, i.e. 8u/Sr) = 0, at 77 — 0. The time at which separation 
occurs at any particular place is hence found to be given by 


l +{l+-^ju[t = 0. (218) 

Separation will occur first where u[ has its greatest negative value 
The interval to separation is given by 

T = 0-70205 K-ui)^ ( 219 ) 

The rather complicated 'calculation of the third approximation 

to the velocity has been carried out. It is found that the next 
approximation to the time at which separation occurs at any 
particular place is given by 

tr 1 = — 0-7122m 1 '+V{0-727K 2 +0-05975u 1 <}. (220) 

l has its least value where — u[ is greatest if and only if is zero 
there. 

Tor a circular cylinder — u{ is greatest at the rear stagnation point, 
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and separation begins there both on the first and second approxima- 
tions. If a is the radius of the cylinder, = 2u 0 sinxja, and the 
time that elapses from the commencement of the motion until 
separation first begins is given by u 0 T x = 0-35a for the first approxi- 
mation and by u 0 T„ = 0-32a for the second approximation. These 
expressions give the distance travelled by the cylinder from the 
commencement of the motion, and the second approximation is 
about 9 per cent, less than the first. 

For a symmetrical cylinder of any section, it is to be remarked that 
whether — attains its greatest value at the rear stagnation point 
or not depends on the shape of the section; and consequently separa- 
tion may not begin at the rear stagnation point even according to 
the first approximation to T (equation (219)). This is especially the 
case for a bluff cylinder. Thus Tollmienf has pointed out that for an 
elliptic cylinder with its major axis across the stream separation 
begins at the rear stagnation point only if the ratio of the squares 
of the axes does not exceed §. As this ratio is further increased the 
positions of initial separation move symmetrically round towards 
the ends of the major axis, and the time interval to separation con- 
tinually decreases. 

As an example of a cylinder of asymmetrical section, the case of 
an ellipse with axes in the ratio 1 : 6, and with its major axis at an 
angle of 7° to the stream, has been considered. For the irrotational 
motion without circulation the rear stagnation point is at a distance 
of 0-0221a from the end of the major axis, towards the upper side of 
the ellipse, where 2 a is the length of the major axis. For the first 
approximation separation begins at a distance of 0-0173a from the 
rear stagnation point towards the lower side of the ellipse, alter a 
time given by u 0 T 1 = 0-0158a. For the second approximation 
separation begins at 0-0170® from the rear stagnation point after a 
time given by u 0 T z = 0-0 144a. The position of initial separation is 
not much altered. The interval is again reduced by about 9 per cent 4 
Since the position of initial separation is not much altered, the term 
in % u[ in (220) makes very little difference, and the same percentage 
reduction would always be found. » 

The second approximation to the velocity (corresponding to 

f Handbuch tier Experimenlalphysik, 4, part 1 (Leipzig, 1931), 274, 278. f 

* Goldstein and Rosenhead, loc. cii. The first approximation had 
by Howarth. 

3837.8 B b 
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has been found by Tollmienf for flow past a rotating cylinder, the 
whole system being started impulsively from rest. 

The growth of the boundary layer at the surface of a body of 
revolution has been studied by BoltzeJ and the results have been 
applied to a sphere. By numerical computation the value of 
(8u/8y) y=0 was found up to the term involving and separation 
was found to begin at the rear stagnation point after the sphere 
has travelled (relatively to the undisturbed fluid) a distance equal 
to 0-39 times its radius. 


66. Boundary layer growth. Uniformly accelerated motion. 

Bor uniformly accelerated motion starting from rest, u 0 is pro- 
portional to t, and the velocity outside the boundary layer, which 
before separation is again to be found from ideal fluid theory, will 
be of the form tw^x). Since 


= Bui 

p 8x dt 1 8x ’ 


the equation of motion is 


du.8u.8u . dw 1 8hi 
— U U -{-v— — w t + thv x — -l-fv— . 
8t 8x 8y 1 1 dx 8y* 


( 221 ) 


As before the equation may be solved by successive approximation 
(or by a series in t), the equation for the first approximation being 

8u 8H , 

8t 8y 2 1 

The solution for which u — 0 at y = 0, u/tw 1 -> 1 when y co or 
t -» 0 is 

u = tw^xJl— -2?7 2 +27r - *i7e -, f+(2i? 2 -j-l)erf77}, (222) 

where y — \y{(vt )*, as before. The second approximation, for which 
Pw x w' x multiplied by a certain function of rj must be added to the 
value of u in (222), was found explicitly by Blasius,|| who also 
obtained by numerical computation the next term (involving t s ) in 
{8ujdy) u= 0 and gave as the equation for the time at which separation 
begins at any particular place 

1-f 0-427w;(< z — {0-026w; 1 ' 2 +0-010M; 1 ta^ 4 = 0. (223) 

f QBUingen Dissertation, 1924; Handbuch der Experimentalphysik, 4, part 1 
(Leipzig, 1931), 276, 277. 

± QBUingen Dissertation, 1908. 

j| Loo. cit. in the footnote on p. 182. Fig. 23 on p. 60 was drawn from the secon 
approximation. 
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For a circular cylinder of radius a separation begins again at the 
rear stagnation point according to either the first or second approxi- 
mation, the calculated time intervals before separation begins being 
such that the distance travelled before separation is 0*585® for the 
first approximation, and 0*52® for the second. The second approxi- 
mation is about 1 1 per cent, less than the first. 

For the elliptic cylinder previously considered (incidence 7°, ratio 
of axes 6: 1, length of major axis = 2®), separation begins at 0*0173® 
from the rear stagnation point when the distance travelled is 
0*0264® for the first approximation, and at 0*0169® from the rear 
stagnation point when the distance travelled is 0*0234® for the 
second approximation. The position of initial separation is not much 
altered, and the term in w x w{ in (223) makes very little difference. 
The second approximation to the distance travelled is again 11 per 
cent, less than the first. 

67. Boundary layers for periodic motion. 

The existence of a boundary layer at an oscillating solid surface 
arises from the fact that the vorticity which is produced at the 
surface and diffuses into the body of the fluid changes sign periodic- 
ally. (In previous cases boundary layers are produced because the 
vorticity produced at a solid surface, in addition to diffusing into the 
body of the fluid, is convected with the main stream.) The thickness 
of the boundary layer at an oscillating surface is proportional to the 
square root of the product of the kinematic viscosity and the period 
of the motion. The same results apply for a fixed surface and an 
oscillating stream. 

The simplest example is an infinite lamina oscillating in its own 
plane in a viscous fluid in the absence of external pressure gradients: 
a solution of this problem was given by Stokes.f Due to a pre- 
scribed motion u — a cos(t7f-{-e) at the boundary, a velocity distribu- 
tion is produced in the fluid such that 

u = ue-P v cos(ot— jSy-f-*0, (224) 

where /3 = (®/2v) 1 , (225) 

and the plane of the lamina is taken as the (z, x) plane, the fluid being 

t Trans. Camb. Phil. Soc. 9 (1851), [20], [21] or Math, and Phys. Papers, 3, 19, 
20. See also Lamb, Hydrodynamics (Cambridge, 1932), pp. 619, 620, where a number 
of similar examples are also considered. 
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on the side of the plane for which y is positive. The amplitude of the 
resulting oscillation is diminished in the ratio e~ n when y — C(2vjo)K 
The influence of a rigid boundary on standing wave motion has 
been investigated by Rayleighf without, and by SchlichtingJ with, 
the approximations of boundary layer theory. The amplitude being 
supposed small, the ‘first-order’ motion, in which squares of the 
amplitude are neglected, is easily investigated. The investigation of 
the ‘second-order’ motion, in which squares of the amplitude are 
retained, yields results of more interest. The second-order motion 
contains a non-periodic part, and, corresponding to a ‘first-order’ 
velocity a cos hx cos at near the boundary just outside the ‘thin 
frictional layer’ (i.e. the boundary layer), Rayleigh finds that the 
components of this non-periodic velocity are, at distances from the 
boundary sufficient for e~P y to have become insensible, || 

(3&/8ff)a 2 sin2A:xe _2 * !/ (l— 2ky) \ 
and — (2& 2 //?<r)a 2 cos 2Jcxe~ ikv { — jf+f/ly), ) ^ 


parallel and perpendicular to the wall, respectively. The steady 
motion thus represented consists of a series of vortices periodic with 
respect to a; in half a wave-length of the original standing wave. The 
fluid moves from the boundary at the nodes {lex = \n, and 
towards the boundary at the loops ( lex — 0, it, The horizontal 

motion is directed from the loops to the nodes near the boundary, 
and changes sign when y = {21c)- 1 . 

To ascertain the character of the motion in the frictional layer, the 
terms in e~P y which were omitted in (226) must be retained. When 
this is done it appears that the velocity parallel to the surface changes 
sign, as we go out from the wall, for a value of fly somewhat greater 
than far, after which it stays of one sign until 2 ley = 1 . The greatest 
magnitude of the velocity inside the layer for fly < is found to 
be about \ of the velocity just outside the layer. 

Rayleigh also investigated the circumstances when the motion 
has its origin in the assumed motion of a flexible plate, situated when 
in equilibrium at y — 0, which is such that to the second order the 
boundary conditions are u — 0, v = a sin fee cos a?, say, at 


y = {a.ju)s\xilexmnot. 


t Phil. Trans. A, 175 (1883), 1-21 ; Scientific Papers, 
the existence of a ‘thin frictional layer’. 

J Physik. Zeitschr. 33 (1932), 327—335. 


2, 239-257. Rayleigh notes 
|| 0 — (cr/2r)t as in (225). 
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The results are rather similar to those above; but the fluid moves 
from the boundary at the loops and towards it at the nodes, with the 
horizontal motion directed from the nodes to the loops near the plate .f 

It will be noted that according to (226) the velocity parallel to 
the boundary for small values of y (i.e. just outside the boundary 
layer) is equal to (3 k/Sa)sc 2 sin 2 kx. Hence the effect of the condition 
of zero slip at the boundary is such that the assumed potential wave 
motion, u = a. cos kx cos at, produces, even outside the boundary 
layer, a steady second-order flow, with a magnitude independent of 
the viscosity. The same result was found by Schlichting (loc. cit.), 
who applied the approximations of boundary layer theory, and, for a 
velocity w 1 (x)eos at outside the boundary layer, found for this steady 
second-order velocity component a limiting value — (S/ia)w 1 w{ at 
the edge of the boundary layer. Since w 1 = a cos kx in Rayleigh’s 
investigation, the results are in agreement. 

Mow in a long straight tube of radius a under the influence of a 
periodic pressure gradient has been investigated theoretically and 
experimentally by- Richardson and Tyleri and theoretically by 
SexL|| If the tube is long enough, the velocity (u) along the tube is 
independent of the distance ( x ) along the tube, and the velocity at 
right angles to the axis is zero. If r is radial distance from the axis 
of the tube, the exact equation of motion is 



where 


1 cp 

— -r- = a COS at. 
p dx 


(228) 


The solution can be obtained exactl\ r in terms of Bessel functions 
of order zero. When a(aj v)^ is small it assumes the parabolic form 
- u = (ocj4v)(a 2 —r 2 )eo3at. (229) 

When a{a/v ) l is large the solution is 

u = -sin at— -^j‘e-# a-r %in{cr<— /S(a— r)}. 


(230) 


where fi is (aj2v) i as before. In the central portion of the tube where 
fi[a—r) is large only the first term is important. The first term 


t The syrtems of vortices described above find application in the explanation of 
certain observed phenomena in acoustics. For references to these and related 
phenomena Rayleigh's paper may be consulted. 

% Proc. Pay's. Soc. 42 (1929), 1-15. 
i! Zeitschr.f. Phys. 61 (1930), 349-362. 
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represents an oscillation of the same period as the pressure gradient 
but with a phase difference of a quarter of a period. 

When the approximations of the boundary layer theory are applied 
to this problem the term vr~ x du/dr in equation (227) is dropped and 
the solution (230) emerges quite simply. 

In the experiments u 2 , the temporal mean value of the square of 
the velocity, was measured, u 2 has its maximum value in the 
boundary layer near the wall and not in the central portion of the 
tube, for from (230) 

u 2 — — {1— 2(a/r)*e - # a-r) eos)9(a— r)+(a/r)e -2 #'-''>}, (231) 

2a 2 

and the maximum of this expression is at j3 (a— r) = 2-28. This result 
is in good agreement with the experiments of Richardson and Tyler. 
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68. The mean flow. 

In the mathematical treatment of turbulent flow it is assumed that 
the motion can be separated into a mean flow whose components are 
U, V, W, and a superposed turbulent flow whose components are 
u, v, v), the mean values of which are zero.f In most cases these 
means may be taken with regard to time at a fixed point, or with 
regard to one of the coordinates at a given instant of time. Some 
discussion of the methods of taking means was given by Reynolds , % 
but there has been little subsequent discussion of this question. 

In all cases of steady mean flow the means are taken over a long 
period of time at a fixed point. In other cases the appropriate 
method for taking means will depend on the particular problem which 
is being solved. If, for instance, the problem of the turbulent flow near 
an infini te plate moving with variable velocity were to be discussed, 
the mean values would be taken over planes parallel to the plate. 

Difficulty occurs when the mean flow is variable. It is then 
necessary to assume that the fluctuations in u, v, w are so rapid that a 
significant mean velocity can be taken in an interval which is so short 
that the change in U, V and W during that interval can be neglected. 

In taking averages the following principles will be adopted. If 
A and B are dependent variables which are being averaged and S is 
any one of x, y, z, t, then BAjdS — 8A/8S,\\ and AB = AB, where 
the bar denotes a mean value. 


t In this chapter (except in equation (1)) V, V, TV are the components of the mean 
velocity, u, v, w of the turbulent velocity, and u, v, w are the root-mean-square values 
of u, v, w. A bar over the top denotes a mean value. 

X ‘On the Dynamical Theory of Incompressible Viscous Fluids and the Determina- 
tion of the Criterion’, Phil. Trane. A, 186 (1895), 123-164. See also Lamb’s Hydro- 
dynamics (1932), p. 674 et seq. 

|j For example, with time means 


Hi 


5 / ft * “ s 

t-T 

= ±M A*-±I±T A* 
2r et J et [2r J 


CA 

ct 


If the method of averaging does not involve the variable of differentiation, no 
difficulty arises. 

For a proof with a different method of averaging, see Taylor, Proc . London Math . 
Soc. (2), 20 (1922), 202, 203. 
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69. The Reynolds stresses. 

The equation of motion of an incompressible fluid may be written} 
du 8 . yd, d 

P ~8t ~8x^ Pxx ~ f>UU ^8y^ ~P uv ) + jJPxz—puw) (1) 

and two similar equations. If U+u be substituted for «, F-fv for 
v, and W+w for w, and the mean value taken, (1) becomes 

p ^ = ^(Kr-pUU-pmi)+~(p^- p UV-p-ui) 

a 

+ fa(p£z—pUW—pvw). ( 2 ) 

This equation has the same form as (1) if the stress 
Pxx is replaced by p^—puu, 

Pxy )> >> Pxy pUD , 

Pxz » » p^.—pUW. 

Thus the equations of the mean flow are the same as the ordinary equa- 
tions of motion provided that stress components — pit 2 , —pv z , —pic 1 , 
— pvw, — pwu, — puv are added to the mean values of the stresses 
p xx , Py V , Pz~, p vz , Pzx, Pry which are due to viscous forces. These 
virtual stresses are called the Reynolds stresses, and are the mathe- 
matical representations of the transport of momentum across a 
surface due to the velocity fluctuations .J 

The equation of continuity, when averaged, becomes 

8U dV £IF = 0 
dx 8y 8z 


70. Example. The Reynolds shearing stress for pressure flow 
between parallel planes. 

A simple example in which the Reynolds stresses are known is 
that of pressure flow between parallel planes. 

Let the axis of x be parallel to the direction of mean motion, and 
denote by v the component perpendicular to the parallel planes. 
The average state of affairs may be supposed independent both of z 
and of x, so that d(pu z )jdx = 0, d(puw)/dz = 0, etc. Hence (2) 


becomes as 


(3) 


f These are equivalent to equations (19) and (20) of Chap. HI in virtue o 
equation of continuity. In equation (1), u, v, ui are taken temporarily as o com 
ponents of total velocity. 

+ Reynolds, loc. ext.; Lamb's Hydrodynamics, loc. cit. 
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and since 


!8U 8u , 8v\ 


The second equation of motion is 

^ ^ 
^(^-P^)+-^(P^-P v2 )+^(p7z-P^) = 0 , 

and since in this case the first and last terms vanish, (p^y—pv 2 ) is 
independent of y. Now 

¥7v = — p — 2 p si >l s y< 

and 8 = 0, so that (p+pu 2 ) (5) 

is independent of y. Since 8(pv 2 )!dz = 0, (5) shows that 8p/8x is 
independent of y. 

It has been shown above that p ~ = —p. Similarly, p7 z = —p. 

Hence since „ - — — — 

3p = —Pxx—Pvv—Psz> 

p^ x = —p. The integral of (3) is therefore 

puv=—y^-- constant. (6) 

71. Reynolds’s equations of motion in cylindrical polar co- 
ordinates. 

Reynolds’s equations, expressed in cylindrical polar coordinate^ 
r, <f>, z, are, with the viscous terms neglected, f 

s + F,« + ag +K f_D 

ot or r 8(p oz t 

I dp 8 - g 18 . 8 . v 2 v\ 

“ — <***>-?+?■ 

a L y OOk ; Yi a-V 1 *' r ^ 

81 r dr ^ r 8<p' z 8z' r 

II dp 8 1 8 ,-=■ 8 . 2 v/vl 

= — P r i-Sr^-r^-Fz^ F*' 

d Z,j/ s K | 7^8V Z y8V z 
8t' r 8r' r 8<p + 2 8z 

1 dp 8 . . 1 8 . . 8 v r v z 

t The components of mean velocity in cylindrical polar coordinates are here de- 
noted by V r , V^, V z , and the turbulent velocity components by ty, v^, v z . 
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72. Coefficients of correlation. 

Three of the Reynolds stresses depend only on the magnitude of 
one component of velocity, hut the three components of shear stress 
depend on the magnitudes of two component velocities and on the 
correlation between them. The coefficient of correlation between 
u and v is defined as 

p _ uv uv 

u, v, w will be used to denote V« 2 , Vt> 2 , \ ! w 2 from now on. 



Fig. 47. 


In the case of pressure flow between parallel plates pub can be 
found from (6) by measuring the mean pressure gradient. To find 
R uv it is necessary to measure u and v. Only provisional measure- 
ments of v in this case have been made, I but u has been measured by 
means of the hot wire technique. J Since in general u is nearly equal 
to v,|| uv/u 2 is likely to be nearly equal to R uv . Values of uv/u 2 have 
been given by Karman,ff who based his calculations (a) on the 
measurements of Wattendorf, ( b ) on those of Reichardt. These are 
shown in Fig. 47. 

73. Reynolds’s energy criterion. 

Reynolds’s experiments with flow in pipes showed that if the 
Reynolds number of the flow U m ajv%% is less than 1 ,000, the flow will 
become steady however large the disturbances at the entry may be. 

t F. L. Wattendorf, Joum. Aero. Sciences, 3 (1936), 200-202. 

X Chap. VI, §§ 1 17, 119. I! See §77, p. 200. 

ft Proc. Fourth Internal. Congress for Applied Mechanics, Cambridge, 1934 (Com- 
bridge, 1935), pp. 63, 64. , 

tt is the average velocity over a cross-section, and a the radius of the pip^* 
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Experiments with very carefully controlled conditions of entry have 
since shown that when the disturbances are very small the flow may 
remain steady when U m a[v is as high as 16,000-t 

To account for the existence of a critical Reynolds number separat- 
ing steady from turbulent conditions, Reynolds found the condition 
that the energy of the disturbed motion may increase. With any 
given form of small disturbance the criterion which distinguishes 
between an initial increase or an initial decrease in energy of the 
disturbed motion is a definite value for the Reynolds number of the 
motion. Thus for pressure flow with mean velocity U m between 
parallel planes distant b apart Reynolds found that if U m b/y >517 
the energy of the disturbed motion increases initially. This result 
was obtained by assuming a definite type of disturbance which 
satisfies the boundary conditions. Reynolds found that the calculated 
critical value of U m bjv depended on the form assumed for the dis- 
turbances. Orrf pursued the matter farther and found the form of 
disturbance which gives the value 117 for U m bjv below which all 
small disturbances initially decrease. It is certain therefore that for 
Reynolds numbers below this all possible small disturbances will 
continually decrease. Orr also calculated the criterion [U 0 b/v < 177) 
for initial decrease of disturbance when one plane moves with 
velocity U 0 relative to the other. 

These minimum criteria are well below the observed lower criteria. 
It appears therefore that, when the Reynolds number of the motion 
is between Orr’s number and the observed lower criterion, distur- 
bances can be imposed which increase initially but subsequently 
die away. 

Disturbances of pure laminar flow of uniform vorticity which 
increase very greatly initially and subsequently die away have been 
discussed by Orr.|| They are of the type 

u — (A ja a ) cos a 0 x sin b 0 y, v = (A jb 0 ) sin a g x cos b 0 y, 

where b 0 is large compared with a 0 . If such a disturbance is super- 
posed on the flow U = d 0 y, the vorticity of the disturbance, which 
is originally arranged as shown in Fig. 48 (a), is convected by the 
mean motion, and after time t = b 0 ja 0 d 0 the areas of positive and 
negative vorticity are situated as in Fig. 48 (6). In the first position 

t See Chap. Vn, §148. 

% Proc. Roy. Irish Acad. 27 (1907), 69-138 (especially pp. 128, 134). 

|| Ibid. , pp. 90-94. 
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(Fig. 48 (a)) the centres of positive and negative vorticity are close 
together in vertical lines, so that the velocities they produce are small. 
In the second position (Fig. 48 (&)) the centres of positive vorticity 
are close together on one set of vertical lines, while the centres of 
negative vorticity are on intermediate lines. This arrangement 
produces much greater velocities than that shown in Fig. 48 (c). 
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74. Stability for infinitesimal disturbances. 

The importance of stability in connexion with turbulence arises 
because a motion which is definitely unstable for small disturbances 
cannot remain steady for speeds higher than that at which instability 
sets in. On the other hand, a motion which is definitely stable for 
small disturbances may become turbulent when finite disturbances 
are imposed on it. Perhaps the simplest case of steady motion is 
that of flow parallel to the axis of x between parallel planes. It seems 
now to be generally admitted that when there is no pressure gradient, 
the steady flow being due to relative motion of the two planes, the 
motion is stable; but there seems little doubt that in fact the flow 
would be turbulent when some definite Reynolds number is exceeded, 
provided a sufficiently large finite disturbance were applied. 

75. The stability of flow between rotating cylinders. 

The only case in which instability has been proved by calcula- 
tion and verified experimentally is that of flow between rotating 
cylinders, f For given ratios of radii and of rotational speeds of the 
two cylinders a definite mode of disturbance appears when a calcu- 
lable Reynolds number of the flow is just exceeded. This instability 

f Taylor, Phil. Trans. A, 223 (1923), 280-343. 



PLATE 22 
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consists of alternate ring-shaped vortices symmetrical about the 
axis of the cylinders and spaced a definite distance apart. By arrang- 
ing that the inner cylinder is covered with a thin coat of coloured 
fluid, the annular space between the cylinders being filled with water, 
the vortices can be observed, the planes between them appearing as 



dark lines when viewed at right angles to the axis. A photograph of 
these lines is shown in PI. 22, where regularity of the spacing may be 
seen. It appears that when the mean flow is such that only one mode 
of disturbance is just unstable, all others being stable, this mode 
immediately makes its appearance. The comparison between 
observed and calculated speeds at which instability sets in is shown 
in Fig. 49 for a particular pair of radii (3*55 and 4-035 cm.). The 
ordinates and abscissae are QJv and Q 2 /r, where Q x and £2 2 are the 
angular velocities of the inner and outer cylinders respectively. f 

76. The stability of two-dimensional laminar flow. 

The two-dimensional periodic disturbances of a field of flow in 
which U is a function of y only may be represented by a stream- 
functionj <p = rp(y)e iaiz ~ c{ \ and the differential equation for <p is 

{U —c)(<t>" — a 2 ^) — U"<f> = -- {$"" (8) 

a 

t This work has been extended by Dean to the case of pressure flow in the annular 
apace between two cylinders, the pressure acting round the cylinder and therefore, 
strictly, many-valued. See Proc. Boy. Soc. A, 121 (1928), 402-420. See also Chap. VH, 
§149. 

t It is assumed that any initial disturbance may be analysed into periodic dis- 
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If all velocities are expressed as fractions of *7 mai . the maximum 
velocity, and all lengths as fractions of some length b (eg. the 
distance between two planes between which the flow is confined) 
(8) can be written 

(U—c){if> n —a?<p)—l 7 r <p= (9) 


where R = V ma3 .blv and is defined as the Reynolds number of the 
flow, and the dashes refer to differentiation with respect to the new 
non-dimensional variable. 

To explore the stability of flow between two planes it is necessary 
to write down the conditions that 


<p — <p' = 0 at y = 0 and y = b. 

Since (9) has four independent solutions these four boundary condi- 
tions will lead to a period equation for determining a relationship 
between c and a. If the imaginary part of xc is positive, the dis- 
turbance is unstable. 

The case when U" = 0 (i.e. the flow is a uniform shearing) ha3 
been extensively explored over a large range of values of R. All 
oscillations appear to be stable, but it cannot be said that this has 
been definitely proved. For low valuesy of R the problem has been 
attacked by expansion in power series and for high values! by the 
use of asymptotic series. 

A method for obtaining solutions of (9) for high values of aR 
has been developed by Heisenberg, |j Tietjens,ff and Tollmien.ii 
These authors divide the four independent solutions into two classes, 


turbances of this type, although this has never been rigorously proved except in the 
case of a simple shearing motion (Haupt, Sitzungsber. d. k. bayr. Akad. d. TTi* j., 
Math. Phys. Kl. ( 1912), pp. 289-301). The reasons why the usual proof of the possi- 
bility of such an expansion fails have been set out by Southwell and Chitty, Phil. 
Trans. A, 229 (1930), 232-242. 

On the assumption that any disturbance (possibly three-dimensional) may b a 
analysed into constituents which are periodic in t, x, and z, it has been proved bj 
Squire (Proc. P.oy. Soc. A, 142 (1933), 621-628) that if instability arises for any 
Reynolds number, then it arises far the smallest Reynolds number when the motion 
is two-dimensional. 

f Southwell and Chitty, Phil. Trans. A, 229 (1930), 205-253. (See also or 
the parabolic distribution Proc. Camb. Phil. Soc. 32 (1936), Goldstein, pp- 40-o , 
Pekeris, pp. 55-66.) 

% Hopf, Ann. d. Phys. (4), 44 (1914), 1-60. 

|| Ann. d. Phys. (4), 74 (1924), 577-627. 

ff Zeitschr.f. angcw. Maih.u. Mech. 5 (1925), 200-217. 

ft Octtinger Nachrichlen, Math.-Phys. Klasse (1929), pp. 21-44. 
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(a) solutions which are similar to those of an inviscid fluid, namely, 
solutions of (U-c)(<p'-o&p)-U’<p = 0, (10) 

and ( b ) those which involve very rapid variations of <p and are similar 
to the solutions 'of -,r, 

{U-c)p+ = 0. (11) 

<xK 


At the point where V = c the inviscid solution involves an infinite 
velocity and an infinite rate of shear, so that a solution which neglects 
viscosity (no matter how small) in the neighbourhood of this point 
is invalid. A finite viscosity prevents these infinite velocities from 
being attained. By superposing solutions of equations (10) and (11) 
it is possible to satisfy all the boundary conditions; but the full 
mathematical discussion is very complicated, the complications 
arising largely from the fact that any solution of (10) or (11) which is 
an asymptotic approximation to a solution of (9) for large values of 
ccR, is not, in general, an approximation to the same solution of (9) on 
both sides of the point where U — c. Moreover, in the immediate 
neighbourhood of this point the method of approximation (approxi- 
mating to solutions of (9) by solutions of (10) and (II)) breaks down. 

Tollmien discussed the stability of an approximation to the 
Biasius distribution of velocity near a flat plate. He found that 
unstable waves can exist when U 1 BJv is greater than 420, where o x 
is the displacement thickness of the boundary layer (defined by 
o 1 — j (1— UfUj) dy) and TJ X is the velocity outside the layer. At 
this calculated initial speed waves of length 17-lSj should become 
unstable, so that definite waves of this length might be expected to 
appear at the appropriate distance down the plate. It is a serious 
criticism of this result that no such definite waves have been observed 
even at speeds more than twice as great as the calculated critical 
speedy All the available experimental work seems to show that the 
boundary layer of a flat plate becomes turbulent at a value of 
U x cjv which depends on the amount of turbulence in the main 
stream of air outside the layer.! There is therefore no experimental 
evidence that the Biasius regime is unstable. 


t Tollmien {Sandbudh der Experimenlalphgtil:, 4, part 1 (Leipzig, 1931), 305) cites 
a photograph by Prandtl [Zeitechr. f. angtv:. Hath. u. iltch. 1 (1921), 435) as 
evidence that such waves are produced, but the disturbances in the figure can hardly 
be said to look like definite waves. 

t Cf. Dr.-den, Proe. Fourth Internal. Congreve Jor ApplirA Ilwpaniar, Cambridge, 
1934 (Cambridge, 1935), p. HO ;X A.. C. A. Report Xo.562(1936). See Chap. VII, 1 151. 
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Apart from criticisms that may be made about the validity of 
Tollmien’s method, it may be pointed out that it assumes that the 
velocity in the undisturbed motion is a function of y only. Except 
when the velocity distribution is parabolic (as it is for motion under 
the action of a uniform pressure gradient) or when the motion is a 
uniform shearing, it is necessary to apply body forces to the fluid in 
order to maintain the undisturbed motion. In Tollmien’s case the 
disturbances so maintained are not necessarily the same as the dis- 
turbances in a free Blasius boundary layer which increases in thick- 
ness downstream.f 

When the method is applied to shearing flow between parallel plates 
the difficulty just mentioned does not arise. The investigation of 
Hopft seems to show that shearing flow is stable, and though 
Rayleigh|| cast some doubt on the validity of Hopf’s work, Southwell 
and Chittyf f believe that ‘it reveals with sufficient accuracy all the 
main features of the problem’. 


77. Isotropic turbulence. 

In all cases of turbulent motion there seems to be a strong 
tendency for the mean-square values of the three components 
of turbulent motion to become equal to one another. Observa- 
tions made in a natural wind near the ground show that the 
transverse and vertical components are unequal near the ground 
but tend to equality at greater heights.lf Ultramicroscopic and 
other observations of the turbulent components in a pipe show 
that they tend to become equal to one another near the centre of 
the pipe.HII 

In a wind tunnel where turbulence is formed or controlled by a 
honeycomb, turbulence rapidly settles down to a condition for which 
the average-square values of the three components are equal to 


■f Tollmien has also discussed the stability of velocity distributions in which the 
curve of U against y has a point of inflexion, and has shown that in such cases the 
motion is unstable for infinitely large Reynolds numbers {Gothnger N achrichten, Math - 
Phys. Klasse, New Series, 1 (1935), 79-1 14). A critical Reynolds number has, however, 
not yet been calculated. 

% Ann. d. Phys. (4), 44 (1914), 1-60. 

|| Phil. Mag. (6), 28 (1914), 619 ; Scientific Papers, 6, 275. 


ft Phil. Trans. A, 229 (1930), 208. 

it Taylor, Quarterly Joum. of the Roy. Meteorological Soc. 53 (1927), 20WU- 
dll Fage and Townend, Proc. Roy. Soc. A, 135 (1932), 656-677; Townen > ’ i 
145 (1934), 180-211; Fage, Phil. Mag. (7), 21 (1936), 80-105; Chap. VUI, §1 - 
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one another.f It seems certain that the turbulence is then isotropic 
in the sense that the mean-square value of any component of tur- 
bulence is independent of the direction in -which the component is 
taken. 

A statistically isotropic condition of turbulence might be expected 
to arise when the time that has elapsed since the turbulence was 
formed is so great that there is no correlation between the motion of 
a particle and its initial motion. With this consideration in view, we 
might expect the turbulence behind a grid to become truly isotropic 
in the sense that the average value of any function of the turbulent 
velocity components or their space derivatives is unaltered if the 
axes of reference are rotated . % 

78. The effect of contraction on turbulence in a wind tunnel. 

In a wind tunnel the air comes to the working section through a 
contracting entrance in which the mean speed is greatly increased. 
The longitudinal component of turbulence decreases through the 
contraction. The effect of the contraction on turbulence may be 
regarded as due partly to the extension of the fluid parallel to the 
axis of the tunnel, with corresponding contraction in perpendicular 
directions, and partly to the readjustment of the components of 
turbulent velocity which takes place when the normal isotrbpic con- 
dition is upset. Though both these causes are operating simultane- 
ously in the contracting entrance to a wind tunnel, some insight 
into the effect of contraction may be obtained by considering only 
the effect of the first. An instantaneous or impulsive change in the 
dimensions of a volume of fluid containing turbulent motions, the 
principal axes of the strain being parallel to the coordinate axes, 
causes the components of vorticity £ 0 , t] 0 , £ 0 to change to g lt %, £ lf 

where & = 14o, Vi = m Vo , U = n£ 0 ,|| (12) 

l, m, n being the expansion or contraction ratios in the directions of 
the axes. The condition of continuity for an incompressible fluid is 
Imn = 1. 

When £ 0 , ij 0 , £ 0 are known, equations (12) give | x , and the 

t Taylor, 'Statistical Theory of Turbulence’, Part 4, Proc. Roy. Soc. A, 151 (1935), 
465-478. See also § 88 (p. 219) infra. 

t For further discussion of this definition of isotropy, see § 91. 

(I This is a direct application of Cauchy’B equations for the vorticity. Iamb’* 
Hydrodynamics (1932), pp. 204, 205. 

3837.8 D d 
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corresponding velocities can be fotmd.f An example in which the 
complete solution of the problem has been obtained is that of the 
motion represented by 

u 0 = A 0 cos ax 0 sin by 0 sin cz 0 , 
v 0 == B 0 sin ax 0 cos by 0 sin cz 0 , 
w 0 — C 0 sin ax 0 sin by 0 cos cz 0 , 

with A 0 a-i-B 0 b-j-C 0 c = 0 to satisfy the equation of continuity. 
This motion becomes 



where A 1 = 


% = A x cos l~ 1 ax 1 sin m~ 1 by 1 sin n~ 1 cz 1 , ' 
v l = B l sin l- l ax x cos m~ l by x sin n^cz^ 
v) t — C\ sin l- 1 ax 1 sin mr x by x cos n~ 1 cz 1 , 
J cm 2 (A 0 c—C 0 a)—bn 2 (B 0 a—A 0 
\ a 2 l- 2 -rb z m- z -{-c z 7i- z 



(14) 


In ( 1 3) and (14) (x 0 , y 0 , z 0 ) are the coordinates of a fluid particle before, 
and (x v y v z x ) its coordinates after the change in dimensions; and 
(u 0 ,v 0 ,w 0 ), (u v v v vj x ) the corresponding turbulent velocity com- 
ponents. 

When the contraction is large and symmetrical, so that 



Thus the longitudinal component of turbulent velocity is inversely 
proportional to l while the lateral components increase in proportion 
to ZhJ 

The turbulence represented by (13) is not isotropic. If we suppose 
a — b — c the initial turbulence is more nearly like isotropic turbu- 
lence than with any other choice of a:b:c. In this case (15) becomes 



so that it is useful to compare the effect of contraction on the ratio 


f By the use of a method due to Helmholtz (see Lamb’s Hydrodynamic* (1032), 
pp. 208-210). The investigation given here is due to Taylor, Turbulence in a Con- 
tracting Stream’, Zeitschr.f. angew. Math. u. Mech. 15 (1935), 91-96. , 

+ This idea was first put forward by Prandtl, The Physics of Solids and fluids 

(London, 1930), p. 358. 
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of the longitudinal components of turbulence after and before con- 
traction with 1*5 l~K The comparison of observed and calculated 
components is given in Table 10. f (M 0m „ and denote observed 
maximum values.) 

Table 10 


1 

i-5 1' 1 

K/^)‘ 

U lm*xf U< hnax 

Authority 

Method 

3'26 

0-46 

0*50 


Simmons 

Hot wire 

>» 

99 

99 

99 

13*2 

” 

99 

99 

0*114 

0-381 

0-41/ 

■ ■ 

0-38 \ 

0-52/ 

0-12* 

Townend 

Fage 

Simmons 

Heated spot 

Ultramicroscopo 

Hot wire 

99 

99 


0-15* 

99 

99 

2*7 

99 

o -55 

99 

. . 

o -33 

0-38 


99 

99 


* Early measurements using uncompensated amplification. 


79. Statistical theories of turbulence. 

The object of a statistical theory of turbulence is to find methods 
of representing the turbulent field by considering the mean values 
and frequency distributions of quantities connected with the motion. 
BurgersJ has attempted to apply to turbulence the statistical 
methods developed in connexion with the Kinetic Theory of Gases. 
For this purpose he considers a two-dimensional field of turbulence 
determined by a stream-function ifi. He then considers the values of 
»/» at a rectangular network of points with spacing e. If \ft A , ijt n , i/> c> 
<p D , <po are the values at the corners A, B, C, D and the centre 0 
of a square whose sides are 2e, then, if e is small, 

_ 1 I’b—'Pa 
U ~ 2e ’ 

„ _ *Pb 'Ac 

* 2 T ’ 

V denoting the turbulent vorticity. 

As in the Kinetic Theory of Gases any state of motion is repre- 
sented by a point in iV-dimensional space, where N is here the total 

t Cf. Taylor, loc. cit. Tho comparison of observed and calculated lateral com- 
ponents is also given in the paper cited. 

t Proc. Roy. Acad. Set. Amsterdam , 32 (1929), 414-425, 643-657, 818-833; 
36 (1933), 276-284, 390-399, 487-496. 
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number of points in the rectangular network. In order to apply this 
conception to the discussion of turbulence it is necessary to make 
some assumption in order to determine the frequency distribution 
of the representative point in the IV-dimensional space, and it is here 
that the chief difficulty arises. Burgers attempts to use the dissipa- 
tion function in this connexion in the same way that entropy is used 
in statistical mechanics. In so doing he leaves the equations of 
motion out of account. This theory seems promising, but it cannot 
be said that it has yet been developed far enough to be regarded as 
a definite theory of turbulence. 

Another statistical representation of turbulent flow depends on the 
conception that the scale of turbulence can be described in terms of 
the correlation between the velocities n A at a point A and u B at 
another point B. If A and B are very close together, u A and u B are 
closely correlated : if they are far apart compared with the scale of 
the turbulence, this correlation may be expected to disappear. The 
coefficient of correlation R u between u A and u B is 


p = ( 10 ) 

U A U B 

where y is the distance between the points A and B, and the axis 
of y is along AB. 

If u represents the downstream component of turbulent velocity, 
u A u B , «§ can be measured by the hot wire technique. In such 
measurements it is convenient to fix one hot wire and to travcrre 


the second wire perpendicular to the air-stream in the direction y. 
Correlations can be measured in other directions provided that one 
wire is not so nearly downstream of the other that the heat wake 
of the upstream wire falls on the downstream wire. 

If the coordinates of B relative to A are x. y, z, the correlation 
coefficient between u A and u B may be represented by 1 ? rv .; and the 
turbulence may be described statistically in terms of surfaces 
&xvz — const. The correlations between u A and u B at pairs of 
stations situated on the axes of reference will be denoted by B z , 


R v , R z - . 

The relationship between R v and y is shown by the points (an 
full-line curve) in Fig. 50 (p. 225) for turbulence produced in an air- 
stream by passage over a grid of square meshes 3 in. X 3 in. At a v ind 
speed of 15 ft ./sec., R v tends to zero at y = 2-3 inches. 3Ieasure- 
ments behind a similar screen of M = 0-9 in. mesh show that, except 



V. 79] 


MIXTURE LENGTHS 


205 


near y = 0, R v seems to depend on y/M, i.e. the values of R v at 
corresponding values of yjM in the two cases are the same. The 
scale of the turbulence produced by similar grids of different sizes 
may be expected to be proportional to the mesh of the grids.f This 
expectation is therefore satisfied if the scale of the R y curve is taken 
as a measure of the scale of the turbulence. The scale of the R v curve 
may conveniently be defined as 

l 2 = jR v dy, (17) 

o 

where Y is the value of y above which R v is sensibly zero.J 
80. Mixture length theories. 

Up to the present time the centre of interest in turbulent motion 
has been its relationship to the mean flow. The statistical effect of 
turbulence on the mean flow has been regarded as similar to that of 
viscosity. Lumps of fluid are supposed to transfer the transferable 
properties from one layer to another just as molecular agitation 
transfers properties like heat and momentum in a non-turbulent 
fluid. In such theories a mixture length, l, plays a part analogous 
to the mean free path in molecular diffusion. The transfer of trans- 
ferable properties is supposed to be effected by the motion of lumps 
of fluid which leave a layer in which their properties are those of the 
mean flow in the neighbourhood, and move in a direction transverse 
to the mean flow through a distance l . At this point they are supposed 
to mix with the surrounding fluid, so that their properties become 
identical with the average properties of the fluid in that region. 
The simplest case that can be discussed by this method is that of the 
transfer of a property 6 in the direction of the axis y when the mean 
value of 6 is constant over planes perpendicular to this direction. 
Suppose that a particle starts from a layer y = h x and that it carries 
with it the value 0(/t x ), the mean value of 9 at y = h v After moving 
to y — 7t 2 , where the mean value of 9 is 9(h 2 ), 6 differs from the mean 
by an amount 6(hj)— 9(h 2 ). The mean rate of transfer of 6 across a 
unit area perpendicular to y is 

Q = (18) 

where the bar indicates that the mean value over y = h 2 is taken. 

t Cf. § 94 (p. 227 infra). 

X Taylor, ‘Statistical Theory of Turbulence’, Proc. Roy. Soc. A, 151 (1935), 421- 
464. 
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Expanding 0(7^)— 9{h 2 ) in a Taylor series we find that Q is the 
average value of 


f ,r t \dd 1 ., , ,„d 2 0 i 

I hl) d^ + 2 {hz ~ hl) % 2+ -} > 


so that Q — i;(A 2 — 

If the change in 0 in the path — 7i x is small, only the first term 
need be considered, so that 

Q = (19) 


The meaning of the expression «(ft 2 — 7r x ) will be considered later 
in connexion with diffusion, but by analogy with the Kinetic Theory 
of Gases we may suppose that there is some mean distance l' between 
the beginning of a path and its final end by the process of mixture 
such that 

v{h 2 —hi) — I'v. (20) 

The length l' so defined may be called the mixture length. 

The effect of turbulence on the transfer of a property is therefore 
represented according to mixture length theories by 

Q = -Vv™ (21) 

dy 


81. The momentum transfer theory. 

To account for the distribution of mean velocity in turbulent 
fields of flow the hypothesis that momentum is a transferable pro- 
perty in the sense of equation (18) has been put forward. If the mean 
velocity U is parallel to the aids of x, and U is a function of y only, 
then the assumption that momentum is a transferable property 
enables us to write pU instead of 6 in (21). The Q in (21) then repre- 
sents the rate of transfer of momentum in the y direction, and is 
identical with the Reynolds stress puv. This will be represented by 
— r, so that (21) becomes 

r = -fW = pl'v (22) 
It will be seen from (22) that pl'v is virtually a coefficient of viscosity. 
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The rate at which momentum is communicated to unit volume by 
turbulence is therefore 



The values of the coefficient of virtual viscosity pl'v can be found 
by analysing cases where the distribution of mean velocity has been 
measured; but before it is possible to put forward a theory by the 
aid of which distributions of mean velocity can be predicted, it is 
necessary to find out how the virtual viscosity depends on the mean 
velocity and the boundary conditions. For this purpose Prandtlf 
has put forward the hypothesis that 



The idea underlying Prandtl’s hypothesis is that it has been observed 
that the mean values of the squares of the three components of 
turbulent velocity tend to be equal to one another.^ If u and v were 
absolutely correlated and u 2 = v 2 , then u = v and ]uv\ = tiv = u 2 . 
Since the momentum is assumed to be transferable 


so that 


u — (hi — h z ) 


dU 

dy’ 



and hence when u and v are absolutely correlated 



In fact u and v are not absolutely correlated, so that \uv\ is less than 
u 2 or v 2 ; but the hypothesis that there is a length analogous to 
■J(h 2 — A x ) 2 , for which 



opens up the possibility of a partial explanation of the effect of 
turbulence on the mean flow of fluids. 

With this hypothesis equations (22) and (23) become 


T 



dU 

dy 


(26) 


t Zeitachr.f. angew. Math. u. Mech. 5 (1925), 137, 138; Verhandlungtn des 2. inter- 
nationahn Kongresses fur technische Mechamk, Zurich, 1926, pp. 62-74. 
t See § 77 (p. 200). 
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It will be noted that the mixture length l defined in 'this way is not 
identical with the mixture length V. The former can be evaluated 
in cases where r is known (e.g. flow through a pipe), but l' can be 
evaluated only when both r and v are known. 

Mixture length theories cannot be subjected to complete experi- 
mental verification. Their usefulness must be judged either by 
comparing the values of l obtained from (26), using experimental 
values of r and U, with what might be expected from a priori con- 
siderations, or by making further assumptions about l and com- 
paring the distributions of mean velocity calculated from (26) with 
those observed experimentally. 

A generalized version of the momentum transfer theory applicable 
to cases where neither the mean nor the turbulent motions are con- 
fined to two dimensions has been given by Prandtl, who suggests, 
particularly when one component of the mean rate-of-deformation 
tensor is much greater than the others, the substitution 


_ 72 t 8U _ 72 JdV , 8U\ 

-put = 2 pPJ—, -puv = P l‘j(~+~ ), etc, 

where 



82. Hypotheses for predicting l. 

The simplest hypothesis for predicting l is that of Prandtl — that 
near a plane wall l — By, where y is the distance from the wall and 
B is a constant. f In a jet or wake Prandtl assumes that at any 
section l is proportional to the breadth of the section.:): Another 
hypothesis is that of Karman — that l depends not directly on the 
distance from the wall but on the distribution of mean velocity. If 
l is to depend on the mean flow in the neighbourhood it must, in the 
case of two-dimensional mean flow parallel to the axis of a;, depend on 
dU/dy, d^Ujdy 2 , etc. The simplest length that can be derived from 

■f Zeitschr. des Vereines deutscher Ingenieure, 77 (1933), 105-113. See also 

^vJr^iJlungen des 2. intemationalen Kongresses filr technische Mechanik, Zurich, 
1926, pp. 62-74. See also Chap. XIII, § 252. 



Y. Si 


TOKTICITT T3AK5FHB THEOKY 


2r*3 


a measured distribution of l is [dt 'dy)\d 1 L dir). and Karmen 
takes 


I = K 


cu !<r-n 




dy I dy* ' 

vrhere K is a const ant-y When there is no pressure gradient PrandrTs 
and Karmen's hypotheses come to the same thing dose to a tralL 
for the value of r is then independent of y. Prardtl's hypothesis gives 


•while Karman 's gives 
The solution of (SO) is 

U 

The solution of (31)i; is 

U = ~ / (- jlot v -y const. 
A V \p} 

These are identical if B — K. 


(dy) : 

(SO) 

_ (dij duY- 
‘ A P (d'-L dzr)-' 

(31) 

__ ^ lid 3 } lo^ y n_ const. 



S3. The vorticity transfer theory." 

The assumption that momentum is a transferable property 
necessarily involves the assumption that the fluctuating variations 
in pressure, vrhich certainly exist in a turbulent field of Soft, are 
ineffective so far as the mean transport of momentum is concerned. 
The only case in tvhich this can be proved to be true is —hen the 
momentum in the direction x is transferred in the plane yz by 
turbulent motion in vrhieh lines of particles parallel to the ar-srds 
remain parallel to this axis throughout the motion. On the other 
hand, if the turbulent motion is tvro-dimensionai in the plane xy. the 
y-component of vorticity is conserved, so that t is a transferable 
property. 

Taking the case —hen the mean velocity U is in the x direction and 

■r GvZiTrpcr 2* ztticrJtTu 3Tci*:.-PA !??. KLzsp* f I 950}, to. 55-7 6. See cl so Cbg. Yiil, 
§ 155. 

Z Pot larre speeds end small -viscosny, cU'dy takes *.vr- large -rslpes cl ttsU. 
In srfrraz; (31) c CJ’-dy has been t assn cs hrdnhe as the *yal?. The so-daron cf {SO} 
etrtconaTOally maks s cU}cy znroise at the 

; Taylor. K\t7. Trtr^* A. 215 (1915), 1-25: Pnx. Src. A. 135 (1932), 653 

£? 


p e 
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is a function of y only, the fall equation of motion, neglecting 
viscosity, may be written 

-|g+K«l-H4*+l*) = s^-Ms). 

■where Z? is the turbulent yorticity. Taking the mean yalue we get 

I8p 

= (32) 

since the average value of v?-{-v z will not alter with x. It appears, 
therefore, that in this case the effect of turbulence is to co mmuni cate 
momentum at rate pvt' to unit volume per unit time. Hence in the 

notation of (23) M = pvT. (33) 

Since £ is a transferable property. 

= (34 


and since Z = —dUjdy, 


,, V d 2 U 


Comparison of (35) with (23) shows that they are identical only when 
Vv is independent of y. 

Prandtl's hypothesis may be applied to the vorticity transfer 
theory by taking Vv — l z \dUjdy\. The equation analogous to (27) 

is then xti 

M = (36) 

i dy * dy- 

The expressions (27) and (36) may be used in comparing the results 
of the yorticity and momentum transfer theories in cases when Jf b 
known, as it is for instance in the turbulent Sow through a pipe.j 


84. The generalized vorticity transfer theory.! 

Averaging the equations of motion with the last expression in 
equation (20) of Chapter III for the acceleration, we see that, k 
viscosity is neglected, the equations of steady mean motion max he 
put in the form 

U—-\-Y— J rW~ = — ^ 
ox dy 1 ez pdx cx ~ 

f See Chap. VXH, || 156, 157. 

J Taylor, Pros. Roy. See. A, 135 (1932), 697— 1 00. 
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■with two similar equations: or, in the rector notation of Chapter XU, 

gradJY 2 — Vxto = — grad|?-pfe 2 j-fvxco'. (38) 

In these equations ( U , V, IT) are the components of the mean 
velocity, denoted by V: p is the mean pressure; ( u,v,ic ) are the 
turbulent Telocity components, with a resultant of magnitude q 
denoted, when considered as a vector, by v; to is the vorticity of 
the mean motion, with components (c, -q, Z). and to' the vorticity of 
the superposed turbulent motion, with components {£'. q. I'). 

(The equations in this form are exactly the same as Reynolds’s 
equations, since the turbulent velocity satisfies the equation of 
continuity.) 

When the motion is not confined to two dimensions the vorticity 
components are not conserved, and so the vorticity components are 
not transferable in the sense that heat is a transferable property. 
On the other hand, in a non-viscous Suid the components of vorticity 
at any point depend only on the vorticity of the same element of 
fluid at some initial time and on the nine components of strain and 
rotation which transform the element from its initial to its final 
state. This may be expressed in the Lagrangian system by Cauchy’s 
equations! 

' (39) 


M-f = io~ 

c-a 


cz , r cx 
"’loyTTivy- 
CO cc 


and two similar equations, where (a. b, c) are the initial positions of 
the element whose coordinates are [z.y.z), (£ 0 , ->j c . C 0 ) are its initial, 
and its final components of vorticity (in accor- 

dance with the notation above). 

With the assumptions previously made. £ 0 , r t0 , L, are also the 
components of the mean vorticity at ( a,b,c ). Thus if the mean 
motion is steady, and if only the first-order terms in a Taylor series 
are retained, 

& = (40) 

( 7 ^ CZ 

with two similar expression!' for tj 0 and c B . The substitution of these 
expressio ns in (39) provides formulae for (£', -q , £'), and hence for 
vl' — iar/, etc. These formulae will he found in the paper, by G. I. 
Taylor cited above. 

If. with (z—a). (y— 6), (z — c) denoted by L v L v 1%. we are content 
t Lsmb, S’jdT/ivvtmte* (1932), pp. 204, 203. 
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to neglect not only the squares of the L’s, as in (40), but all terms 
quadratic in the L’s and their derivatives with respect to x, y, or z, 
then the formulae for £', rf, £' may be considerably simplified. It is 
convenient to start, not from the final form of Cauchy’s equations 
for the vorticity, but from certain equations that occur in their 
derivation (equations (2) of § 146 of Lamb’s Hydrodynamics or p. 42 
of Cauchy’s memoir, Theorie de la propagation des ondes). In the 
present notation these equations are 


& = (£+n 






8(z,x) 


-a+n 


8(x,y) 


(41) 


'0(6, c) ' ' 0(6, c) ' ' 0(6, c) 

and two similar equations. The equation of continuity in this, the 
Lagrangian, system isf 


S(x,y,z) __ x 
8(a, 6, c) 


( or »KM = 1 \ 

\ S{x,y,z) ) 


8{x,y,z) 

and if, with the help of the equation of continuity, we express the 
derivatives of a, 6, c with respect to x, y, z in terms of those of x, y, z 
with respect to a, 6, c, we find 

8a _ 8{y, z) 8a _ 0(z, x) 8a _ 8(x, y) 

8x 0(6, c) 5 8y d(b,c)’ 8z 


“0(6,c)’ 

8a 8L t 


etc. 


8z 


But — = l-— 1 , — = 

8x 8x ’ 8y 8y 8z 

and so, if second-order terms are neglected, the equation (41), 
together with (40), gives 


e 


. 8Ly ■ y 8Ly 


r a ( T % 


*8z 


(42) 


with two similar expressions for r)' and £'. Since 

8 l + d l + ^=0, 

8x~ 8y~ 8z 

and in terms of the L’s the equation of continuity reduces to 

0L 1 0L 2 0L 3 _ Q 

'0^ + ^ + _ 0F _U 

if second-order terms are neglected, (42) is equivalent to 


f Lamb, op. cit., p. 14. 


(43) 
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and two similar equations. In vector notation 

to' = curl (Lxw), (44) 

where L has the components L v L 2 , L 3 . f 
When the mean motion is confined to the direction of x, and U 
is a function of y only, 

Then from (42) 

J2T7 / ? t s r \ JTT 

(45) 


— zr, ; -f — d 2 U ( 8L 3 8L 2 \dU 

vl —WTt' =5 

b ' 2 dy z \ Sz dzjdy 

or from (43), on the assumption that L t v’ does not vary with x or 
L 2 w ' with z. 


-=7 ; d (y — dU\ l T 8v T 8u\dU 

-Ty[ L ‘ V ^}-[ L ^- L ‘si)w m 

If now the turbulent motion is two-dimensional in the (x, y) plane, 
the last term on the right in (45) goes out, and (37) becomes 


1 8p y — d z U 

~~ P 8i + L2V W’ 


(47) 


which is identical with (32) and (34), since L z v here has the same 
meaning as v(h 2 —h^) in (34). On the other hand, if 
8u/8x - 8v[8x - 8wj8x — 0, 

so that lines of particles parallel to the axis of x move as a whole, 
the last term on the right in (46) goes out, so that (37) becomes 


0 = -I s 1 + ^(lTv^], 

p 8x'dy\ dyj 


(48) 


which is the equation of the momentum transfer theory. It is easy 
to show that when 8uj8x = Bv/Bx = dwjcx = 0 (37) always reduces 
to the momentum transfer equation for mean motion in one direction, 
whether U is a function of y only or not. 


85. The modified vorticity transfer theory .% 

The intractability of equations (42) makes it desirable to introduce 
some further assumptions with a view to simplification. One such 
assumption is that the components of vorticity are transferable in 
the sense that heat is transferable. With this assumption 

f+f = fo. V+V’ = Vo, W = Co- 

t Goldstein, Proc. Camb. Phil. Soc. 31 (1935), 351-359. 
t Taylor, Proc. Boy. Soc. A, 151 (1935), 494-^97; 159 (1937), 499-502. 
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8x _ 8y _ 8z _ 

8a 8b 8c 

and ^ = = = ^ = 0 

8b 8c 8c da 8a 8b 

Under these conditions 
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v£'—wt)' = (x— a)w?2 + (y— b)w^ + (z— c)w^ 

-(x~-a)v^-(y-b)v^-(z-c)v^ ( 49 ) 

Equation (49), with the two equations formed by cyclic permuta- 
tion of xyz, are the equations of the modified vorticity transfer 
theory. 

If in addition we assume that the turbulent motion is statistically 
isotropic, 

( x—a)w — (■ y—b)w = (x—a)v = (z—c)v = ( y—b)u = (z—c)u = 0 
and ( x—a)u = ( y—b)v — {z~c)w = K (say), 

so that vt'-wij' = k(^~^\ = KV 2 U simply.t (50) 


86. Diffusion in turbulent motion. 

Diffusion by turbulent motion is related to the mixture length in 
somewhat the same way that molecular diffusion is related to the 
mean free path. The coefficient of diffusion in the direction y is 
vfiz—h-i) or I'v, where V is the mixture length (equation (20), p. 206). 

If a diffusable property starts from a concentrated plane source the 
concentration after time T is proportional to K being 

the coefficient of diffusion and Y the distance from the source. If 
it starts from a line source the concentration is proportional to 
T~ 1 e~ y, l iKT , and if it starts from a point source the concentration is 
proportional to T~ i e~ r 'l iKT . According to the mixture length theory 
K may be taken as I'v. 

Measurements of the diffusing power of turbulence can be made 
in a wind tunnel by exploring the distribution of temperature 
downstream from a line or point source of heat. Taking the case 

t When the moan velocity U is in the ^-direction and is a function of y only, 
Prandtl’s hypothesis is K — l-\dUjdy\. 
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of a line source (e.g. an electrically heated wire) placed along the 
axis of z in a wind tunnel the centre line of which is the axis of x, the 
heat will diffuse, according to the mixture length theory, in the same 
way that it would under the influence of molecular conductivity in 
a non-turbulent stream, but the coefficient of conductivity will be 
much greater than in the molecular case. Except at points very close 
to the source the diffusion of heat in the wake behind a heated wire 
placed in a stream of velocity U 0 is nearly identical with the diffusion 
of heat from a concentrated plane source. Thus if the decay of 
turbulence down the wind tunnel is neglected, so that Vv may be 
taken as constant, the temperature in the wake due to turbulent 
diffusion is 

0 = 

and T, the time of diffusion, is x/U 0 , so that 



where Y 2 = 21' vT = 2zZ'v/f7 0 . (52) 

Y 2 is the mean square of the distances of heated particles from the 
middle of the heat wake. 

87. Discontinuous diffusion from a source in one dimension. 

To simplify the calculation of diffusion we may suppose that a 
large number of particles start at time T — 0 from the origin 
T = 0. We may supjjose that they move -with velocity v through a 
distance d and that another path also of length d then starts, the 
direction of motion being independent of the initial direction, so 
that, at the end of a path of length d, there is no correlation of the 
velocity with its value at the beginning of the path. After n flights, 
i e. after time T = nd/v, a fraction {l) n of the total number of 
particles will be at distances ±nd from the origin. The proportions 
at distances (n—2)d, (■ n—Y)d , etc., are the successive terms of the 
binomial expansion of (£+§)”• Thus if n = 4, -j^th will be at a 
distance ±4 d, l at +2 d, and § at the origin. In general, the pro- 

• 1 22,! 

portion at distance (n—2s)d is — -. 

v ' 2 n {n — s)' s' 

In the limit when n is large the distribution tends to become 
Gaussian. To prove this Stirling’s formula for large n, 
n\ ~ e -( n +i)(7 i ,_|_i)’i+i(2 7r )l, 
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2 n! 1 (n+l)’ l+i (27r)-i 

2 n (n-s)ls! ~ 2” (n— l)"-s+i(s+ 1 ) s +l ' ( 53 ) 

The maximum value of the right-hand side of (53) occurs when 
s = bn, i.e. near the origin. If we put m — s—\n and take logarithms 
we find 


l0g (^ (n -^ V sl) ^fW-ihn-m+DtegHn-m+l) 

— (|n+m-H)log(|n+m+l). (54) 

If m is small compared with n, 

\og{\n—m+l) = \og%n~ ^^11— ffe— (55) 

n \ „n ] 

The largest terms containing m in the right-hand side of (54) are 



If 77i is large compared with unity, these reduce to —2 m 2 jn, so that 

log/i ” ! ) ~/(n)-2^. 

g \2 n (n—8)\s\) JK ' n 


The frequency of particles at distance Y = (n—2-s)d = —2 md from 
the origin is therefore proportional to e~ 2m ' ln , or 

ex K~^) =exp (~S)' <501 

where T (= ndjv) is the total time of diffusion, and 

Y 2 = dvT. (51) 

Comparison of (56) and (57) with the expressions (51) and (52) 
previously obtained in terms of the mixture length V shows that they 
are identical if d = 2V. Since Vv is the average value of v X (the 
distance moved by the particle since the beginning of its flight), it 
will be seen that V might be expected a priori to be equal to \d. 

The formula (57) could have been proved directly, since 

T 2 = ( yi +y 2 +y z +...+y n f, _ < 58) 

where 2/i, 2 / 2 ,—, 2/„ are each numerically equal to d but may be either 
positive or negative. There is no correlation between the directions 
of successive jumps, so that 

Mh = VYlh = ThUi = - = °- 
Y 2 = nd 2 = dvT. 


Hence 


( 59 ) 
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88. Diffusion by continuous movements .f 
The diffusion theory outlined above depends on a physical con- 
ception very like that of the mixture length theory. The process is 
carried out in definite jumps of length d, and at the end of each jump 
the previous history of any particle is, as it were, completely -wiped 
out. In the discontinuous diffusion theory this idea is introduced by 
assuming that there is no correlation between the direction of any 
flight and the directions of previous flights. In the mixture length 
theory the particle is supposed to mix with its surroundings and to 
lose its identity at the end of each flight. 

It is difficult to form a concept of any definite physical process 
equivalent to mixture in this sense. The processes involved are not 
in fact discontinuous as is assumed in these theories. The velocities 
in turbulent motion are continuous and the motions of particles are 
continuous. 

To discuss diffusion of particles in continuous movement it is 
necessary to find some method for defining statistically the velocity 
of a particle and its variation with time. Tor simplicity we may 
consider a field of turbulent flow which is statistically uniform,! so 
that the value of v 2 and the mean squares of all the derivatives of v 
with respect to time are the same at all points. We shall consider 
diffusion from a plane xz where all the diffusing particles are con- 
centrated at time t = 0. If Y is the coordinate of a particle at time 

T 

T,Y — J v dt, and 

o 

\jr T2 = Y % = W T-v T \vdt. (60) 

0 

T 

Now in finding the average value of v T J v dt we may imagine the 

o 

whole time from 0 to T divided into n intervals. In each of these 
intervals the summation over all particles is made. Thus in the 

T 

■sth interval the contribution to the average value of v T J vdt is 

o 

(v^v^in)(Tl n ). Since the value of v 2 at time T is equal to that 
at Tsjn, v T v T8ln = v 2 R, where R is the coefficient of correlation 
X Tailor, Proc. London Math So c (2), 20 (1922), 196-212. 

% For a theoretical discussion of the case -where the turbulence is decreasing, as 
It is down a wind tunnel, see Taylor, ‘Statistical Theory of Turbulence’, Proc. 
Boy Soc. A, 151 (1935), 429. 

3S37.8 


Ff 
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between v at time T and v at time Tsfn. It is clear that in con- 
tinuous motion R becomes equal to 1 as Tsjn approaches T. If £ j s 
the time interval between T and Tsjn, we may use the symbol to 
represent tbe coefficient of correlation between v at time T and v at 
time T— g. Then if d£ is the interval Tjn, {v T v T3 i n )(Tjn) = v 2 !^ d£. 
Hence (60) becomes 



ld~ f 

^Y 2 = Yv T = v 2 j R^dg 

o 

(61) 

and 

T t 

\Y 2 = r 2 J | R i dgdt. 

0 0 

(62) 

In general we may expect R^ to decrease with increasing f. 

Suppose that for all times greater than £ — T v = 0. Then 

t r, 

J Rg d£ = j Rg dg, so that when T > T v 

u 

u 

1 j 

- — F 2 = constant = v 2 [ R; dg 

2 A1 J 

0 

(63) 

and 

- f 

\Y 2 — v 2 T j Rg dg -(-constant. 

(64) 


o 


Equations (64) and (52) may be identified except for the constant if 

V = v J R f dg. (65) 

0 

T x ... 

The length v \ d£ is therefore analogous, so far as diffusion is 
o 

concerned, to a mixture length, but no assumption has been made 
about mixture in deriving it; indeed this theory of diffusion by 
continuous movements is equally valid if mixture never takes place. 

When T is small R% = 1, and in these circumstances the diffusion 
formula (62) gives 

T 2 = v 2 T 2 , or VF 2 = vT. ( C6 ) 

It appears therefore that, when T is small, VF 2 is proportional 
to T. This is clearly so, because over the time interval in which is 
nearly equal to 1 the velocities of particles are nearly constant, so 
that for each particle Y = vT. In this case therefore not on!) is 
VF 2 = vT, but the frequency distribution of Y is the same as the 
frequency distribution of v, which has been shown experimentally 
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to be the error distribution.! Measurements by SchubauerJ and 
Simmons|| confirm this distribution at points near the source. 
Farther from the source the distribution seems to depend on the 
turbulence upstream of the grid. 

The above-mentioned experiments were earned out by examining 
the distribution of temperature at various sections downstream from 
a heated wire placed across a wind tunnel down which a turbulent 
stream of mean velocity U 0 was blowing. If all particles leaving the 
heated source are supposed to have acquired the temperature of the 
source, the difference in temperature between any point in the heated 
region and that of the main stream is a measure of the frequency at 
which heated particles pass the point in question. The distribution 
of temperature near the source was found to be representable by the 
formula 6 = J 4x _1 exp(— Y 2 /2Y 2 ), where VF 2 was proportional to the 
distance downstream from the source and A is a constant. 

It is a little confusing that the distribution of temperature close to 
the source is the error curve, just as it is when the distribution is 
due either to molecular diffusion or to the fact that a large number 
of uneorrelated paths have been traversed since the heated particles 
left the source. The distribution close to the source is the same as 
the frequency distribution of turbulent velocity, which happens to 
be the error distribution. If the frequency distribution of velocities 
had obeyed some other law, the distribution of temperature near the 
source would not have fitted an error curve. On the other hand, the 
temperature distribution very far from the source must necessarily 
fit an error curve whatever be the frequency distribution of velocities. 

Since in the experiments the turbulent velocities were small com- 
pared with U 0 , the time of diffusion T was x/U 0 . Hence from (66) 

VF2/X = vlU 0 . (67) 

The value of v found in this way from Schubauer’s experimental 
results was very nearly the same as the value of u found at the same 
point in the air stream by means of a hot wire. These measurements 
therefore confirm the idea that turbulence produced, as in this case, 
by grids with regular spacing is isotropic. 

The analysis of the diffusion of heat at greater distances down- 

t Simmons and Salter, Proc. Roy. >Soc. A, 145 (1934), 212-234. See also Townend, 
ibid., pp. 189-211. 

t N.A.C.A. Report No. 524 (1935). 

II Taylor, ‘Statistical Theory of Turbulence’, op. cit., pp. 468-470. 
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stream, where R ( differs appreciably from 1, has been carried oat 
but is complicated by the fact that the turbulence dies away down- 
stream, so that v 2 is not constant down a wind tunnel. f 

89. Atmospheric turbulence. 

Most of the earlier discussions of the effect of turbulence on the 
temperature and velocity of the atmosphere were based on mixture 
length theories in which, for lack of information and for simplicity, 
a virtual coefficient of viscosity and of conductivity was assumed 
which was constant at all heights. These approximate theories 
yielded some useful results when applied to large scale phenomena, 
such as the distribution of mean velocity in the lower layers of the 
atmosphere. They are not applicable to small-scale phenomena such 
as the diffusion of concentrated puffs of smoke. To discuss this the 
theory of diffusion by continuous movements has been adopted.* 

Takto « Bi = «./*>», 

when vg is large, (62) leads to 

Y 2 = | c 2 {vT) 2 -“, (OS) 

where c 2 = - — -. 

(1— n){2~n) 

For diffusion in the lower atmosphere it has been found that (08) 
fits the observations made with smoke clouds provided 2 — n = H5, 
i.e. n — 0-25. 

The frequency distribution of velocities in the atmosphere is 
approximately Gaussian, (| as it is in the turbulent air of a wind 
tunnel. 

90. The dissipation of energy in turbulent motion. 

When air flows through a pipe in turbulent motion at high 
Reynolds numbers it is known p f "that if the surface stress is expressed 
in the form t 0 = pU 2 , then there is a universal velocity distribution 

of the form U-U_ f (r\ 

U r / W’ 

t Taylor, ‘Statistical Theory of Turbulence', op. cit., p. 429. ,,, 

% O. G. Sutton, ‘Eddy Diffusion in the Atmosphere’, Proc. Roy. ooc. A, isa 

143-165, i c 133* 

11 HesselbergandBjorkdal, .GeiVraje zur Physil: derfrekn Atmos. IS (I J-UM- " ’ 

Gmham, A.Ii.C. Reports and Memoranda, No. 1704 (1930). 
tf See Chap. VHI, §§ 104, 106, 157, 159. 
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where U c is the maximum velocity along the axis of the pipe, U is 
the velocity at a distance r from the axis, and a is the radius of the 
pipe. Now t, the Reynolds stress at radius r, is equal to rr 0 /a, so that 
at any point r/pU 2 , and therefore also r/p(U c — U) 2 , are constant if the 
speed varies. On the assumption that the root-mean-square value 
of each turbulent component of velocity is proportional to the 
observed maximum value, Fagef has shown that in a pipe u/U T , 
vjU r , w/U r stay constant as the speed changes at high Reynolds 
numbers, so that at any point -r/p (or uv), u 2 , v 2 , w 2 are all proportional 
to (U c —U) 2 . These conditions would be satisfied if, when U C —ZJ is 
increased in any ratio, the field of turbulent flow is increased at 
every point in the same ratio. 

This hypothetical relationship between the turbulence patterns at 
different speeds would, however, be inconsistent with the condition 
that the dissipation of energy by viscosity must be equal to the work 
done. The rate of dissipation of energy per unit volume in geometric- 
ally similar fields is proportional to p.u\ l~ 2 , where % is some typical 
velocity in the field, which may be either a mean velocity (e.g. 
U c — U) or a turbulent component, and l is some typical length. 
Since the Reynolds stresses are proportional to pu\, the rate at which 
work is done per unit volume is proportional to puf I -1 . 

It is impossible therefore to account for the dissipation of energy 
in turbulent motion by imagining that a series of fields of flow which 
are possible at one speed can be repeated at a higher speed — though 
this hypothesis would account for other observed phenomena. 

On the other hand, the fact that, when U c ajv is sufficiently high 
(a being the radius of the pipe), r is proportional to p(U c — U) 2 while 
u, v, tv are proportional to U—U c , shows that the rate of dissipation 
of energy per unit volume is proportional to pu 3 a _1 , even when there 
is no geometrical similarity between the flow patterns at different 
speeds. 

91. Dissipation in isotropic turbulence . % The length A. 

The simplest case in which the decay of energy can be discussed by 
statistical methods is that of isotropic turbulence, i.e. turbulence in 
which the average value of any function of the velocity components 
or their space derivatives is unaltered if the axes of reference are 


t Proc. Roy. Soc. A, 155 (1936), 576-596 
} Taylor, Proc. Roy. Soc A, 151 (1935), 430-454. 
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dw dv\ z 

% ' &J 


(8u 8w\ 2 
\Tz + te) / 


rotated in any manner or are reflected.-]- Turbulent fields of this type 
can be produced in a stream of air by passing it through a regularly 
spaced grid of parallel bars. 

The general expression for the mean rate of dissipation is 

M 2 (i +2 (i + jf 

+(I + S) + ® + £) +(f +f) ! )- (69) 

For isotropic turbulence 

/eht \ 2 /chA 2 l&w >\ 2 

fe ) = y ~ w ~ ° 1 ’ 

/£w\ 2 /8u\ 2 /8v\ 2 IdvV- 1 8w \ 2 l&w\ z 

w) = [ to) = = = y = y = “ 2 ’ 

, 8v Su 8w 8v 8u8w 

and as = = <z,, 

8x 8y 8y 8z 8z 8x 3 

where a v a 2 , a 3 are symbols introduced for brevity. Hence 

W = (70) 

The quantities a v a 2 , a 3 are not independent. Since the fluid is 
assumed incompressible 

6Z3 = o, 

\8x ' 8y' 8zJ 

so that in isotropic turbulence 

a 1 J r 2a i = 0, (71) 


where 


8v 8vj 


dw 8u 
8z 8x' 


4 8x8y 8y dz 8z 8x 

Another relationship between a v a 2 , a 3 , a 4 can be obtained by 
turning the axes through 45° about the z-axis. The transformation is 


*/2x' = x-\ -y \ 
^2y’ = —x+y ] 
The transformation for dujdx is 


V2 u' = u+v 
*j2v' = — u-{-v 


8x ~ 2 \8x' 8x' 8y' ‘ 8y'\ 


f This definition of isotropy implies strictly that there is no mean motion re a 
(o the frame of reference. The results will be unaltered if a constant mean mo ion J 
superposed. If applied to other cases the results can, at best, be only npproxima 
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(I f—rnMb- 

The conditions of isotropy necessitate that terms like 


2 ^.'^ , 

dx' dx'^ 




(72) 


(8u'l8x').(8v'ldx’) 

shall vanish, for they would change sign by a rotation of the axes 

through 180° 

Collecting together such terms as ( du'jdx ') 2 and (bv'jdy') 2 which 
are equal to one another in isotropic turbulence, and remembering 
that isotropy also necessitates that (du'jdx') 2 — a lt etc., we find 
from (72) that a, - 


or a 1 —a 2 —a 2 —a i = 0. (73) 

Yet another relation between a lt a 2 , a 3 , a 4 can be obtained by 
considering the mean value of V 2 p. The equations of motion of an 
incompressible viscous fluid are 


1 dp 
p 8x 


du . du . du , du 

= 1-m — +u— vvhi 

dt dx dry dz 


with two similar equations.f Differentiating these three equations 
by x, y, z respectively, and adding, we get 




dv du dw dv du du>\ . . 
dx dy dy dz dz dx)’ ^ 


and when we take the mean value of both sides of (74) we arrive at 

the equation , 

V 2 p = Scq-f 6a 3 . 

P 

In a uniform field of turbulence V 2 j> = 0 , % so that 

c 1 +2a 3 = 0. (75) 

Combining (71), (73), and (75) v/e find that 

a i = — — 2a 3 = —2a i . (76) 

t These are the equations if there is no mean flow. If there is a constant mean 
velocity, the average value of the right-hand side of (74) is unaltered, 
f Take integrals over a large volume F t . Then 

Vl Wr p = jjj Vipdxdyd ^jj (ig+-g + «g)^ 

where the surface integral is over the boundary of F„ and l, m, n are the direction 
cosines of the outward normal. Since the integrand of the surface integral does not 
continually increase as the volume increases, the surface integral divided by the 
volume tends to zero. Hence V*p = 0. 
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Hence (70) may be written 

W = 1 Dfia^ or 7-5 fia 2 or 1'0fx{8ujdy) 2 . 

The value of ( 8ujdy ) 2 is closely related to the manner in which 
Ry \ falls off from its initial value, 1-0, as y increases from zero. It has 
been shown in factj that 


R u = l-l 

a 2! u z \&y) 


(78) 


The curvature of the R y curve at the origin is therefore a measure of 

J 


(d-ujdyY, and 


(l~R, 


*)• 


(79) 


I^Y = 2u z lim 
W/ y 2 

The significance of (79) can be appreciated by defining a length A 
such that , / 1 7 ? \ 


A is then the intercept on the axis of y of the parabola drawn to 
touch the {R y , y) curve at its vertex (see Fig. 50). 

From (77), (79), and (80) 

W = 15/xti 2 /A 2 . (81) 

Since u z and R v can be measured by the hot wire technique, the 
relationship (81) can be verified if W can be measured by other 
methods. In the case of turbulence in a wind stream behind a grid, 
W can be found by measuring the rate of decay of turbulence down- 
stream from the grid. The mean rate of loss of kinetic energy per 

unit volume is j 

~yu“{u z +v z +u> z ), 


or — %pU n du 2 /dx in the case of isotropic turbulence. 


t For the definition of R y Bee equation (16), p. 204. 

+ Cf. Taylor, Proc. Lond. Math. Soc/(2), 20 (1922), 205, equation (14). Taking u 
as independent of y, and expanding ti y in a Taylor series, we have 


*v = 


UU,J 

u 1 


If 8u 

—Au t +yu— + 
it* 1 oy 


y 1 6*u 
-Ur-; 

21 8y'- 



But since ti 1 is independent of y. 
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This must be equal to W, so that 

= l5fl 1?’ ( 82 ) 
and all the quantities in this equation can be measured. The value 
of A calculated in this way for the stream in which R 0 was measured 



(see Fig. 50) was 0-26 in. The parabola y z jX z = (1 — R y ) is shown in 
Fig. 50. It will be seen that it lies close to the observed points 
near the apex of the R u curve. 

92. Relationship between A and the scale of the turbulence. 

We now consider how the length A, which determines the dissipa- 
tion, is related to the scale of the eddy-producing system. It has 
been pointed out that in a pipe the dissipation of energy is propor- 
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tional to pu z a~ x , where a is the radius of the pipe. The scale of the 
turbulence produced is clearly limited by the diameter of the pipe 
It seems therefore that, in comparing the dissipation in the turbulence 
produced by geometrically similar turbulence-producing mechanisms 
on different scales and at different speeds, we may suppose that the 
dissipation is proportional to puH~ x , where l is any linear dimension 
which defines the scale of the turbulence-producing mechanism. 

It has been shown (equation (81)) that in isotropic turbulence the 
rate of dissipation is 15p« 2 /A 2 , so that, when geometrically similar 
systems are compared on different scales and at diff erent speeds, 
then at any point 15ptr 2 /A 2 is proportional to pu?l~ x . Thus 

Wfe)- < 8s ) 

When the turbulence is produced by a grid of regularly spaced 
bars distant M apart (i.e. of mesh M) placed across a stream of wind, 
each bar leaves a wake in the stream. This wake disappears some 
way downstream, leaving turbulence the scale of which must be 
determined in some way by the mesh (M) or by the diameter (D) of 
the bars. The distance downstream at which the wake disappears 
depends on the i itio DfM ; when D[M is as great as § the wake 
disappears within a length of about 20 M. Farther downstream we 
may suppose that the turbulence is statistically uniform across the 
stream, and we may take the mesh length M as the typical length l. f 
Thus (83) becomes 

where A is a constant to be determined by experiment. 

A may be expected to be constant only when geometrically similar 
grids are used: it is found experimentally to be practically constant 
for all square-mesh grids, whatever the ratio DfM may be (p. 228). 



93. The Reynolds number of turbulence. 

It will be remembered that the considerations on which (84) is 
based are derived from observations on the proportionality of 
V("/p)> u > v > w > and XJ— U c in a pipe, and that these hold only when 
U c ajv, and hence uafv, are greater than certain numbers. It follows 
that (84) can be expected to hold only when uMfv exceeds some 
definite number. This quantity, uMjv, may be called the Reynolds 

t In some cases the typical length must be taken as increasing with d!st “ c „ e 
do w n stre am from the grid. See the reference to N.A.C.A. Report No. 58J on p. 23 . 
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number of turbulence. The lowest value for which (84) holds must 
be determined by experiment. 


94. The law of decay of turbulence behind grids. 

With the expression (84) for A, (82) may be integrated: the 
integral is jj q _ 5x 


-constant. 


(85) 



Fio. 51. Collected results of turbulence behind grids and honeycombs. 


Dryden <( 


x 

O 

□ 

& 


5-Inch grid, M = 5 Inches, D •= 1 Inch. 
SJ-inch grid, If » 3 25 Inches, D =* 0-05 inch. 
Hexagonal honeycomb, M — 3 inches. 
Honeycomb of 3-inch tubes, M *= 3 Inches. 


Simmons 
and Salter 



3-lnch square-mesh honeycomb, M = 3 Inches. 

3-Inch grid of circular rods, M «= S Inches, V = f inch, 
grid, M = 0*02 inch In 4*Incb pipe, 
grid, M = 1*5 Inches In 1-foot tunnel. 


Figures shown'in the diagram give values of u/M*. 


Thus if u is measured at different distances behind a grid, U 0 /u 
should increase linearly. In Tig. 51 are shown measurements taken 
behind a square-mesh grid which verify this prediction. 

If U 0 /u is plotted as ordinate and x/M as abscissa, each set of 
observations taken at various distances down a wind tunnel behind 




228 


TURBULENCE 


[V. 64 


a square-mesh grid should be on a straight line whose slope is 5 1 A In 
this way, with a range of grids from M = 5" down to M = 0-62' 
values of A were obtained varying only between the limi ts 1*95 and 
2-20. Since the values of DfM were not the same in all the experi- 
ments, it seems that the scale of the turbulence depends on M, and 
not on D. 


95. An experimental verification of isotropy in turbulence 
behind grids. 


The comparison between the observed values of u 2 and the values 
of v 2 found by analysis of Schubauer’s diffusion measurements (§88, 
p. 219) has shown that in a turbulent stream behind regularly spaced 
grids u — v = w. These conditions, however, do not form a com- 
plete verification of isotropy. A more complete verification can be 
obtained by measuring the correlation (JR) between the values of u 
at pairs of points distant d apart along lines at various inclina- 
tions (6) to the axis of a wind tunnel. If du/dx' is the gradient 
of u in a direction inclined at an angle 6 to the tunnel axis (which 
is taken as the axis of x), then in the same way as (79) was found 
it may be shown that 


lim 

d -*0 


1-R 

d 2 



But 


du 

dx’ 


a du . . „du 

cos 8 }-sm0— . 

dx oy 


Also (du/dx) .(dujdy) vanishes (since it would change sign with a 
reversal of the direction of the y-axis), so that 



From (79) and (80) 
and from (76) 


= “ 3!9 (I) !+Sin,s (l) ! - 

2u 2 \dy) A 2 ’ 

l (—Y 

[dxj ~ 2 \dy) ’ 


so that lim * ^ = ^-(i cos 2 #-)- sin 2 #). (86) 

d~tC d i AT 

Hence, if d[J(l—M) is taken as the radius vector (r) in polar co- 
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The rate at which work is done is therefore 


When the turbulent energy is not decreasing this work must be 
supplied by the Reynolds stresses. If the mean motion is a uniform 
shearing parallel to the axis of x, so that dUjdy ~ a, the rate at 
which the Reynolds stresses are doing work is |ra|. Thus 


M > 


( 88 ) 


"Mow Y in (88) is identical with the Y used in the theory of diffusion 
by continuous movements, so that from (63) and (65) 

0 

where l' is the mixture length. Hence 

|ra| > gpftt'v. (89) 

If it is assumed that the momentum transfer theory of turbulent 
motion holds, then T = p i' Va> (go) 

so that the momentum transfer theory necessarily gives the rela- 


tionshipt 


9P 


> 1 . 


(91) 


This is Richardson’s relationship. If therefore a motion is established 
such that a 2 /gr/J < 1, it cannot, according to the momentum transfer 
theory, be turbulent. 

TaylorJ has calculated the stability equation for a non-viscous 
fluid of small uniform density gradient in uniform shearing motion. 
He finds that there is stability if a 2 /g/3 < 4. 

Consideration of the stability of a system consisting of three super- 
posed fluids moving with uniform shear led to the result that unstable 
oscillations can occur when 

ptl 

where A p is the small change in density at each interface, and h is the 
thickness of the central layer. Similar calculations for four fluids 
gave the lower limit for unstable waves as a 2 > 2-11 gp. 

Similar results were obtained from calculations!! for the case when 

t Prandtl’s version gives cd/gf! > i, but the factor f appears to be due to a mistaVo 

(boo Taylor, Rapporte etProcls-VerbauxduCoruieil Permanent Internalionalpourl *P 0 

ration delaMer, 76 (1931), 35-43). } Proa. Roy.Soc. A, 132 (1931), 499-52J. 

|| Ibid., p. 609, and Goldstein, ibid., pp. 624—648. 
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upper and lower fluids, each, of infinite extent and moving with 
uniform velocity, are separated by 9 layer of uniform vorticity and 
intermediate density. 

The above stability results apply only to fluids of infinite extent. 
Schlichtingf has extended the calculations of Tollmien on the 
stability of the boundary layer in a viscous fluid, and has found that 
the effect of gravity is to make all oscillations stable provided 
a 2 < 25gfi, where a now represents the rate of shear at the wall, and 
it is assumed that the density distribution is such that /3 is constant 
in the boundary layer and zero outside it. Measurements by 
Reichardti in a wind tunnel heated at the top seem to confirm 
Schlichting’s theoretical result. It was to be expected that this 
result would differ from that which is valid in an infini te fluid. 


97. Diffusion in a turbulent field with a density gradient. 

It is not possible from the stability calculations to say anything 
about the possibility or otherwise of turbulent motion with any 
given density gradient. On the other hand, Richardson’s criterion — 
that turbulence is possible only when ofi/gj 5 > 1 — must be valid if 
the momentum transfer theory of turbulent motion is valid. Hydro- 
graphic measurements by Jacobsen of the current and density at all 
depths at various stations near Denmark have been analysed (partly 
by Jacobsen and partly by Taylorjj) to find the transport of momen- 
tum and of salt in a vertical direction, together with values of 
a?lg[3. The values of orjgfl ranged from 0-008 to 0-38, yet the calcu- 
lated rate of diffusion of salt and the calculated shear stress were 


thousands of times as great as could be accounted for by molecular 
diffusion and viscosity. It is clear therefore that turbulence can 
exist even when a 2 /pj3 is as small as 0-008. For this reason it seems 
that the momentum transfer theory must be very far from the truth 
when there is a density gradient. 


If we abandon the momentum transfer theory we can still get some 
information from the energy relation ( 88 ). If K s is defined as the 
virtual coefficient of diffusion of salt, then K s = \dY-jdt, so that 


( 88 ) becomes 


l"“l > ffppKg- 


(92) 


t Ztilechr.f. angew. Math. u. Mech. 15 (1935), 313-338. 

_ t Prandtl and Reichardt, 'Einfiuas von Warm esc hi eht ung auf die Eigenschaften 
einer tnrbnlenten Stromnng’, Deutsche Forschung, Part 21 (1934), 1 10-121. 

!1 Rapports et Procls-Verbaux du Cornell Permanent International pour V Explora- 
tion dela Mer, 'It (1931), 35-13. 
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Hence the energy relationship can be expressed in the form 

gji - 7 /pa' ( 93 ) 

r/a is a virtual coefficient of viscosity, so that r/pa may be regarded 
as a coefficient of diffusion of momentum. If we putf r/pa = K 
(93) becomes a 2 jg 

~n > • (941 


This equation can he verified, because both K s and K u can be 
calculated from the distributions of velocity and density in a stream 
where fresh water is flowing over salt water. The results of these 
calculations in two such cases (at Schultz’s Grand and Banders 
Fjord) are given in Table 11. 


Table 11 


Schultz’s Orund. 


i Handers Fjord. 

Depth, 

Kb 


Depth, 


Kb 

o ! 

metres 

K u 

gp 

metres 


K u 

g? 

2'5 

o*o 9 

0*14 

I 


0*17 

0*17 

5-° 

o-i 3 

0-26 

2 


0*20 

0-38 

7-5 

0-067 

0*17 

3 


0-15 

0-26 

10*0 

0-023 

0-098 


— 



12-5 

0*021 

0-035 





i 5 -o 

0-05 

0-008 






It will be seen that all the observations, except that at 15 metres 
at Schultz’s Grand, satisfy (94). The exceptional observation is near 
a velocity maximum, so that a is nearly zero. 


ADDITIONAL REFERENCES 

Taylor and Green ( Proc . Roy. Soc. A, 158 (1937), 499-521) show that when 
a special type of initial motion is given to a viscous fluid the rate of dissipation 
increases until it reaches a maximum, at which its value is in fair agreement 
with the formula (84) (p. 226) when A is given its experimentally determined 
value 2-0. , 

Kdrman, Proc. Nat. Acad. Sri. 23 (1937), 98-105; Joum. Aero. Sciences, 4 
(1937), 131-138. The correlation between the velocity component? in fixed direc- 
tions at two points is expressed as a tensor. If -Rj is the correlation between the 
velocity components in the direction AB at the two points A and -Bat a distance 
r apart, R t the correlation between the components at right angles to AB, it is 


shown that 


dR, 

r j 

dr 


+ 2 (R 1 -R s ) = 0. 


(95) 


(This is a generalization of (86) (p. 228).) On the assumption that the mean 
f The momentum transfer theory assumes that K u = K$. 
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values of all triple products of components of velocities at A and B vanish, a 
theory is developed for the decay of turbulence behind a grid. With this 
assumption the (R v r) curve may be of constant shape ; in such a case the decay 
of turbulence is expressed by the formula 


— = constant 




which may be compared with (85) (p. 227): according to (96) it is only when 
5a = 1 that UJu is a linear function of x. 

Taylor (Joum. Aero. Sciences, 4 (1937), 311-315) shows that the special form 
of the (fij, r) curve necessitated by Karman’s assumption (see above) is not 
in agreement with observation. 

Taylor, Proc. Boy. Soc. A, 164 (1938), 15-23. In KArm&n’s expression for 
the rate of change of mean-square vorticity ( Joum . Aero. Sciences, op. eft.) 
the terms neglected on the assumption that the mean values of triple pro- 
ducts vanish (see above) can be evaluated from measured R x curves. This 
is done in a particular case, and it is found that the value of the term which 
has been neglected is three times as great as the one which is not neglected. 

KArman and Howarth (Proc. Roy. Soc. A, 164 (1938), 192-216) show that a 
law of decay similar to (96) can arise when the triple correlations do not vanish, 
if further assumptions are made. 

Dryden, Schubauer, Mock, and Skramstad, N.A.G.A. Report No. 681. In 
the Bureau of Standards tunnel the scale of turbulence increases with distance 
from the grid. The rate of decay is consistent with the formula 

i - B J& « B7 > 

where L is the observed scale of turbulence defined by 

L^Js v dy. (98) 

o 

Some measurements ore described in which band filters are inserted in hot 
wire anemometer circuits, thus eliminating all turbulence the frequency of 
which falls outside the band. (Cf. Chap, VI, § 121.) 

Simmons and Salter (Proc. Roy. Soc. A, 165 (1938), 73-89) have constructed 
a set of high and low pass filters by means of which the turbulence behind a 
grid has been analysed into a spectrum. (Cf. Chap. VI, § 121.) 

Taylor (Proc. Roy. Soc. A, 164 (1938), 476-490) shows that the spectrum of 
turbulence at a fixed point is connected with R s by the pair of relations 

CO 

C 2ttTIX 

R x = I F(n)cos -- dn, (99) 


CO 


Zrmx , 

coa -~v7 dx ’ 


where F(n) dn is the proportion of u 1 which is due to components with 
frequencies between n and n-j-dn. 

Dryden (Joum. Applied Mechanics, 4 (1937), 105-108) gives a bibliography 
of 31'papera and an account of developments between 1935 and 1937. 

« 37. 8 Hfa 



VI 


EXPERIMENTAL APPARATUS AND METHODS OP 
MEASUREMENT 

98. Introduction. 

This chapter is intended to give the reader a sufficiently detailed 
account of the apparatus and of the methods of measurement used 
in aerodynamic experiments to enable him to appreciate the general 
nature of the experimental investigations to which reference is made 
elsewhere in the volumes, and to have some idea of the accuracy and 
also of the limitations of present-day experimental technique. 

SECTION I 

WIND TUNNELS, WATER TANKS, AND WHIRLING ARMS 

99. Wind tunnels. 

A wind tunnel is an apparatus for producing a uniform air-stream 
in which the aerodynamic properties of bodies can be observed and 
measured. There are three main types of wind tunnel: (1) open circuit 
tunnels, (2) closed circuit (return flow) tunnels, and (3) compressed 
air (variable density) tunnels. In each of these types the stream at 
the working section may be either free (open jet type) or bounded 
by rigid walls (closed jet). A brief outline of the characteristics of 
each of these types follows: details can be found in reports published 
by aerodynamic institutions throughout the world, f 

100. Open circuit tunnels. 

The open circuit type (Fig. 53 (a) and ( b ), p. 236) consists essentially 
of a duct, usually of square or rectangular cross-section, through which 
air is sucked by a fan at the outlet end. The air is afterwards dis- 
charged into the room, and returns slowly to the bell-mouthed inlet. 
The fan is of the airscrew type, which gives a steadier flow than a 
centrifugal fan. Even so, the eddies created by the rotating blades 

t See Eiffel, Nouvelles Recherches sur la Resistance de I’Air el V Aviation (Paris, 
1914); Ergebntsse der Aerodynamischen Versuchsansta.lt zu Gottingen ; A.B.O . Reports 
and Memoranda ; N.A.C.A. Reports. For a summary see Hoemor, Zeitschr. do 
Vereines deutscher Ingenieure, 80 (1930), 949-957. 

The area of the working section of a wind tunnel is usually of the order of 60 sq. •> 
but one or two existing tunnels can house full-size aeroplanes. The biggest, s 
Langley Field, U.S.A., has an oval jet 00 ft. broad by 30 ft. high, in which o wm 
speed of about 120 m.p.h. can be reached with an expenditure of 8,000 horee-powc . 
(See De France, N^A.G.A. Report No. 459 (1933).) 
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constitute a serious source of disturbance in the flow, and measures 
must be taken to minimize their effect. Behind the airscrew in the 
N.P.L.t type a ‘distributor’, consisting of a large rectangular com- 
partment perforated on all sides with fairly small holes or slots, serves 
to return the air to the tunnel room at a fairly low speed and over a 
considerable area, and so to break up the violently disturbed flow 
behind the airscrew into reasonably small eddies which have time to 
die away during their slow passage through the room back to the 
intake. Alternatively, the distributor may be considerably reduced 
in size or even entirely dispensed with, a honeycomb wall being built 
across the tunnel room (Fig. 53 ( b )) to break up the large disturbances 
discharged by the fan. 

If the jet is open, as in the tunnels designed by Eiffel in France, 
it is necessary to surround it by an air-tight working chamber, since 
the pressure at the working section is necessarily below atmospheric. 
In either the Eiffel or N.P.L. type the room containing the tunnel 
should have a cross-sectional area many times that of the tunnel 
itself, in order that the return flow in the room may be very slow. 
Disturbances leaving the outlet are thus given time to die away, and 
the tunnel virtually takes its supply from still air at the intake end. 
In addition, there is fitted near the intake end, to prevent swirl 
about the tunnel axis, a honeycomb, i.e. a bank of thin-walled tubes 
of fairly small cross-section. Its chief function iB to maintain the 
direction of flow parallel to the axis of the tunnel. It also serves to 
break up any occasional large eddies which may reach the intake. 

101. Closed circuit tunnels. 

The chief disadvantages of the open circuit type are the large 
room-space it needs and its low efficiency, consequent upon the waste 
of practically the whole of the kinetic energy of the air at the dis- 
charge end. By the continual circulation of the air in a closed circuit 
much of this loss is avoided, and a given wind speed is obtained for 
an expenditure of much less power than in the open circuit type. The 
arrangement has the disadvantages that the return flow is now not 
slow enough to allow disturbances from the airscrew to die away, and 
that the air current has to be turned smoothly through four right 
angles in its passage from outlet to inlet. The first difficulty is largely 
overcome by the gradual expansion of the return-flow ducts to about 

t National Physical Laboratory, Teddington. 
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four times the area of the working section, followed by a rapid con- 
traction of the stream just before the working section is reached; the 
second is effectively surmounted by the provision of suitable guide 
vanes to turn the air smoothly round each right-angled bend.f Both 
the rapid contraction at the inlet and the guide vanes, which are the 
two essential features in the design of a successful closed circuit 
tunnel, were first used by Prandtl at Gottingen. 

A honeycomb is usually placed just before the rapid contraction, 
hut does not appear to be always essential; it has, for example, been 
omitted in the two new tunnelB at the N.P.L. A definite improve- 
ment in both velocity distribution and power efficiency is obtained 
by placing radial aerofoils either behind or in front of the airscrew, 
set in such a way as to remove the rotation from the slipstream of the 
screw, and so to allow the air-current to reach the aerofoil cascade at 
the first bend behind the screw with only an axial velocity component. 

The flow may be returned either by a single duct, or by two ducts 
symmetrically placed one on each side of the jet. Given a free choice, 
the single return duct is somewhat simpler to construct. The closed 
circuit open jet tunnels at Gbttingen and the R.A.E4 are of this 
type; two at the N.P.L. have double return passages (Fig. 53 (c) 
and ( d )). 

The closed circuit type lends itself equally well to either a closed 
or open working section; as the return circuit is completely air- 
tight the pressure at an open jet may be the atmospheric pressure, 
with free access to the jet from the tunnel room. The wind speed 
obtainable for a given power expenditure is appreciably lower with 
an open jet than with a closed one, but this is offset by greater 
accessibility and by smaller corrections for constraint of the tunnel 
flow in some experiments, e.g. airscrew tests. 

102. Compressed air tunnels. 

This type of wind tunnel, of which at present only two examples 
exist, || enables the Reynolds numbers of flight to be reached in a 

t Klein, Tupper, and Green, Canadian J oum. of Research, 3(1930), 272-285 ; Frey, 
Forsch. Ingwes. 5 (1934), 105-117 ; Collar, AJR.C. Reports and Memoranda, No. 1768 
(1937); Patterson, ibid.. No. 1773 (1937); Aircraft Engineering, 9 (1937), 205-208. 

t Royal Aircraft Establishment, Famborougb. 

|| A modified type of compressed air tunnel has recently been built at Gottingen. 
The pressure can be raised to 3 atmospheres, but it can also be reduced to 0-3 
atmosphere. The latter condition enables high jet speeds to be reached "without an 
excessive expenditure of power. This feature is of use mainly in connexion with tests 
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model test by the use of air at high pressure. It consists of a dosed 
circuit wind tunnel, with jet open or closed, entirely enclosed in a 
steel shell capable of withstanding the requisite pressure. To econo- 
mize space and to fit the tunnel iieatly into the shell the return duct 
takes an annular form surrounding the working section (Fig. 53 (g)) 
Tests on a model at the N.P.L. showed that guide blades at the bends 
could be dispensed with, if a number of straight vanes was placed 
in the annular return duct to prevent a general swirl and a honey- 
comb employed immediately before the contracting jet. This is 
presumably because the return duct, completely surrounding the 
tunnel proper, has a comparatively small width perpendicular to the 
flow, so that its boundaries have a sufficient directive influence at 
the bends without intermediate guiding aerofoils. 

The compressed air tunnel at the N.P.L.,} which has a jet 6 feet 
in diameter and a pressure range of 1 to 25 atmospheres, was first 
used for tests of wings and complete aeroplane models to provide 
data applicable to full-scale machines. It was later used to investi- 
gate certain fundamental problems at high Reynolds numbers, 
including the effects of surface roughness on the drag of aerofoils, 
the behaviour of flaps and other high-lift devices, and the drag of 
stream-line bodies. By the adoption of the momentum method of 
drag measurement (§115), the measurements of aerofoil drag in the 
tunnel have recently been extended to Reynolds numbers of the 
order of 24 x 10®, the highest yet reached in -wind tunnel tests.} 

103. Turbulence in wind tunnels and its effects. 

Turbulence in the air-stream has an important influence on the 
nature of results obtained in wind tunnels, especially in certain 
kinds of measurement, of which the drag of stream-line bodies is 
a long-known example and the maximum lift of aerofoils a more 
recent one. In ordinary atmospheric tunnels the interpretation of 
results and their application to design is greatly complicated if 

of airscrews or, with sufficient power and reduction of pressure, for the investigation 
of compressibility effects. See H. Winter, Aircraft Engineering, 8 (1936), 335, 3 , 
Euftwiss. 3 (1936), 237-241. 

t See Relf, Engineering, 13 1 (1931), 428-433. r 

j Relf, Joum. Roy. Aero. Soc. 39 (1936), 1-28; Relf, Jones, and Bell, AJt.o. 
Reports and Memoranda, No. 1706 (1936); Relf, Bell, and Smyth, tbid.. No. iw° 
(1936) ; Jones and Williams, ibid., No. 1708 (1936) ; No. 1710 (1936) ; No. 1804 (W/>, 
Williams, Brown, and Smyth, ibid., No. 1717 (1936); Williams and Brown, i •> 
No. 1772 (1937). 
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turbulence effects are present, since the results are then functions 
both of the Reynolds number and of the turbulence, and it is 
exceedingly difficult to separate the two effects.t In the com- 
pressed air tunnel, where full-scale Reynolds numbers are obtained, 
turbulence effects may prevent a direct application of results to 
full-scale prediction. Further, in order to study turbulence effects 
it is often desirable to be able to vary the degree of turbulence in a 
wind tunnel. It is thus of great importance in wind tunnel technique 
to be able to estimate the degree of turbulence present and to form 
some idea of the effects of such turbulence on the application of 
tu nn el results to the problems confronting the designer. 

Attempts to specify the degree of turbulence in a wind tunnel 
have been made in two different ways.f In one method a hot wire 
anemometerf is used to define the ratio of the root-mean-square 
longitudinal velocity fluctuation to the mean wind speed. In the 
second method the Reynolds number at which the drag coefficient 


( I of a sphere is 0-30 is used as a measure of turbulence.|| 

\pU 0 7td / 4 / 

In certain tests in America the two methods were compared, and it 
was shown that a unique relation exists between the measured values 
of B a )fc and (Jv?/U 0 ) (d/J/) l ,tt where f? crit is the Reynolds number 
for the sphere defined above, and M is the cross-dimension of the 
mesh used to introduce the turbulence. These tests were made in a 
tunnel of N.P.L. type at different distances from the honeycomb, 
and the result was confirmed by similar tests at the N.P.L. This 
result is, however, not general: a unique relation is to be expected 
only if the turbulence is isotropic. As regards turbulence not pro- 
duced by grids or honeycombs, it may be remarked that in tests of 
a sphere in flight made in America %% it was found that even in the 
disturbed air near the ground in a wind the critical Reynolds number 
was practically the same as that on a calm day higher up, when con- 
ditions must have been almost non-turbulent. There is little doubt 
that the value of -Ju 2 /U 0 was appreciable in the disturbed conditions 

t See, for example, Dryden, Jo'um. Aero. Sciences, 1 (1934), 67-75. 
t See §§117 and 119. 

I! For some results of measurements of this kind Bee Platt, N-A.C.A. Report No. 
558 (1936). 


tt Bryden, Schubauer, Mock, and Skramstad, N.A.C.A. Report No. 581 (1937). 
The existence of such a relation was first suggested by Taylor (see Chap. XI, 
§219). 

ft Millikan and Klein, Aircraft Engineering, 5 (1933), 167-174. 
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close to the ground, and it must be concluded that the eddies present 
were so large that they affected the sphere as variations of total 
relative velocity and not as disturbances to the boundary layer. The 
effect of non-isotropic turbulence has not yet been investigated, but 
it has great practical interest, since most modem wind tunnels 
are of the return flow type with a large contraction ratio, and the 
transverse turbulent velocity components are in this case certainly 
not equal to the longitudinal one. 

Very little can be said at present in regard to the correlation of 
turbulence measurements by methods suggested above with the 
effects of turbulence on the aerodynamic behaviour of various kinds 
of models tested in wind tunnels. The problem is under investigation, 
but so far the relevant results seem to indicate no general correlation. 
For example, the compressed air tunnel has given maximum lift 
results on certain aerofoils which agree well with full-scale observa- 
tions, although the critical turbulence number for a sphere is 225,000 
for the tunnel (6 in. sphere) and about 365,000 for the free air.f It 
would appear that in this instance the sphere drag is more sensitive 
to small degrees of turbulence than is the maximum lift of these 
aerofoils. On the other hand, tests in the compressed air tunnel at 
high Reynolds numbers, with the turbulence considerably augmented 
by means of screens, showed that different aerofoils react very differ- 
ently as regards maximum lift variations. On the aerofoil section 
R.A.F. 28 a moderate increase of maximum lift with turbulence 
occurs at all Reynolds numbers, and appears to be roughly propor- 
tional to the degree of turbulence; but with the section Gottingen 
387 the effect is small and indefinite at low Reynolds numbers, but 
very great at high Reynolds numbers (see Chap. X, §198). These 
observations show the complexity of the subject, and suggest that 
much further research is required on the connexion between tur- 
bulence in the air-stream and the a>' T odynamic effects it produces by 
modifying the flow in the boundary laver. 

104. The augmentation of turbulence in wind tunnels. 

Screens or grids may be used to aug ment the turbulence in a wind 
tunnel. Such screens are often used when turbulence effects are 
being studied, since they are the only convenient way of producing 
varying degrees of turbulence in the same wind tunnel: varying 
•f Millikan and Klein loc. cit . (15 cm. sphere). 
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turbulence on the model may be attained both by altering its distance 
from the screen and by altering the spacing of the cords or strips 
composing the screen. In practice the method is complicated by the 
difficulty in defining the mean speed behind the screen without very 
detailed velocity explorations,! and by the fact that the turbulence 
decreases with distance from the screen so that with a model of any 
length, such as a stream-line body, the turbulence is by no means 
constant along the body. Another method which has been used to 
render the boundary layer of a body turbulent is to attach excres- 
cences to the body itself, e.g. to put one or more rings of fine wire 
around the nose of a stream-line body.! This method is open to 
the objection that, in addition to producing changes in the drag by 
making the boundary layer turbulent, it may alter the form drag; 
but this effect can be separated if the form drag is determined by 
pressure plotting. When this is done it is found that in the case of 
a stream-line body a sufficient number of rings near the nose will 
render the whole boundary layer turbulent behind them, and the 
addition of further rings does not then affect the sldn-friction drag. 

105. The degree of turbulence desirable in a wind tunnel. 

Opinion is at present divided on the degree of turbulence desirable 
in a wind tunnel. It may logically be argued that an atmospheric 
wind tunnel ought to be fairly turbulent — not only because increased 
turbulence often simulates the effects of an increased Reynolds 
number, but because in a turbulent stream the boundary layer of a 
body is more easily rendered turbulent and the conditions are more 
definite than in a non-turbulent stream. Consider, for example, the 
measurement of the drag of a stream-line body. If the tunnel stream 
is very turbulent, the boundary layer of the body will become 
turbulent fairly near the nose at all reasonably high Reynolds 
numbers, and a consistent variation of drag with Reynolds number 
will be measured, similar to the variation obtained on a flat plate in 
turbulent flow. There is therefore a possibility of extrapolation to 
higher Reynolds numbers, where the boundary layer would be turbu- 
lent even in a non-turbulent flow, by using flat plate data as a 
guide. If, however, the body is tested in a tunnel of low turbulence, 
the drag results will in general lie on some transition curve, i.e. 

t Ower and Warden, A.R.O. Reports and Memoranda, No. 1559 (1934). 

t Ower and Hutton, ibid.. No. 1409 (1931). 
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the boundary layer will be partly laminar and partly turbulent, aud 
any rational basis of extrapolation becomes impossible. On the other 
hand, it may be argued that since it is at present impossible to 
correlate the measurement of turbulence -with the effects it produces 
on different aerodynamic phenomena, and since the free air is believed 
to be effectively non-turbulent, tunnels should have as low a degree 
of turbulence as possible. Moreover, in a non-turbulent tunnel any 
desired degree of turbulence can be introduced by a grid. Whichever 
of these views ultimately proves to be the best as regards the practical 
use of atmospheric wind tunnels, there is no doubt that the different 
turbulence characteristics of the various types of present-day tunnel 
are a great handicap in the comparison of results from such tunnels, 
and that a complete knowledge of the effects of turbulence would 
clear up many discrepancies at present existing between results from 
different sources. Only in the particular case of the compressed air 
tunnel is the position clear. Here the full-scale Reynolds number is 
reached, and it is obviously desirable that the degree of turbulence 
should be that appropriate to the free air, which, as far as boundary 
layer flow is concerned, is believed to be very small. Since it is 
difficult to make a non-turbulent tunnel of compact design, the only 
question which arises in practice is the definition of a minimum tunnel 
turbulence which is sufficiently low to satisfy the above requirement. 

106. Force measurements. 

The number of methods which have been used in this and other 
countries to support models in a wind tunnel and to measure the 
forces and moments acting upon them is very large, and it is im- 
possible to deal with them all. In general, it may be said that the 
method adopted in any particular experiment depends very much 
upon the nature of the force to be measured and on the ultimate 
accuracy required. The chief concern in accurate work is to avoid 
undue interference between the supporting members and the model 
itself, and to devise the system so that any interference which may 
unavoidably be present is easy to determine accurately. For 
example, in measuring the lift and drag of a complete aeroplane 
model supported on wires from roof balances, both the wire drag and 
the interference effects of the wires are small compared with the 
forces on the model, and no difficulty is experienced. On the other 
hand, in measuring the drag of a body of very good form, such as 
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a model airship hull, the wire drag may he greater than that of the 
model, and the interference of even very fine wires with the flow 
near the model may introduce serious errors, making an accurate 
determination of the drag of the model alone a very difficult 
matter. A few notes are given below on the more commonly 
employed methods of force measurement, with particular reference 
to those which bear most directly on experiments relating to the 
study of fluid flow. 

107. Forces on a model aerofoil or complete aeroplane. 

This class forms by far the largest group of wind tunnel measure- 
ments. Generally, such work is primarily undertaken to provide 
practical data for the designer, but the results obtained, particularly 
the maximum lift and minimum drag of aerofoils, are of great 
interest in connexion with the study of the flow near the model. In 
one method of making tests of this kind the model is supported in an 
inverted position in the tunnel by two wires from the wings, while 
the tail of the aeroplane model, or a short ‘sting’ at the trailing edge 
of an aerofoil, is attached by a pin joint to a vertical arm, shielded 
as far as possible from the wind (Fig. 54). The wing wires, generally 
vertical, are attached to a balance, enabling the tension in them to 
be measured, while the tail arm forms part of a composite balance 
which measures both the vertical and horizontal components of the 
force transmitted through the pin joint at the tail of the model. 
From a knowledge of the vertical reaction at the forward wires and 
at the tail, of the horizontal reaction at the latter point, and of the 
geometrical dimensions of the system, the lift, drag, and pitching 
moment about any chosen axis can be evaluated. The wire drag 
is found by repeating the measurements with two dummy wires 
added, and the drag of the exposed part of the tail support by detach- 
ing the model from that support and holding it rigidly by wires as 
close to the support as possible. 

Other methods of measuring the forces and moments on complete 
model aeroplanes have been devised. At Gottingenj there is a six- 
wire suspension system in use which enables the three forces and 
three moments that completely define the force system on an 
asymmetrical body to be determined at one setting of the model. 
The total lift is given by the sum of the tensions in three vertical 

t Ergcbniese der Aerodynamischen Fersuchsanslalt zu GStlingcn, 4 (1932), 8-12. 
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•wires, the drag by the sum of the tensions in two horizontal wires, 
and the lateral force by the tension in a third horizontal wire per- 
pendicular to the drag wires. The latter are led forwards in the 
horizontal plane and are attached to two rings, each of which is 
tied down by a wire inclined forwards. A third vertical wire passes 
from each ring to a roof balance, the tension in these vertical wires 
being defined by the unknown drag and the known or measurable 
inclination of the wires by which the rings are anchored. A similar 
arrangement is used for measuring the lateral force. Thus, the three 
moments and forces can be measured with the model supported 
entirely by means of a wire suspension. The absence of rigid supports 
reduces the interference with the natural flow near the model to a 
minimum . 

Tor special experiments, special balances are often used. Thus an 
addition to an existing balance at the N.P.L. enabled yawing and 
rolling moments to be measured on a complete model aeroplane 
when yawed.f Another system of suspension has been used to 
measure separately the forces on the wings and bodies of a number 
of body-wing combinations. Automatically recording balances have 
been installed in some modem aeronautical laboratories. 

108. Drag of stream-line bodies. 

The method illustrated in Tig. 54 has been frequently used to 
determine the drag of stream-line bodies. Two wires, as fine as 
possible, are attached at the ends of a horizontal diameter of the 
body near its centre of gravity to form a V in a vertical plane 
perpendicular to the wind direction, with their upper ends attached 
to the tunnel roof. A short spike in the tail of the model is attached 
by a free joint to the end of the arm of a drag balance placed either 
above or below the t unn el. Wire drag is measured by attaching two 
extra wires to the body, at the same point as the main supporting 
wires, and taking them to the floor of the tunnel so as to form a V 
of the same dimensions as that formed by the supporting wires. It 
is arguable that the interference of two wires attached at the same 
joint of the model but leaving it in different directions might not 
be twice that of one wire, and that there might be an error in the 
drag correction in consequence. This was examined at one time by 

t Lavender, Fewster, and Henderson, A.E.C. Btports and Memoranda, No. 822 
(1923). 
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supporting the model also by a single vertical -wire and then adding 
successively one vertical wire underneath, and two forming a V 
It was found that the values of the drag of the model alone 
measured in several ways involving different wire arrangements 
were in reasonably good agreement, and the conclusion was drawn 
that the standard method of test was reasonably accurate. In the 
light of later knowledge of boundary layer flow it would be 
expected that the wires would produce only a small effect due to 
interference if they were well behind the region of transition to 
turbulent flow in the boundary layer. This would usually he the 
fact with normal-sized models in a 7-foot tunnel at high speeds, bnt 
not at the lower speeds. 

109. Force measurement in the compressed air tunnel. 

It will he seen from the above that the general principle followed 
has been to support the model with as few wires or spindles as 
possible while allowing it the requisite freedom of movement in the 
direction of the force component to be measured. In the N.P.L. com- 
pressed-air tunnel the procedure is different, and the balance takes 
the form of a ring-frame surrounding the jet and shielded horn stray 
air-currents. The model is attached to this ring by any convenient 
system of wiring or spindles, the sole requisite being that the attach- 
ment must be rigid so that the model cannot move relatively to the 
ring-frame. The aerodynamic reactions on the model are thus trans- 
ferred to the ring-frame, and are determined by measuring succes- 
sively the moments produced about three parallel horizontal axes 
perpendicular to the wind direction. The corrections for the drag of 
the supporting wires or spindles are determined as in other tunnels 
either by the method of duplication, or by separately supporting the 
model by wires from the balance guard, whichever is more con- 
venient. 

110. Water tanks and whirling arms. 

Most of the aerodynamic data of experimental origin available 
at the present time have been obtained from work carried out in wind 
tunnels. There are, however, other possible methods of experiment, 
of which the two that are most widely used are the towing of mo e 
through still water or air. In the former method the water is gene . y 
contained in a long tank and the model is attached to a carna e e 
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which carries the necessary measuring apparatus, spans the width 
of the tank, and travels along its length. When models are to be 
moved through still air, they are usually attached to the end of a 
long arm capable of rotation about a fixed axis (whirling arm). 

Tank tests are used mainly in connexion with the design of ships 
and the hulls of flying boats or the floats of seaplanes. They have 
also provided some interesting information on surface friction, f 
Higher Reynolds numbers can generally be more easily reached in a 
large tank than in an ordinary wind tunnel, both because the 
kinematic viscosity of water is only about one -thirteenth of that of 
air and because larger models can be used. 

Whirling arms are not much used to-day, except for special classes 
of experiments such as fundamental calibrations of anemometers 
or investigations of the effects of a steady rotation about an axis. 
The measurement of forces on models carried by a whirling arm is 
obviously much more difficult than the corresponding measurement 
in wind tunnel work. 

It will be seen that the fundamental difference between the two 
methods of experiment described, viz. wind tunnel work and towing 
models through stationary air or water, is that in the one case the 
relative translational velocity between model and fluid is obtained 
by moving the fluid and in the other by moving the model. Theoretic- 
ally, if we allow for effects due to the fact that on the whirling arm the 
motion of the model is not rectilinear, this difference in technique 
should make no difference to the fluid forces acting on the model 
Rut in practice it is found impossible to generate a wind tunnel 
stream without imparting turbulence to the air (see above). Turbu- 
lence is absent, or at least widely different in character, in the fluid in 
the tank or the whirling shed. Hence differences in the results may be 

t Frauds, 'Experiments on the Surface Friction Experienced by a Plano moving 
through Water’, Report qf the British Association, 42nd Meeting (1872), pp. 118-124. 
See also Report of the 44th Meeting (1874), pp. 249-255. 

Gobers, 'Das Ahnlichkeitsgesetz fur den Flachemviderstand im Wasser geradlinig 
fortbewegter polierter Platten’, Schiffbau, 22 (1921), 687-690, 713-717, 738-741, 
767-770, 791-795, 842-845, 899-902, 928-930. 

Kempf /('her den Reibungswiderstand von Flachen verschiedener Form’, Proc. 
1st Internal. Congress for Applied Mechanics, Delft, 1924, pp. 439-448. 

Perring, ‘Some Experiments upon the Skin Friction of Smooth Surfaces’, Trans. 
Inst. Naval Arch., 68 (1926), 91-103. 

Kempf, 'Neue Ergebnisse der Widerstandsforschung’, Werft, Reederei, Hafen, 
10 (1929), 234^239, 247-253. 

Gebers, ‘Einige Versuche fiber den Einfluss der Flachenform auf den Flachen- 
widerstand’, Schiffbau, 34 (1933), 18-20. 
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anticipated in certain cases where the particular reaction to b° 
measured is sensitive to changes of turbulence, even though the 
Reynolds numbers of two experiments are identical. 

SECTION n 

VELOCITY AND PRESSURE MEASUREMENTS 

111. The pitot-static tube. Total-head and static-pressure 
tubes. 

The pitot-static tube is the standard instrument for measuring 
air speed. It consists in effect of two tubes each of which includes 
a right-angled bend forming two branches, one usually shorter 
than the other. The head or shorter branch of one of the tubes b 
aligned with its axis along the wind direction and terminates in an 
open end. This tube — the total-head or pitot tube — measures the 
sum of the kinetic and static pressures acting in the air at its 
open end. The other tube, which in a suitably designed instrument 
measures the static pressure, is open to the stream through a number 
of small orifices in the walls of the head, with their axes normal to 
the axis of the tube, which is itself aligned with the stream. When 
the open ends of the stems are connected to opposite sides of a 
differential manometer the kinetic pressure is measured. 

In the most convenient form of instrument the two tubes are 
arranged concentrically, with the static tube outermost, as shown 
in Fig. 55, which represents the N.P.L. standard pitot-static tube. 
Another form, shown in Tig. 56, differs from the first mainly in that 
the thin edge in which the tapered head of the standard terminates 
is replaced by a hemispherical nose. This facilitates manufacture 
and also makes the instrument more robust, for a thin edge is 
rather liable to damage. A round-nosed instrument (see Fig. 57) has 
also been designed by Prandtl, who has replaced the more usual 
static holes by an annular slit in the head of the static tube. 

It is a matter for experiment whether the differential pressure 
measured by a pitot-static combination is in fact equal to the kinetic 
pressure. In general, the relation between the differential pressure 
and the velocity and density of the fluid can be expressed in the form 

p = k.\pq\ 

where k is a numerical factor which has to be determined by experi- 
ment. Apart from its dependence on the compressibility of the 
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fluid, which for our purposes may usually be ignored, h will depend 
on the form of the instrument, on the turbulence in the stream and 
on the Reynolds number of the flow past the tube. In those forms of 
tube which are commonly used k is nearly constant and equal to unity 
A careful calibration of the N.P.L. standard instrument was made 
at the N.P.L. in 1912.-j- For this purpose the instrument was attached 
to the end of a whirling arm (see § 110) of about 30-foot radius and 
moved through the initially still air in a large shed at speeds ranging 
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from 20 to 60 feet per second. After allowance was made for the 
‘swirl’ speed of the air set up by the motion of the arm, the value of 
k was found to be unity within ±0-1 per cent, over this speed range.f 
Subsequent experiments in a water tank at equivalent water 
speeds showed that this value of 1c could be taken to hold up to air 
speeds of about 250 feet per second, while more recently a model 
twenty-five times the linear dimensions of the original was also 
found to have a factor of 1 between 20 and 90 feet per second. The 
instrument shown in Fig. 56 has been calibrated in a wind tunnel 
against the N.P.L. standard and found to have a mean factor of 
1-000 over the speed range 20 to 70 feet per second. Prandtl’s tube 
also has a factor very close to l.j) 

Calibrations of the two British instruments have been made at 
air speeds below 20 feet per second.ff Although pitot-static tubes 
are not often used at such low speeds in view of the difficulty of 

t Bramwell, Relf, and Fage, AR.C. Reports and Memoranda, No. 71 (1912). 

% This close approach to unity must be regarded as fortuitous, for it was not unt 
some years later (see p. 252) that the distribution of pressure along the static to 
was investigated experimentally. 

|| Kumbruch, Forschungsarbeiten dee Vex. deutsch. Ing., No. 240 (1921), 29, 3 . 

ff Ower and Johansen, A.P..C. Reports and Memoranda, No. 1437 (1932); iroc. 
Roy. Soc. A, 136 (1932), 153-175. 
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measuring accurately the very small kinetic pressures that are set 
up, yet very sensitive manometers (see footnote f, p. 276) have been 
designed for this purpose, so that the pitot-static combination can, if 
desired, be used at a speed of about 2 feet per second with 1 per cent, 
accuracy on speed. The following table gives the mean value of the 
factor k for the N.P.L. standard and for the round-nosed instrument 
over the range 2 to 20 feet per second. 


Air spud 

15 0 C. and 760 mm. 

| 'Jt.jsec .) 

Mean k 

N.P.L, standard 

Mean k 

Bound-nosed instrument 

2 

1*020 

1 -055 

4 

0-989 

1-006 

6 

0-995 

1*001 

8 

0*992 

0-996 

10 

0991 

0*992 

12 

0-992 

0-991 

14 

0 99s 

0-992 

l6 

0-998 

0-996 

18 

0-999 

0-999 

20 

1*000 

1*001 


It should be remarked that the accuracy of the results for the round- 
nosed instrument is probably inferior to that for the standard, but it 
is considered that the values given will enable an accuracy of 1 per 
cent, on air speed to be obtained even with this instrument at 2 feet 
per second. With the standard instrument the accuracy at 3 feet per 
second is believed to be within 0-5 per cent, on speed. 

In use the head of the pitot-static combination has to be aligned 
with the wind direction. Tig. 58 shows for the N.P.L. standard 
instrument the variation in kinetic pressure reading with rotation 
about the axis of the stem,f and it will be seen that the correct 
position with the tube pointing into the wind ( 9 = 0°) corresponds 
to a minimum pressure reading. Hence, provided the wind direction 
is known approximately (as it generally is even when there is doubt 
as to the exact direction) the correct presentation of the instrument 
is easily obtained by means of a search for this pressure minimum. 
In Prandtl’s tube, alignment with the wind direction coincides, 
according to Kumbruch,i with a pressure maximum, but a similar 
procedure can obviously be adopted. 

An experimental investigation of the characteristics of pitot- 

t The dotted curve shows the corresponding variation in total-head reading, 
t Op. at , pp. 7-14. 
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static tubes was carried out at the N.P.L. in 1925.f The most im- 
portant outcome of this work was the information it provided to 
enable the position of the static holes to be adjusted with respect to 


— — Pitot- - Static Tube -N.RL. type. 
Tofczxl Kczsd tube orvly. 
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the nose and to the stem so that the negative pressure due to the 
former balances the positive pressure due to the latter and true 
static pressure is recorded at the static holes. Some previous work 
by Miss Barker had shown that the total-head tube indicates the 
true total head provided that qa/v exceeds 30, where q is the air 
speed, a the radius of the mouth of the tube, and v the kinematic 

t Owor and Johansen, A.R.C. Reports and Memoranda, No. 981 (1926). 
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viscosity of the air.f Hence the total-head tube of an instrument of 
the dimensions shown in Figs. 55 and 56, when used in air at ordinary 
temperatures and pressures, will indicate true total head at all speeds 
above about 0-7 foot per second, and if in addition the position of 
the static holes is adjusted in the way just mentioned, it follows that 
the factor of such an instrument will be unity. 

The fundamental calibrations of the pitot-static tube from which 
the factor k has been determined have invariably been made on 
whirling arms (§110). Thus apart from the swirls set up by the 
instruments themselves, the motion during calibration has taken place 
through stationary air. Calibration conditions have therefore been 
different from those encountered in moving air-streams, where there 
are, in general, turbulent components of velocity superimposed on 
the main translational motion. We must therefore consider the 
effect of these turbulent velocity components on the value of k. 

In the first place, it appears that the total-head tube measures 
P+ 2 P 2 2 +Ip 9 2 , where f> is the mean static pressure, q 2 the square 
of the mean velocity, and q 2 the mean square of the turbulent 
velocity, t 

The reading of the static-pressure tube gives a measure of the 
average total pressure inside the tube, and differs from the true 
average static pressure by a pressure arising from the impact of the 
fluctuating cross velocities on the tube and its holes. The difference 
in reading due to this ‘impact’ pressure depends on the design of the 
tube, especially on the number, size, and arrangement of the static 
holes, and on the magnitude and frequency of the cross velocities. 
If a tube has a large number of small holes equally spaced around 
its periphery, the reading with the tube aligned in the mean direction 
of flow is independent of the azimuth position of the holes. It is to 
be expected that the relation between the reading of the tube p m 
and the true average static pressure p can be written in the form 
Pm = p+k s p(v z +w 2 ), 

where k e is a numerical factor which has a characteristic value for the 
same tube in turbulent streams of the same kind, and v 2 and w 2 are 
the mean squares of the cross components v and w of the turbulent 

t Proc. Hoy. Soc. A, 101 (1922), 435-445. According to F, Homann ( Forsch . Ingwes. 
7 (1936), 1-10) gajv must exceed 125. Corrections to be applied to measured values 
for Bmall Reynolds numbers are given in the papers cited. 

+ For a theoretical discussion see Goldstein, Proc. Roy. Soc. A, 155 (1936), 
570, 571. 
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velocity. Certain theoretical arguments indicate that k s might be 
expected to have the value at any rate for isotropic turbulence j 
but a reliable prediction of k g can be obtained only by recourse to 
experiment. FageJ has determined k s from values of p m . v 2 and w 5 
measured in turbulent flow in two sets of pipes having in the one 
case a circular and in the other a very elongated rectangular cross- 
section (so that in the second case the flow was very nearly two- 
dimensional). In these cases theoretical relations for f in terms of 
pv 2 and piv 2 are known, on the assumption that the stresses due to 
viscosity are small compared with the Reynolds apparent stresses. 

The relations are, for the flat rectangular pipe, 

plp+v 2 = constant, 

where v 2 is the mean square of the turbulent velocity component at 
right angles to the wider wall (Chap. V, equation (5)); and for the 
circular pipe ~ 

r^iPlp+vj) = vj-v 2 , 

where v 2 , v\ are the mean squares of the radial and circumferential 
turbulent velocity components at a distance r from the axis of the 
pipe (Chap. V, the first equation of §71). 

The conclusion obtained from Rage’s experiments is that the 
reading of a static-pressure tube in fully developed turbulence 
exceeds the true static pressure by an amount given by |p(v 2 -f-u> 2 ). 
In isotropic turbulent flow v 2 — w 2 and the measured pressure 
exceeds the true pressure by \pv z or \pq 2 . Hence the differential 
pressure will be %pq 2 (l-b 

112. Small total-head tubes. 

Since very small combined pitot-static tubes are obviously difficult 
to construct, small total-head tubes are frequently employed for 
detailed explorations of the flow in the boundary layers of bodies 
such as cylinders or stream-line solids of revolution, and in transverse 
sections of pipes. The static pressure, a knowledge of which is 
required if velocities are to be deduced from the observations, is 
measured at holes in the surface of the body (see §113) or in the 

t Goldstein, Proc. Roy. Soc. A, 155 (1936), 571-575. 

% Ibid., pp. 576-596. Kumbruch has investigated the effect of large disturbances: 
op. cit., pp. 19-24. 
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walls of the pipe. In the case of boundary layer flow along bodies 
possessing curvature in the direction of motion, the assumption is 
made that the static pressure is constant through the layer along 
any normal to the surface, an assumption that ceases to be valid 
for practical purposes only if the curvature is rapid or the boundary 
layer unduly thick. Total-head tubes used for explorations of this 
kind are generally made of hypodermic tubing, nickel being a more 
suitable metal than steel as it is not liable to become choked by rust 
after long use. Usually a small diameter of tube is required, and the 
only limitation to be observed in this respect is that Miss Barker’s 
criterion, qa/v > 30 (see p. 252), is still fulfilled at the lowest speed 
it is proposed to measure in any particular case. The tubes are best 
operated by means of a micrometer arrangement which, for accurate 
work, should be carried by the body or the pipe itself. In this way 
the distance of the point of measurement from the surface of the 
body is easily determined from the micrometer reading and a single 
measurement of the distance corresponding to one particular reading. 
The static-pressure observation should be made before the total-head 
tube is in place, or, at all events, when it is sufficiently distant not 
to influence the pressure at the surface hole. This is particularly 
important in measurements of the velocity distribution in pipes 
of small diameter. 

113. Measurement of the distribution of normal pressure on 

solid bodies. 

It has been mentioned in § 112 that the static pressure at a point 
in the wall of a pipe or in the surface of a body can be measured by 
boring a small hole in the surface at the point in question and 
connecting a tube to it by which the pressure acting there is con- 
veyed to a manometer. Such pressure holes should be small in 
diameter, particularly if they are located in regions of large pressure 
gradient. About 0-01 to 0-02 inch diameter is a useful average size. 
The edges of the hole should be flush with the surface at which the 
pressure is being measured, — it is very important that no protruding 
burrs be left, — and the axis should be approximately perpendicular 
to the surface. By using a number of such holes at various points 
on the body and measuring the pressure at each, the pressure distribu- 
tion on the surface can be obtained with an accuracy depending on 
the number of holes. 
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A convenient practical method of forming the holes in the surface 
is as follows: — Several soft metal tubes about 0-05 inch internal 
diameter — ‘compo’ tubing — are let into grooves cut in the surface 
of the model so that their outer surfaces protrude slightly above 
that of the model. They are held in place by wax run into the grooves 
in a molten state, and the whole is then made good by scraping to 
preserve the'designed contours of the model. The tubes are soft and 
thick-walled, so that there is no difficulty in scraping their slightly 
projecting exteriors flush with the model surface. One end of each 
tube is sealed, the other being open and connected by rubber tubing 
to a manometer. The pressure on the surface of the model at any 
point along the length of the tube can then be obtained by piercing 
a hole with a fine drill or needle in the wall of the tube at the point in 
question. When the pressure there has been observed the hole can be 
sealed with a special grease mixture or covered with a small piece 
of thin paper stuck over it, and the pressure at any other point along 
the tube can then be measured in the same way. 

It should perhaps be mentioned that in such work the pressures 
are almost invariably measured as differences from the static pressure 
at some conveniently situated section of the tunnel, which is taken 
as the datum pressure. 

1 14. Forces due to normal pressures. 

For a cylinder the lift and drag per unit length due to normal 
pressures only are given by 

L = J pdx, D — J p dy, 

where the integrations are taken right round the contour of the 
cylinder. These are the areas of the eurves obtained by plotting p 
against x and y respectively right round the contour. The former 
gives a single closed curve, the latter two loops whose areas are to 
be counted of opposite sign. Fig. 59 shows the pressure distribution 
for an aerofoil plotted in this way. 

Another application of the same method arises in the determina- 
tion of the form drag of stream-line solids of revolution with their 
axes along the wind direction. In such cases the pressure holes 
are distributed along a generator, and the form drag i.e. the 
resultant drag due to pressure distribution only — is obtained by 
graphical evaluation of the integral it J p d(r 2 ), where p is the pressure 
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measured at any pressure hole, r is the radius of the body at the 
hole, and the integration is along the length of the body. The 
percentage accuracy of the form drag of a stream-line body obtained 




in this way is generally poor unless a very large number of pressure 
holes is used. The form drag of a stream-line body is generally small, 
so that the two loops of the curve of p against r 2 are usually of very 
nearly the same area. It is therefore difficult to obtain much 
accuracy in estimating the difference of these areas. 

115. Prediction of drag from wake measurements. 

The usual method of measuring the total drag of a stream-line 
body by balance measurements was referred to in § 108, but this force 

3837.8 >_ 1 
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can also be determined directly from total-head losses in the wake, 
measured at a section at right angles to the general direction of 
motion and in a region where the velocity changes due to the body 
are small.f This method has a number of advantages over direct 
force measurements: it can be used in flight on aeroplanes or airships; 
there is little interference from wires or supports; and it can be used 
to find the drag for two-dimensional motion unaffected by end 
effects. 

For an aeroplane wing in flight, measurements have to be taken 
fairly close to the trailing edge, where the velocity changes are not 
small, and a method of predicting the drag for this more general case 
has been developed by Betz:. J The flow between two parallel planes 
at right angles to the direction of motion, one in front and the other 
behind the wing, is considered. The velocities and pressures in the 
front plane are denoted by U v V lt and p t respectively, and the 
corresponding values in the rear plane by U z , V 2 , W 2 and p 2 . At 
infinity U = U 0 , V = W = 0, and p = p 0 . The relation for drag 
obtained from the momentum equation is 

D = JJ ( Pl + P Ul) dS-jj (Pt+pVl) dS, (1) 

where the integrals are surface integrals taken over the entire area 
of the infinite planes. The merit of Betz’s analysis is that he trans- 
forms these integrals so that the integration is restricted to the 
wake. 

The total-head relations 

H^Pt+MUl+Vl+Wl) 

and H z = p 2 -\-^p{Ul-\-V z -]-W 2 ) 

are introduced, and on substitution in (1) the drag relation becomes 

rfs-Bp JJ m-u\)ds 

+%P jj m+Wl)~{Vl+Wl)}dS. (2) 

The total head is constant along a stream-line when the effects of 
viscosity and apparent friction due to turbulence can be neglected, 
so (Hi— H z ) is zero except in the wake, and the first integral is confined 


t Taylor, Phil. Trane. Roy. Sac. A, 225 (1925), 238-241; also Fags and Jones, 

Proc. Roy. Soc. A, 111 (1926), 592-603. , 

+ Zeilschr.f. Flugtechn. u. Motorluftschijfahrt, 16 (1925), 42-44. See also Pra , 
Aerodynamic Theory (editod by Durand), 3 (Berlin, 1935), 202-206. 
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to the wake. To transform the second integral a hypothetical flow 
is taken, which is the same everywhere aB the actual flow excopt in 
the wake. In the wake the total head is taken to bo H v the samo as 
that in the undisturbed stream, the pressure to be p 2 , the samo as 
that in the actual flow, and the z-componont of the velocity is 
denoted by U$. The assumption made implies tho existence of a 

distribution of sources at the body and in the wake ahoad of the 

T 

rear measurement plane, of total strength Q — JJ ( U*—U z )dS : tho 
letter T denotes that the integration is confined to tho wake, sinco 
everywhere outside Ut — U 2 .f The second integral oan bo written 

(ui-ui) ds = y JJ (ui-up) ds+yfj (ur-m) ds, 

and, on the assumptions made, it may be shown by the theory of the 
stream-line flow of an inviscid fluid that 

yff (Uf-m*) ds = —pQu 0 = —pU 0 J f (u*-u s ) ds. 

T 

The second integral then becomes Ip JJ Un—2U 0 ) dS, 

and the drag relation (2) reduces to 

T T 

D = JJ (H x -H 2 ) dS +\ P | J (U*-U 2 )(U*+U 2 -2U 0 ) dS 

+b jj as. ( 3 ) 

For the case of an aerofoil of finite span, the sum of tho first two 
integrals gives the profile drag and the third integral gives the 
induced drag. 

An experimental determination of profile drag by Betz’s motliod 
involves therefore measurements of both total head and static 
pressure in the wake. From these measurements tho values of U 2 
and TJt can be deduced from the relations 



A value of the profile drag can then be determined graphically from 

T 

t JJ (U*— V 2 ) dS will gonoralty have different values at different soolions of tho 
wake, so in tho hypothetical flow thoro must also bo souroos downstream of tho 
measurement plane. The interaction betwoon tlioso souroos and thoso upstream is 
simply neglected in Betz’s method. 



260 APPARATUS AND METHODS OF MEASUREMENT [VI. 115 

the sum of the first two integrals of relation (3). The contribution 
of the second integral is of the nature of a correction, which is small 
when the section taken is at great distance from the body, hut is 
important near the body. The method has been used by Weidingerf 
and by M. Schrenkj to measure the profile drag of an aeroplane wing 
in flight. 

An alternative formula in terms of the total head and static 
pressure in the wake has been obtained and used by B. M. Jones|| 
to obtain the profile drag of an aeroplane wing in flight. Bor an 
isolated stream-line body, experiencing a drag with no lift, a plane 
normal to the undisturbed velocity, U 0 , can be taken far behind the 
body where the pressure is sensibly uniform and equal to the pressure 
in the undisturbed stream, p 0 , the velocity being equal to U 0 every- 
where in the plane except in the wake. If 17, is the velocity in the 
wake and dS 3 an element of area in this plane, the drag, D, is given 

by the equation r r 

D = pjjU 3 {U 3 -U 3 )dS 3 , (4) 


where the integration is taken over the wake. This relation gives 
a reliable measurement of drag when applied to a real fluid with a 
turbulent wake. In flight experiments, however, it is necessary to 
mount the measuring apparatus fairly close behind the wing in a 
plane where the static pressure is not equal to the undisturbed 
pressure. The wake, assumed for the moment to be non-turbulent, 
can be divided into stream tubes, stretching from the far distant 
plane to the plane of exploration close behind the body. If dS 2 
denotes the element of area cut off from the latter plane by a tube, 
q 2 the velocity of flow through the element, and d the inclination 
of the velocity to the perpendicular to the plane, the drag is given 

D = p JJ q 2 cosd(U 0 —U 3 ) dS 2 . (5) 

With no loss of total head in the tube of flow between the two planes 
all the quantities on the right-hand side of (5) can be determined 
from measurements taken in the plane close behind the body. In 
practice the flow in the wake is turbulent, and it is assumed that 
differences between the real flow and the assumed hypothetical flow 


f Jahr. Wise. Oesdlech. Lujtjalirt (Munich, 1926), p. 112. 

+ Lujtfahrtforschung, 2 (1928), 1-32. . , 

II ‘Measurement of Profile Drag by the Pitot-Traverse Method by the Cambridge 
University Aeronautics Laboratory, A.R.C. Reports and Memoranda, No. 1688 (I93b). 
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do not affect the drag.f It is also assumed that the angle & is small 
so that cob& can be taken as unity. It should be noted that when the 
mean direction of flow in the wake is inclined to the direction of 
the undisturbed stream, as in flow behind a wing exerting a lift, 
the measurement plane should be taken perpendicular to the mean 
direction of flow and not to the direction of the undisturbed stream. 
The 1 relation (5) then gives the profile drag. For a stream-line body 
the assumption cos# = 1 is probably sufficiently accurate, but close 
behind a bluff body may be a source of considerable error. 

If H 2 and p 2 are th e total head and pressure in the wake at the 
measurement plane, 

H 2 = bql+Pi = ipV H-3» 0 . 

w,ite * = ['-wi 

2 

> 

and relations (4) and (5) reduce to the forms 


Then 


£ 3 

U n 


— 9* 


<h 

U 0 


_ r„ (Pz-PoY 

~ r ipui \ 


D = yUlj$2gi(l-gl)dS a ( 6 ) 


and D = $pUl JJ 2\g- dS 2 (7) 

respectively. Jones’s relation (7) differs from Betz’s relation (3) (in 
which the first two terms only are to be taken), but for the con- 
dition in which the method is likely to be used in practice the two 
relations become identical to first-order accuracy. The integrands 
may, in fact, be expanded in powers of (p 2 —p 0 )l(%pUlg), and are 
found to be identical as regards the first two terms of the expansion: 
they differ in the term involving the square of (P 2 —Po)l(ipU od)- 

Values of the profile drag obtained at Cambridge from measure- 
ments at four distances behind a smooth aeroplane wing, and 
calculated according to relations (3), (6) and (7), respectively, are 
compared in Fig. 604 It is seen that the differences between the 
drags given by Jones’s relation (7) and Betz’s relation (3) are 
negligible except for the observation made very close behind the 
trailing edge. The drag coefficients which would have been obtained 

t Taylor {A.Ji.O. Reports and Memoranda, No. 1808 (1937)) has shown theoreti- 
cally that in the worst case in Jones’s measurements the error due to turbulent 
mixing is only 1£ per cent. } See footnote [|, p. 200. 
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if the rise in static pressure 'behind the wing had been neglected 

he. from relation (6) — are given for comparison: the results are 
naturally more accurate the greater the distance behind the wing. 


0 010 


0 008 


0 00 & 


o 

Os 

£ 0-004 

£• 

0 
o 


0 002 


E 

E 

E 

fl 

| 

E 

fl 

fl 

■ 

■ 

n 

S 


m 

■ 

S 

mm 


■Eg 

a 

■ 

m 

a 

a 

a 

a 

1 

l 

1 

J 

1 

8 

I 

fl 

1 

l 

1 

1 

1 

l 

B 

E 

E 

1 

fl 

B 

1 


0-02 004- 0-06 O OB 0 10 0-12 014 O 

Oisfcunca op neFarerv* pt&na behind trailing 
edge in Fractions of chord Csc/c) 

Fio. 60. 


At some distance behind the body, g becomes very nearfy equal to 
unity, and (6), which is equivalent to 

D = IpUl J J [l—g—{l—g'Y] dS 3l 
reduces approximately to 

D = yVl JJ (l-g) dS 3 = JJ (H 0 -H 2 ) dS 3 . 

Since II 3 in equation (2) can be identified with B 0 , this is the result 
obtained by neglecting the second term in (2). In fact at a section 
in the wake some distance from the body the second integral of 
equation (2) is negligibly small, and if there is no lift, the third 
integral is zero and the drag becomes simply 

D = JJ (H-H 2 )dS. 


( 8 ) 
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Fage and Jonesf have shown that for an aerofoil at a small incidence 
the simplified expression (8) gives an accurate measure of the drag 
when the section is as close to the trailing edge as one chord length. 

For the drag of a three- dim ensional body of revolution the approxi- 
mate expression corresponding to (8) is 

r. 

D = 2rr J {Hy—H^r dr, 
o 

where r 0 is the radius of the edge of the wake, — i.e. the radius at 
which 1Z> is equal to E v 

116. The determination, of wind direction. 

The mean wind direction at a small region can he determined 
by means of a pressure direction-meter, j This makes use of the 
experimental fact that the pressure given by a total-head tube falls 
off as the axis of the head of the tube is given an increasing inclina- 
tion to the wind (see Fig. 58). When an inclination of about 45° is 
reached the rate of change of pressure with angle has reached a value 
not far short of its maximum, so that the sensitivity of a single total- 
head tube used as a direction meter is a maximum at about 45° 
inclination to the wind direction. 

The direction and velocity meter shown in Fig. 61 and PI. 23 J 
has two pairs of fine total-head tubes, one pair being in a horizontal 
plane and the other in the vertical plane. The axes of the two 
members of each pair converge as shown at an angle of 90° towards 
their mouths, each tube being thus nearly at the angle of maximum 
sensitivity to the axis of the instrument. In use, the head is rotated 
about the axis AB until the pressures in the mouths of the two 
horizontal tubes 1 and 2 are equal, this condition being indicated on 
a differential manometer to which the tubes are connected. A rota- 
tion is then given about the perpendicular axis CD until tubes 3 and 
4 also indicate zero pressure difference. If the instrument were 
perfectly symmetrically constructed, the wind direction would then 
lie along the common axis of symmetry of the two pairs of tubes form- 
ing the direction-head. Actually, however, there will always be a 
small error on each pair of tubes, and the instrument is really only 
used to indicate changes of direction from a direction of reference 

t Proc. Boy. Soc. A, 111 (1926), 592-603. 

4 Lavender, A.R.C. Reports and Memoranda, No. 844 (1923). 
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which is generally the axis of the wind tunnel.f The wind direction 
in the empty tunnel is assumed to he along the axis, and a preliminary 
adjustment of the instrument to zero pressure difference in the 
empty tunnel (i.e. before the model is in place) serves to establish 
the zero for direction changes in the plane of each pair of tubes. 
These direction changes are read off on two angle scales provided 
for the purpose. 

A 


D 


& 

Fig. 61. 

Velocity is obtained from a reading of the difference in pressure 
between the mouth of the fifth central tube and the mouth of any 
one of the other four, the reading being taken when the head has 
been adjusted to its null position. In order to increase the velocity 
reading, tube 5 opens into the space behind a small hollow cone, 
and is thus in a region of fairly intense suction. A preliminary 
calibration against a standard pitot tube has to be made to establish 
the relation between velocity and the differential reading obtained 
from tube 5 and the selected one of the other four. Tube 5 cannot be 
seen in Fig. 61; it is a central tube with its opening sheltered by the 
apex of the cone. 

The accuracy of the instrument is about & degree on angle 
and \ per cent, on velocity. 

Hot wire direction-meters are described in § 1 18 below. 

f The instrument would indicate absolute direction if it were reversible. To make 
it so, however, leads to mechanical complication and the instrument is generally 
used in the simpler manner described. 
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117. Electrical methods. The hot wire anemometer. 

A type of instrument especially suitable for use as a low-speed 
anemometer and for recording the speed variations in turbulent flow 
consists of a fine electrically heated wire (0-001 to 0-005 inch diameter) 
stretched across the ends of two prongs. When exposed to an air- 
stream the wire loses heat by convection, and consequently its 
temperature, and therefore electrical resistance, varies with the 
speed and current in accordance with a law which can he established 
by calibration tests. In one method of 
using the instrument the wire is heated by 
a constant current and the speed is deter- 
mined from a measurement of the resis- Hot Wirt 
tance; in another, the wire is maintained ~*- l 
at a constant temperature and the Epeed is 
determined from the measured value of the 
current. Either method can be used for 
recording low speeds, but the latter is 
generally used at speeds greater than 
about 10 feet per second on account of the increased accuracy 
obtainable. 

The electrical measurements are made with the wire connected to 
a special circuit. One form, suitable for the constant current method, 
is shown in Eig. 62. Here the wire is placed in series with a battery 
and a rheostat, the latter being adjusted to keep the current at a 
constant average value. A voltmeter is connected across the wire to 
indicate the potential drop, and so gives a reading which is related 
to the speed in a manner determinable by calibration. With a fine 
platinum wire heated to about 500° C. in still air, the method can be 
used to measure speeds up to 100 feet per second; the accuracy, 
however, although high at the low end of the range, decreases 
with increase of speed. If a platinum wire of 0-4 inch length and 
0-005 inch diameter, heated by a current of 0-118 ampere, is used, and 
if measurements of current and voltage are accurate to 1 part in 500, 
then, from the curve of Eig. 63, it should be possible to determine a 
speed of 3 feet per second to within ±0-04 foot per second and a 
speed of 90 feet per second to within A3-3 feet per second. These 
figures are not, however, realized in practice, because the cali- 
bration characteristic is subject to change, partly through the 
‘ageing’ of the wire and partly through the accumulation of 


1 

-y 

Voltmctcr ( 



Fig. 62. 
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dust, which affects the thermal conditions at the surface. For this 
reason hot wires must be frequently calibrated against a standard 
instrument. 

In the second method the hot wire forms one arm of a Wheatstone 
bridge (Fig. 04) which has in the other three arms resistances such that 
the bridge is in balance when the temperature, and consequently the 



Hot wire 



resistance, of the wire reaches some desired value. Any change in 
the speed necessitates an adjustment of the heating current to 
restore the wire to its former temperature. This is effected by means 
of a rheostat in series with the battery, so that when the bridge is 
again in balance the change in current gives a measure of the speed. 
For most purposes the current in the external circuit is measured, 
usually witli a reflecting pointer type of ammeter, the readings of 
which can be related to speed by calibration. A typical calibration 
curve for the platinum wire previously referred to is shown in Fig. 65: 
from this it is evident that the changes of resistance resulting from 
the cooling arc most marked at low speeds. The estimated limits of 
accuracy of measurements made at 3 and 90 feet per second are 
±0-048 and ±0-65 foot per second respectively. It should be added 
that, for reasons already stated, these figures are probably unduly 
favourable. 

A more nearly linear calibration curve can be obtained if, in place 
of the ammeter, a fine wire enclosed in a tube and connected to a 
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voltmeterf is used for measuring current. On the passage of the 
current the -wire is heated to a high temperature. Any change of 
current affects the resistance, and so produces a proportionately 
greater change of potential across the wire. Thus, if the wire is 
appropriately chosen, it is possible to extend the range of the read- 
ings for the higher speeds, and thereby to secure a fairly uniform scale. 



118. Electrical methods. Hot wire direction-meters. 

Although a hot wire held transversely to the stream is insensitive 
to direction, a combination of two parallel hot wires placed close 
together can be used to indicate the direction of flow. The method 
depends on the fact that the cooling of the second wire is influenced 
by the wake of the first, and consequently the temperature differ- 
ence between the two is a maximum when one is shielded by the 
other. To determine this position the wires are mounted on a 
support and rotated about a transverse axis until the out-of-balance 
current of a Wheatstone bridge, of which they constitute two adjacent 
arms, is a maximum. In general, the accuracy obtainable is not high, 
being seldom greater than ±0>25°. 

The two-wire direction-meter illustrated in Fig. 66 is a more 
sensitive instrument.! It comprises two short inclined vires fused 
together to the end of a vertical manganin support, the free ends 

t Huguenard, Magnan, and Pianiol, Complex Rendus, 176 (1923), 287. Also King, 
Engineering, 117 (1924), 136, 249. 

t Simmons and Bafley, A.R.C. Reports and Memoranda, No. 1019 (1926), 
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being similarly fused, each to a separate support. In use the wires 
are set roughly in a plane parallel to the flow with the common point 
upstream. Under these conditions equal wires, heated by the same 
current, are equally cooled when the line bisecting the angle between 
them lies along the direction of flow. To find the wind direction the 
wires are therefore rotated to a position where the temperature of 
each wire is the same, as shown by the balance of a Wheatstone 


Pt. wires. 


Manganin 
\-W Supports 


Fig. 60. 


Hot wires 



bridge, to which they are connected in the manner shown in Fig. .67. 
If, as usually happens, the wires differ slightly in length, in the null 
position the axis of symmetry will be inclined at a small angle to the 
stream. The error arising from this cause can be measured in the 
empty tunnel, wherein the direction of flow is known, and a correction 
applied to any subsequent measurements made in the neighbourhood 
of a model. 

119. Electrical methods. Measurements of speed variations 

in turbulent flow. 

A hot wire anemometer held transversely to the stream affords 
a convenient means of recording the variation of longitudinal speed 
due to turbulence.f In the method most commonly employed it is 
connected to a Wheatstone bridge similar to Fig. 64, which is balanced 
in the usual manner by adjusting the heating current until the 
galvanometer reading is zero. But though the average potential 

f Dryden and Kuethe, N.A.C.A. Report No. 320 (1929). Also Mock and Dryden, 
ibid., No. 448 (1932). 
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across the wire is thus neutralized, there exists a potential varying 
with the changes of speed. These fluctuations are too fast to be 
registered by the ordinary galvanometer, and too small to be 
measured with an A.C. instrument unless first magnified. The bridge 
is accordingly coupled to a valve amplifier, and the out-of-balance 
potential measured in terms of the variations of the output current 
by a thermo- j unction type of ammeter or (in cases where the wave 
form is required) by the cathode-ray oscillograph. The speed varia- 
tions are then deduced from the electrical constant of the Wheat- 
stone bridge and the amplifier, coupled with a knowledge of the law 
of cooling of the wire. 

Due allowance must be made for the decrease in the response of 
the wire at high frequencies, since even with the finest wire (of 
0-0001 inch diameter) the amplitude of the potential changes are 
neither proportional to, nor in phase with, the speed variations at 
frequencies above about 100 feet per second. Electrical methods of 
compensating the loss of response have been developed by Dryden 
and Kuethe, j and, independently, by Ziegler.J These, it has been 
shown, enable a wire to record accurately small changes of speed 
up to a frequency of 2,000 cycles per second. 

Further examples of the applications of the hot wire anemometer 
are contained in the works cited below.|| 

120. Electrical methods. Correlation measurements in turbu- 
lent flow. 

With the aid of two hot wires it is possible to measure the correla- 
tion coefficient, Jt, between the longitudinal turbulent velocity com- 
ponents at two fixed points in a stream. In the method described by 
Prandtl and Reichardtff a cathode-ray oscillograph is provided with 
two pairs of deflexion plates, and the variable potentials across the 
wires produced by the fluctuating velocities are applied, after magni- 
fication, to the plates of the oscillograph, so that at any instant the 
horizontal and vertical displacements of the beam represent the 
longitudinal velocity components at the two points. The beam 

t Loc. tit. 

j Proc. Roy. Acad. Sci., Amsterdam, 34 (1931), 663-672. 

|| Ovrer, Measurement of Air Flow (London, 1933), Chap. X (with bibliography on 
p. 221) ; Richardson, Les appareils d fil chaud. Lews applications dans la micanique 
experimentale des fluides (Inst, de Mecanique des Eluides, Paris, 1934). 

ft Deutsche Forschung, Part 21 (1934), 110-121, 
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traces out an irregular path of varying size and shape, and a photo- 
graphic record is taken on a plate exposed to the beam for some time. 
When developed this reveals a darkened area, roughly elliptical in 
shape; its outline is ill-defined, hut a number of ellipses can be 
constructed whose boundaries connect points of the same optical 
density. The axes of the ellipses bisect the angles between axes 
representing horizontal and vertical displacements; and if R is the 
correlation coefficient between the longitudinal turbulent velocity 
components, as above, the ratio of the squares of the lengths of the 
axes of any ellipse is given by 

6 2 _ l-R 
cfi-l+R' 

so that R = — — — . 

o 2 +6 2 

This method may be used when the hot wires are close enough 
together for the correlation to be high, i.e. when 1— -12 is fairly small 
and the ellipses are elongated in shape. For small correlations it is 
not so suitable as the electrodynamometer method, described below. 
A description of an alternative, and very convenient, method of 
measuring values of R in the neighbourhood of unity follows the 
description of the electrodynamometer method. 

In the electrodynamometer method, two hot wires are arranged 
in Wheatstone bridge circuits. The out-of-balance potentials (pro- 
portional to the longitudinal turbulent velocity components, u v u 2 , 
at the two wires) are applied to compensated amplifiers, the output 
currents from which are indicated by a sensitive electrodynamometer. 
The quantities u x u 2 , u\, and u 2 are measured separately: u x u 2 by the 
deflexion, Sj, of the dynamometer when the moving coil is energized 
by the output current of the first amplifier and the fixed coil by the 
current from the second amplifier, and u{, iff by the deflexions, 
S 2 , S 3 , when the coils of the instrument are joined in series so as to 
measure, in turn, the mean square value of each output current. The 
coefficient R is then given by the ratio S I /(8 2 8 3 ) i . 

Fig. 68 shows the Wheatstone bridges containing the wires A and 
B, the amp lifi ers, and the output circuits arranged for measuring 
u x u 2 . These circuits include the fixed coil of the dynamometer, F, 
and the moving coil Jf . The compensating coils iff', iff" are each 
made similar to iff, and coils F', F" similar to F . Accordingly, when 
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the steady drop of potential across F"M" with a small resistance r in 
series is balanced against the E.M.F. of the battery E, the proportion 
of the alternating current output (through F in one case and M in 
the other) remains unchanged over the probable range of frequencies 
associated with the type of turbulence under examination. The 
deflexions S 2 and S 3 are then observed immediately after S v and are 
therefore made with the same degree of amplification. 



.High 

Tension 


Fjg. 68 . 

When values of R in the neighbourhood of unity are required (i.e. 
when the wires are near together) 1 — W may be obtained directly 
as the ratio of two deflexions of a galvanometer by a method due to 
Taylor.f Two hot wires, A and B, are used in bridge circuits con- 
nected together at DF (see Fig, 69). The steady currents through 
the hot wires are balanced out in the ordinary way (the bridges 
and galvanometers used are not shown in Fig. 69), and the mean 
potentials at all points on the resistances CD and FE across the 
bridge are then identical. Let a speed variation u x at A produce 
a potential difference E x between C and D, and similarly a variation 
u 2 at B produce a potential difference E 2 between E and F. Then 

_ E,E z 

mm 

By means of sliding contacts P and Q any proportion of either 
potential difference E 2 or E 2 may be applied to an amplifier and 
t Proc. Roy. Soc. A, 157 (1936), 537-546. 
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recorded by the output current passed through a thermo-milliameter. 
If a = PDjDC, (3 = FQjEF, the potential difference applied to 
the input of the amplifier is uE t —f3E 2 , and its mean square value, to 
which the deflexion of the galvanometer is proportional, is 

cPE\-\- jS l 2 i?| — 2cc^E[E 2 . 

With P kept fixed in position, Q is adjusted until a minimum 


40 Volts 



deflexion 8 miri is observed. The minimum value, which occurs when 


is proportional to 


ft 

p — a — 

El 


l El E\ > 

which is equal to a 2 Pf(l— B 2 ). 

Finally Q is moved to F (P remaining fixed in position), and the 
new deflexion S 2 is observed with the same amplification as before. 
Then S 2 is proportional to o?E\, and hence 


1-P 2 = 


Smln 


Since both deflexions can usually be read to an accuracy of ±8 
per cent., the error made in estimating 1 — B when, say, B = 0-98 
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■will not exceed 16 per cent., whereas if R were found by the electro- 
dynamometer method, an error of 1 per cent, in S lf or an error of 
2 per cent, in S 2 or S 3 , would produce an error of 1 per cent, in B 
and an error of 50 per cent, in 1 — B. 

121. Electrical methods. Determination of an energy spectrum 
in turbulent flow.f 

Turbulent motion contains no true periodic components, but 
(for example) the longitudinal turbulent velocity component u at 
any point may be subjected to 
harmonic analysis by Fourier in- 
tegrals. A definite fraction of the 
kinetic energy associated with u 
lies between any given limits of 
frequency. In this sense we can 
obtain a spectrum of turbulent 1° Amplifier 
motion. By the use of circuits 70 ‘ 

called filter circuits, which cut off all frequencies either above or 
below a certain definite value, it is possible to find the values, (« B ) n _ 
and {u 2 ) n+ , of v? when all frequencies above n cycles per second in the 
first case, or below n cycles per second in the second case, are cut 
off. If these are divided by (m 2 ),, the value of u 2 without a filter in 

circuit, the results are equal to J F(n) dn or J F(n) dn, where F(n) dn 

0 n 

is the fraction of (a 2 ), for frequencies between n and n+dn. Hence 
by plotting results against n and finding the slopes of the resulting 
curves, curves of F(n) against n may be obtained. 

The filter circuit is inserted in the output lead of an amplifier used 
in conjunction with a hot wire. Of the two kinds of filters employed 
that shown in Fig. 70 passes currents of low frequency, but rejects 
currents whose frequency exceeds a value which is governed by the 
inductance L and the capacity C. The filter is placed as a shunt across 
a resistance R in the anode of the power valve of the amplifier, and the 
current passing through it is measured in the usual way by a thermo- 
milliameter. The sum of the resistances r and r' is equal to R and is 
also equal to the characteristic impedance, and the behaviour of the 
filter approaches closely to the ideal form which gives a uniform 

■f For references see p. 233. 

» n 



3837.8 
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response up_to the critical frequency and zero response beyond. 
Values of ( u 2 ) n _ are measured in succession with a series of filters 


4 High Tension 



To Amplifier 


Fig. 71. 


of this kind, designed to cut off 
at different frequencies, and (v-) t is 
determined without a filter in 
Galvanometer circuit. 

The type of filter shown in Fig. 7 1 
produces no attenuation to currents 
whose frequency is higher than a 
critical value, and is more satis- 


factory than the former type for exploring the high frequency end 
of the turbulence spectrum. 


122. Manometers. The Chattock manometer. 

The Chattock manometerf is in effect a water U-tube so modified 
that it enables pressure differences of the order of 0-01 inch of water 
column to be observed to an accuracy of 1 per cent; that is, the 
instrument is sensitive to a differential pressure of about 0-0001 inch 
of water. This degree of sensitivity is achieved as a result of two 
distinct features. In the first place the pressure difference is not 
allowed to change the water levels in the two limbs of the U-tube: 
instead, the tube is tilted in its plane by means of a lever pivoted at 
one end and operated by a micrometer screw, the tilt given being 
just sufficient to balance the applied pressure difference. The 
manner in which balance is indicated is the other feature responsible 
for the high sensitivity; it can best be explained by reference to 
Fig. 72, which shows the glass-work of a Chattock manometer. The 
two cups A and B, which constitute in effect the two vertical limbs 
of the U-tube, communicate with the central vessel G. Cup A com- 
municates directly with G through its walls, but the tube from cup 
B enters C from below and passes up the centre as shown, terminating 
in a ground chamfered end about two-thirds of the height of G from 
the bottom. 

The lower portions of the two cups, the tubes connecting them to 
the central vessel, and the lower part of the latter itself are filled with 
distilled water. The remaining space of C is entirely filled with 
medicinal paraffin admitted from the small reservoir above. Medicinal 

t Fannell, Engineering, 96(1913), 343, 344 ; A.R.C. Reports and Memoranda, No. 242 
(1915); Duncan, ibid. No. 1069 (1927); Joum. Sci. Insts. 4 (1927), 376-379. 
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paraffin does not mix with water, and the levels and the quantities 
of the two liquids admitted are adjusted so that when the free levels 
in the two cups are at convenient heights (i.e. about half-way up the 
cylindrical portions) a surface of separation between the water and 
the paraffin is formed on the open end of the central vertical tube in 
C. There will be another surface of separation in the annular space 
surrounding this tube, but that is incidental. The one formed on the 
end of the tube has the appearance of a bubble when viewed from 


Glass-work For 26 inch Chabbock manometer 



outside. If now a pressure difference is applied to the two cups, this 
bubble tends to become larger or smaller, and its movement, which 
can be observed by means of a low-power microscope and suitable 
illumination from behind, is arrested by giving the whole glass-work 
an appropriate tilt by means of the micrometer. In practice the 
microscope is carried by the tilting frame on which the glass-work is 
supported, so that the operation of the instrument merely entails 
keeping the image of the bubble on a fixed line in the eyepiece of the 
microscope and observing the applied tilt. 

Two types of Chattock manometer are ordinarily employed. These 
differ only in the distance between the axes of the two cylindrical 
cups, which is approximately 26 inches in the larger size and 13 inches 
in the smaller. In both types the length of the lever arm which moves 
the tilting frame carrying the cups is 10 inches, and the pitch of the 
micrometer screw is 0-05 inch. About 20 turns of the screw are 
generally allowed in both types, which gives the larger a pressure 
range of about 2-6 inches of water and the smaller a range of half 
this amount. 

Manometers having a sensitivity ten or more times that of the 
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Chattock have been designed for special investigations, For details 
the reader is referred to the papers cited below, f 

123. Manometers. Large-range micromanometers. 

It is not practicable to extend the range of the Chattock gauge 
appreciably without introducing objectionable features. A simple 
modification of the U-tube principle, however, enables a micromano- 
meter to be made that has a range limited only by the length of 
micrometer screw that can be cut to the desired accuracy. In this 
type of instrument the two vertical limbs of the U-tube are con- 
nected at their lower ends by a length of flexible rubber tubing, so 
that one can be moved vertically relatively to the other. One limb 
is then held fixed, while the other is raised or lowered by means of a 
micrometer screw on which a special nut travels, the nut carrying 
the moving limb of the U-tube. A differential pressure applied to the 
two limbs is balanced by the appropriate vertical displacement, 
indicated on the micrometer head and scale, of the moving limb. 
Balance may be indicated in a variety of ways. The fixed limb may 
take the form of a cup similar to those used on the Chattock gauge, 
and the moving limb may communicate with it by means of a glass 
tube passing up the centre, as in the central vessel of the Chattock. 
If the upper part of the fixed cup is filled with medicinal paraffin, 
& ‘bubble’ can be formed on the mouth of the central vertical tube 
and used to indicate balance in the manner already described. A 
manometer of this type is in regular use at the N.P.L.J It has a 
range of 4 inches of water and a sensitivity of about 0-001 inch of 
water. This sensitivity could be increased without difficulty, but is 
ample for the purpose for which the instrument is used. 

Alternatively the moving limb may terminate in an inclined glass 
tube of adjustable slope, the liquid meniscus being always brought back 
to a fixed mark etched on this tube. This system has been adopted in 
an instrument made at the University of Toronto;|| its sensitivity is 
stated to be 0-0002 inch of water and its range is 10 inches. Other 
large-range micromanometers are described in the papers cited below.ff 

t Fry, Phil. Mag. (6), 25 (1913), 494-601; Hodgson, Joum. Sci. Intis. 6 {1929), 
163-166; Ower, A.R.O. Reports and Memoranda, No. 1308 (1930); Phil. Mag. (7), 
(1930), 644-651 ; Falkner, A.R.C. Reports and Memoranda.No. 1689 (1934);Beichanit, 
Zeitschr. /. Instrumentenhunde, 55 (1936), 23-33. 

% Report of the National Physical Laboratory (1921), p. 170. 

|| Parkin, Bull. School Engrg. Res., Toronto Unit)., 2, No. 1 (1921), 49-61. 

ft See, for example, Douglas, ‘Note on a Largo Range Manometer for \ in 
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124. Manometers. The inclined tube manometer. 

If one limb of the U-tube is made very large in cross-sectional 
area compared with the other, virtually all the motion of the liquid 
takes place in the narrower limb. If, in addition, this limb is inclined 
at a small angle « to the horizontal the motion is magnified in the 
ratio 1/sin a. Very convenient and robust instruments may be made 
on this principle; although their sensitivity is not in general as good 
as that of a micromanometer, being of the order of 0*002 inch of water 
at 5° slope, it is ample for a variety of purposes. Instruments of 
this kind require calibration against a fundamental standard (such 
as a micromanometer whose readings depend only on measurable 
lengths and liquid density) since the motion of the liquid in the 
inclined tube is governed not only by its density and the slope of the 
tube, but also by certain other features whose effects cannot easily 
be determined directly, such as straightness of tube and surface 
tension as affected by variations of temperature and bore of tube. 

125. Manometers. Multitube manometers. 

In work involving measurements of the pressure distributions on the 
surfaces of bodies (see pp. 255, 256) a great saving of time andlabour can 
often be effected by measuring simultaneously the pressure at a number 
of points on the surface. Eor this purpose multitube manometers 
have been designed. A successful type*}* consists of a manometer with 
a number of inclined tubes leading out of a common reservoir con- 
taining the manometric liquid — in this case alcohol. Each tube is 
connected to one of the tubes let into the surface of the model (see 
pp. 255, 256), while the air space above the liquid level in the reservoir 
is connected either to the atmosphere, or more usually to a source of 
static pressure at some convenient place in the wind tunnel. The 
various refinements and special features of construction embodied 
in the design confer upon this particular multitube manometer an 
accuracy approaching that of a Chattock gauge with cup centres 
26 inohes apart. 

126. Surface tubes. 

The instruments commonly used for the exploration of the flow in a 
boundary layer are the small pitot tubeand the hot wire velocity-meter. 

Work', A.R.O. Reports and Memoranda, No. 657 (1920) ; also “Micrometer Water and 
Pressure Gauge’, The Engineer, 151 (1931), 248. 

t Warden, A.R.O, Reports and Memoranda, No. 1672 (1934). 
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Instruments of these types arc not capable of measuring the \oWitv 
very close to n surface with good accuracy. The difficulty with th* 
pitot tube of the ordinary type arises from the fact that a sufficjentlv 
clo=e approach to a surface cannot be obtained for models of the jure 
commonly used in wind tunnel experiments, even when the diameter 
of the tube is small. When an exceedingly fine hot wire is used, and 
its temperature is kept sufficiently low to avoid radiation loss, the 
heat conducted across the thin layer between the hot wire and the 



surface considerably modifies the forced convection from the wire 
due to the wind stream. 

To allow measurements of velocity to bo made very close to n 
surface Stantonf designed a special form of total-head tube, shown 
in Fig. 73, which was such that the inner wall of the tube was fortius! 
by the surface itself. The width of the opening could he varied by 
moving the outer wall. Owing to the extreme smallness of the 
opening of the tube, the speed deduced from the pressure at its 
mouth is not the same as that at the geometrical centre of the 
opening. The tube has therefore to be calibrated to determine the 
position of the ‘effective centre’ corresponding to the speed calcu- 
lated from the measured pressure. This calibration is made in « 
long pipe of rectangular cross-section, with laminar flow at the 
section at which the tube is placed. The measurements made in the 
calibration are the pressure drop down the pipe and the different <• 
between the pressure at the mouth of the tube and the static procure 
in the pipe. From the first of these measurements, the mean rate of 
flow through the pipe and the velocity distribution at the surface 
are calculated from the known relations for stream-lino flow, Ihe 
second measurement gives the velocity at the mouth of the tube 

■f Stanton, Miss Marshall, and Mrs. Brjant, /’roc. Ilvj.Sv, A, 97 *'---*'* 
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The effective distance corresponding to the velocity at the mouth is 
obtained from the calculated velocity distribution at the surface. 

A particular form of surface tube which has been used to measure 
the distribution of friction on the surface of an aerofoil^ is one in 



Fig. 74. 


which the tube is constructed on the top of a circular rod designed 
to pass with a very small clearance through holes drilled in the 
polished surface of a metal model. The tube is mounted with the 
top surface of the rod flush -with the model surface (see Fig. 74). 
The widths of the openings of three such tubes used in the research 
mentioned were 0-0020 inch (No. 1), 0-0032 inch (No. 2), and 0-0044 

f Fago and Falkner, Proc. Roy. Soc. A, 129 (1930), 378-410. 
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inch (No. 3). A small hole drilled along the rod axis served to 
transmit the pressure at the mouth of the tube to a manometer. 

Data obtained from the calibrations of the three tubes are given 
in the following table. 


(W = width of the opening of a tube.) 


Velocity calculated 
from the pressure 
at the mouth of the 
tube ( ft./sec .) 

Effective distance (inch) 

No. 3 

W — 0-0044 ***• 

1 

No. 2 

IF = 0-0032 in. 

No. 1 

IF = 0-0020 ire. 

8 

o* 00320 

1 

O*0O32O 

0-00270 

ii 

0-00298 

0-00296 

0*00253 

*4 

0-00281 

0-00276 

0-00238 

17 

0-00268 

0-00258 

0*00224 

20 

0-00255 

0*0024I 

0*00217 


The effective centre of tube No. 3 is seen to be within the opening, 
whereas the effective centre of No. 1 is beyond the outer edge of the 
opening. The ratio of the effective distance to the width of the 
opening increases therefore as the width is decreased. It will also be 
observed that there is an outward movement of the effective centre 
of each tube as the speed at the mouth is decreased. A very interest- 
ing characteristic exhibited is that although the opening of tube No. 1 
is less than one-half of that of tube No. 3, yet the effective distance 
is only about 15 per cent, smaller. Tube No. 1 does not, therefore, 
allow observations to be taken much closer to the surface than 
either of the tubes No. 2 or No. 3. 

SECTION III 

VISUALIZATION AND PHOTOGRAPHY OF FLUID MOTION 
127. Stream-lines, filament lines, and particle paths. 

Various methods are used to reveal to the eye details of fluid 
motion, and to enable such details to be photographed and analysed. 
The particular feature of the flow that is observed or recorded depends 
on the method of visualization and upon the experimental arrange- 
ment. Thus a photographic record of a type of fluid motion may 
show either stream-lines, filament lines, or particle paths. A filament 
line is the line joining the instantaneous positions of all particles that 
have passed through a given point in the fluid, while a particle path 
is the track of any particle of the fluid. In steady motion any 
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stream-line is at the same time a filament line and a particle path, 
but in unsteady motion this is not so. If ive imagine a thin jet of 
smoke introduced at a certain point into a stream of gas or air, or a 
jet of an opaque liquid into a stream of colourless liquid, then an 
instantaneous photograph of the flow, taken under suitable illumina- 
tion, will reveal a filament line.f If, on the other hand, small puffs 
of smoke are introduced into the air-stream, or small discrete drops 
or solid particles into the liquid, a photographic exposure occupying 
a finite interval will show, in the form of streaks, the paths of the 
smoke puffs or particles during that interval, 

128. Miscellaneous methods of examining flow in a boundary 

layer. Wool tufts; coating the surface; double refraction. 

Before considering the more widely used methods of examining 
flow by visual means, we mention briefly three methods specially 
designed for examining flow in a boundary layer (of which the third 
may also be used for other purposes). The first two methods apply 
to the flow of air, the third to the flow of certain liquids. 

We mention first the method of wool tufts or streamers, a method 
which has valuable practical applications.! Light streamers con- 
sisting of threads of fine silk or cotton, attached at one end to a 
wire support or to a surface near which it is desired to explore the 
flow, will reveal by their behaviour whether there is present turbulence 
of the kind associated with separation of the boundary layer from 
the surface or with an eddying wake. This method is very valuable 
in searching for regions where the flow has separated from the 
surface, and has been used both in wind tunnels and on actual 
aeroplanes in flight. Interesting information on the stalling of 
aerofoils has been obtained in this way.(| 

In another method of examining air flow near a surface, the 
surface itself is coated with lead hydroxide, and sulphuretted 
hydrogen is mixed with the air-stream. A brownish stain develops 
on the surface where the gas flows along it and indicates the average 
path of the flow.jj Other combinations of chemical coating and 
vapour may also be used. 

T Actually, since the jet must have a finite thickness, the picture -prill show a con- 
glomeration of filament lines. 

% Clark, A.R.C. Reports and Memoranda, So. 1552 (1933). Other references are 
given on p. 10 of that report. 

]| Cambridge University Aeronautics Laboratory, A .R.O. Reports and Memoranda, 
Ho. 1588 (1931). ft Clark, lot. c\t. 
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The third method, f of more recent use, is applicable only to certain 
viscous liquids, namely those -which, -when in motion, exhibit the 
property of double refraction. When such a liquid is flowing past 
a solid boundary the shearing stresses set up produce an effect on 
the optical properties, analogous to the effect produced in photo- 
elasticity on a solid material such as glass or bakelite. Measurements 
of certain optical constants with polarized light enable the velocity 
distribution in two-dimensional motion to be calculated.f 

129. Air flow. Smoke. 

The technique involving the use of smoke for examining air flow 
depends on the particular problem under investigation. Certain 
features of slow air currents, for example, may be followed by the 
aid of tobacco smoke introduced into the stream (see § 127). On the 
other hand, a more elaborate technique is required for studying the 
motion of large currents in the upper atmosphere, for which purpose 
shells are exploded and the drift of the smoke is observed. Again, at 
an aerodrome the smoke obtained from oil sprayed on a hot plate, 
by revealing the air flow near the ground, proves useful as a direction 
indicator. All these are examples in which smoke formed by the 
incomplete combustion of organic matter is used; but when the 
finer details of the flow structure are under examination, as in many 
tunnel investigations, because of the different circumstances a more 
opaque medium is needed. Coloured gases such as chlorine, bromine, 
and iodine can be used, if safeguards are provided to protect the 
observer against their toxic effects. The smoke produced by mix i n g 
the gases of ammonia and hydrochloric acid, or the smokes generated 
by hygroscopic salts like titanium tetrachloride or stannic tetra- 
chloride on exposure to air, are, however, more suitable. All 
contain a large percentage of small water particles held in suspen- 
sion, to which they mainly owe their obscuring powers. At the same 
time the presence of the water makes them heavier than air, causing 
them to sink under gravity. Therefore, unless allowance is made for 
the natural motion, observations taken at the slowest rates of flow 
are apt to prove misleading. At higher speeds, when the rate of 
descent is small compared with the forward speed, the indications 
are more reliable.. In these circumstances the extreme ease with 
which a satisfactory source of supply can be maintained, combined 
Alcock and Sadron, Physics (U.S.A.), 6 (1935), 92-95. 



VI. 129] EXAMINATION OF FLOW BY USE OF SMOKE 282 

■with the high optical density, are properties which make chemical 
smoke especially useful in research. 

The advantages mentioned apply more particularly to the use of 
titani um tetrachloride and stannic tetrachloride. Each is liquid at 
ordinary temperatures, and if brought into contact with the air 
combines chemically with the moisture present to form fumes con- 
taining the oxide of the salt, hydrochloric acid and water, leaving 
a solid deposit after evaporation. A drop of the liquid at the end of 
a glass rod emits a cloud of smoke lasting for several minutes in 
s till air. When the rod is held in a reasonably steady air current the 
cloud is drawn into a thin trail which remains visible for some 
distance downstream. Persisting as it does for some time, it serves 
admirably as a streamer for indicating the general direction of flow, 
and can therefore be used for mapping the lines of flow around 
models in wind tunnels, and for locating the eddying regions in the 
wake. Again, by disclosing the changes in the flow pattern following 
any alteration in the shape, it can be of service in detecting the 
interference effects between component parts of a model. In these 
and in similar problems, where the flow conditions at or near the 
model are under examination, it is more convenient to generate the 
smoke from a few drops of liquid placed on the surface. This method 
is also frequently adopted for investigating the flow in the boundary 
layer, to indicate the extent of the laminar and turbulent regions 
and the position at which the layer separates from the surface. 
Care, of course, is taken to remove the solid deposit left after 
each application of the liquid, as its presence is likely to cause 
premature turbulence in the boundary layer. The best results are 
obtained when the models and the surrounding walls of the tunnel 
are painted black so that the smoke is always viewed against a dark 
background. 

130. Air flow. The smoke tunnel. 

A special form of wind tunnel constructed at the N.P.L. for smoke 
experiments was fitted with an optical system for projecting an 
enlarged image of the smoke stream on to a screen, in order to render 
the motion more easily visible. An improved pattern has been 
designed by Farren,f primarily for obtaining smoke pictures of the 
flow past small models at low Reynolds numbers. It comprises a 
t Joum. Roy. Aero. Soc. 36 (1932), 454-460. 
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wind tunnel (see Fig. 75) fitted with a honeycomb A, a contracting 
inlet B and D, and guide vanes at C and F to secure a steady and 
uniform stream through the working section E, where the model is 
held. This part has a cross-section 3 inches X 3 inches and two glass 
sides 8 inches long through which the beam of fight, used to illuminate 



the smoke, passes. The flow through the tunnel is maintained by a 
fan and controlled by valves, one of which, L, can be opened or closed 
suddenly in order to examine conditions in the neighbourhood of the 
model when the air flow starts or stops. Titanium tetrachloride, 
applied on the surface of the model or introduced by a glass rod 
upstream, is used to make the flow visible. The fact that the smoke 
contains hydrochloric acid is a great disadvantage; nevertheless, by 
avoiding as far as possible the use of metal in the construction, the 
tunnel does not suffer damage. To ensure the steadiest conditions, 
it is important to exhaust the air into the room instead of into the 
open. Provision is made for absorbing the acid in the smoke by 
allowing the air to pass through a gauze curtain, E, surrounding the 
perforated box G and dipping into the tray K containing a weak 
solution of ammonia, with the result that the stream emerging from 
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the outlet M on its way to the exhaust fan is haidly more objection- 
able than tobacco smoke. 

Details of the optical system are shown in Fig. 7G. Light from a 
250-watt metal filament lamp, A, passes through a condensing lens, 
jB, and then to a larger condensing lens, C, supported in contact with 
one of the glass sides of the working section E. A good quality lens 
D of about 3 inches aperture is situated on the far side of the tunnel 
and projects an image of the model and the smoke on to the screen. 
No difficulty is experienced in obtaining a sharp silhouette of the 



smoke streams lying in tl\e centre plane of the tunnel, though, owing 
to its width, the image of the model itself is generally out of focus. 

The tunnel can be used to demonstrate some of the fundamental 
features of fluid motion, such as the change in the character of the 
flow round circular cylinders between Reynolds numbers of 10 and 
1,000, to quote one example. It is also useful for research purposes, 
constituting a valuable auxiliary to other methods of investigation. 
One drawback is that tests can only be made at speeds lower than 5 feet 
a second, since, owing to the vigorous breaking up and mixing of the 
smoke, it is impossible to follow anything in the nature of turbulent 
flow at higher speeds. This, added to the small size of the tunnel, 
restricts its use to Reynolds numbers very considerably less than 
those of general interest in practical aeronautics. Nevertheless, a 
critical study of the features of the flow revealed by these small-scale 
experiments can sometimes afford valuable help in the design of full- 
scale aircraft, particularly in locating sources of high drag due to 
breakdown of flow. 

131. Air flow. Smoke photography: low and high speeds. 

While much valuable information can be obtained by observing air 
flow in the manner already described, it is impossible, by inspection 
alone, to detect the finer details of eddying motion Photography 
proves an invaluable aid for this purpose by providing permanent 


286 


APPARATUS AND METHODS OF MEASUREMENT [VI. 131 

records which, can be examined at leisure. Attention is drawn to some 
of the more important methods in use, which, for convenience, are 
described separately according as they are adapted for photographing 
air moving at low speeds or at high speeds. 

(a) Low speeds. The smoke tunnel needs little adaptation to make it 

suitable for photographic purposes. Instead of the screen and project- 
ing lens, all that is required is a camera fitted with a wide aperture 
lens together with a subsidiary lens which concentrates a beam of light 
after it passes through the tunnel, so that when the camera is focused 
on the central plane it receives the maximum quantity of light. As 
is to be expected, the best results are obtained in cases where the 
model extends from wall to wall, the flow at the mid-section being 
approximately two-dimensional. Successful photographs of the 
eddying motion in the wakes of cylinders, aerofoils, etc., with time 
exposures of one-hundredth of a second, have been produced in 
this way, as well as kinematograph films showing the successive 
stages of development of the eddies. The records appear identical 
with those taken at the same Reynolds number in water. Flow 
pictures at low speeds but at higher Reynolds numbers are ob- 
tainable by the same method in ordinary wind tunnels, larger models 
being used for the purpose. As before, the highest speed at which 
photographs can be taken is determined by the rate at which the 
smoke can be supplied. An abundant supply can be secured by 
blowing air through titanium tetrachloride contained in a flask, 
but the presence of the tube used for conveying the smoke into the 
tunnel upstream of the model introduces disturbances which make 
the method unsuitable for many investigations. Some success lias 
attended efforts to maintain a continuous supply of liquid on the 
model by means of a tube having its open end flush with the surface. 
In such cases it is found advisable to add an equal volume of carbon 
tetrachloride, as the mixture is then less liable to block the mouth of 
the tube by leaving a solid residue projecting above the surface. 
The smoke produced by this process, though less effective than that 
of the undiluted liquid, provides sufficient contrast for photographs 
taken with relatively long exposures. 

Instantaneous photographs are generally more useful for studying 
vortex motion, because of the improved definition. The technique 
required is somewhat different from that previously described, since 
a mechanical shutter cannot give the extremely short exposure 



PLATE 24 



Disk normal to wind: D — 0-G inch, V = 1-2.3 feot per second 



b. Smoke jet at a wind speed of 40 feet per second 
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necessary. Photographs are therefore taken in a dark room with an 
open camera exposed to a brilliant light lasting for a brief period of 
time. The light is produced by the spark discharge of a condenser, 
placed on the far side of the wind tunnel immediately opposite the 
camera. A copy of a photograph taken at the N.P.L.f with a spark 
lasting less than one-millionth of a second for the purpose of tracing 
the regions of vorticity generated by a disk, is reproduced in PI. 24a. 
Such photographs are easily taken by charging an oil insulated con- 
denser of 1 microfarad capacity until the voltage is high enough to 
cause a spark to jump the small gap between two strips of magnesium 
ribbon connected across it. A convenient method of charging the 
condenser is by means of a Ruhmkorff coil, the secondary of which 
is joined in series with the condenser and to the plate of a 500-watt 
power valve, the latter serving as a diode to rectify the alternating 
current in the secondary coil. The time takeD before the spark occurs 
varies with the condition of the points; and though magnesium gives 
a light rich in actinic value, it oxidizes fairly rapidly, and in conse- 
quence tne width of the gap changes. Usually, however, it is possible 
to arrange for the spark to take place from one to one and a half 
minutes after the coil is started. At low wind speeds this interval is 
sufficiently long to enable the liquid to be dropped on to the model 
before the plate is exposed to the flash; but at speeds above about 
10 feet per second the smoke disperses too quickly to leave an 
adequate margin between the application of the liquid and the 
occurrence of the spark. 

(6) High speeds. An adequate supply of smoke for the photography 
of air flow at high speeds cannot easily be maintained without distur- 
bances being introduced into the flowin the form of eddies generated by 
the tube carrying the smoke into the stream, or without the speed of 
the smoke issuing from the tube exceeding that of the neighbouring 
air flow. In some problems the disturbances have little effect. A good 
example concerns the correct shaping of the roof of a building, in 
order to reduce the extent of the eddying region over the top. Here 
it is possible to examine the conditions of flow from photographs 
recording the path of a smoke stream as it issues from a tube some 
distance upstream and passes over the model. 

Ammonium chloride smoke used in one set of experiments]; was 

t S imm ons and Dewey, A.R.G. Reports and Memoranda, Ho. 1334 (1931). 

t Bryant and Williams, ibid. No. 962 (1925). 
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prepared in a flask by tbe mixing of two air streams, one saturated 
with hydrochloric acid vapour, the other with ammonia. A pipe 
connected the flask to a small open-ended tube facing the model; 
and by means of compressed air a stream of smoke was injected into 
the wind tunnel, the rate of the supply being adjusted until the jet 
could be clearly seen after it was deflected by the model. Any change 
in the rate could easily be detected by the appearance of the stream; 
for the smoke rapidly became invisible when the speed was too low, 
and had a feathery appearance when it was too high. The illumina- 
tion was provided by two arc lamps, and photographs were taken by 
reflected light, up to wind speeds of 60 feet per second, with a 
camera mounted so that the optical axis coincided with a line passing 
through the upper edge of the model. Most of the exposures given 
were between 2 and 5 seconds, according to the density of the smoke. 
Thus the photographs recorded the average shape of the discon- 
tinuous boundary of the eddying region, but gave no indication of 
the changes that occur from time to time within that region. 

Instantaneous photographs of the jet cannot be taken by the direct 
illumination of a spark placed behind it and on a level with the 
camera: attempts to do so invariably lead to negatives which show 
no trace of the jet. Satisfactory results can, however, be obtained 
if the spark is placed in a position where the smoke reflects light into 
the camera and so produces a bright image on the plate. The 
underlying principle is the same as that whereby smoke, introduced 
into a beam of light in a dark room, is seen best when the line of 
vision is inclined at about 45° to the beam. From this it follows that 
the spark should always be placed on the far side of the smoke, on one 
or other of two lines inclined at 45° to the axis of the camera. When cir- 
cumstances permit, it should be held within a few inches of the smoke, 
with a screen supported near it to intercept the rays which would 
otherwise enter the camera without illuminating the smoke. PI. 246f 
is reproduced from a spark photograph taken with a wide aperture 
lens (f — 2-8), and illustrates the billowy appearance of a smoke jet 
projected into an air current moving at a speed of 40 feet per second. 

132. Air flow. Change of refractive index. 

An y local change in the refractive index of the air, though not 
directly visible, may be made so by suitable illumination. A well- 

j- Report of the National Physical Laboratory (1931). 
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known example is that of the photography of sound waves in which 
the wave front is revealed by its altered density. 

133- Airflow. Hot wire shadows. 

The motion of an air-stream may be made visible by mounting 
in it a fine wire which is heated by passing an electric current through 
it.f The filament of heated air in the wake of the wire, though it 
cannot be seen directly, may be detected by either the simple shadow 
method of Dvorak or by the ‘Schlieren’ (striae) method.! 

In the shadow method the field of flow is illuminated from the 
side by a small arc lamp, without any lenses, which casts a shadow 
of the heated filament of air on a screen. The temperature of the 
wire is unimportant: a platinum wire about 1 inch long and 0-002 
inch diameter heated to a dull red is suitable, and produces a fila- 
ment line several inches in length. 

The length of the shadow depends mainly on the degree of turbu- 
lence of the stream, and may vary from an inch or two when very 
turbulent to 15 inches or more when steady. However, a shadowgraph 
made on a process plate with an exposure of about 0-001 second may 
give a longer record for turbulent motion than appears to the eye. 

There is practically no upper limit to the air speed at which 
shadows may be observed, but at very low velocities there is a con- 
vection effect, though this is usually negligible above about 2 feet 
per second. The method is particularly useful for studying transient 
motions, e.g. the early stages of the flow round an aerofoil, etc. 

PL 25aj is a simple shadowgraph, obtained directly on gaslight 
printing paper with an exposure of about 7 seconds, of the flow 
around a slotted aerofoil at a wind speed of 40 feet per second. 
The wires are \ inch apart. 

PI. 25&|| shows the flow behind an airscrew 19 inches in diameter 
developing a fairly high thrust at a forward speed of 15 feet per 
second. This shadowgraph was obtained by light passing through 
a slit in a rotating disk driven at airscrew speed, and is equivalent 
to a snapshot. 

PL 26a shows the flow past a rotating cylinder 1 inch in diameter. 

t Toymend, AP..G. Reports and Memoranda, Ho. 1349 (1931). 

+ Topler, Ann. d. Phys. u. Chem. 131 (1867), 33—35. See also Wood, Phil. Mag. 
(5), 48 (1899), 21&-227; Taylor and Waldram, Joum. Sci. Inst*. 10 (1933), 378-389; 
Toymen d, ibid. 11 (1934), 184-187; Schardin, Ver. deutech. Ing., Forsehungsheft 367 
(1934). !) A.P..C. Reports and Memoranda, Xo. 1434 (1932). 
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In steady motions, suck as PL 25a, the filament lines obtained by 
a hot -wire shadowgraph are identical with the paths of particles and 
with the stream-lines, but this is not so in periodic motions such as 
that in Pl. 256, where successive particles of air passing the hot wire 
do not follow the same paths. Thus in PL 256, on account of the 
thrust of the airscrew, particles passing on opposite sides of a blade 
receive radial velocity increments of opposite sign, and this causes 
breaks in the filament lines that widen as the motion proceeds. 

134. Airflow. Spark shadows. The ‘Schlieren’ method. Kine- 
matography. The determination of velocity distributions 
and measurements of turbulence: accuracy. 

In cases of the foregoing kind a hot wire will not yield the path 
of a particle directly, but this can be obtained if the heat is produced 
by a periodic electric spark instead of a wire.-j- The possibility of 
obtaining records of the motions of small masses of air heated in 
this way enables measurements to be made of the instantaneous 
velocity at a point in the air-stream.J PL 2G6|| shows the flow behind 
an airscrew. In this photograph shadowgraphs of a hot wire and of a 
series of sparks may be compared. 

Although instantaneous shadowgraphs of the hot spots may be 
made as described above, much better records are obtained by the 
use of the ‘ Schlieren ’ method. The extra optical sensitivity of this 
method permits smaller sparks to be used, and this is important when 
the displacements to be measured are small. The principle of the 
method may be understood from Pig. 77, which shows the arrange- 
ment used for photographing air flow. 

An arc lamp is focused on to the straight edge of a stainless steel 
mirror D. An inverted image of this portion of the mirror is formed, 
by reflection in the concave mirror M, on the edge of a diaphragm d. 
The working edges of D and d are close together, and are placed near 
the centre of curvature of the mirror M. By means of an adjusting 
screw nearly all the light is intercepted by d, only that from the 

f Townend, Phil. Mag. (7), 14 (1932), 700-712; Joum. Aero. Sciences, 3 (1930), 
343-352. ’ 

f Alternatively, when it is desired to determine the velocity of air from kinemato- 
graph records, suspended particles may bo photographed. See C. Chartier and J. 
Labat, Gomples Rcndus, 202 (1936), 729, 730 (aluminium powder); U. Schmieschek, 
Zeitschr. /. tech. Physik, 17 (1936), 98-100 (commercial variety of polymerized 
acetaldehyde). Soap bubbles have been used by H. Redon and F. Vinsonneau, 
Aerotechniquc, 15 (1936), 60-66. || A.R.C. Reports and Memoranda, No. 1434 (1932). 
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extreme edge of D being allowed to pass over into the camera G. 
This light forms in the camera a uniformly ill umina ted image of the 
mirror M . Any optical disturbance in front ofthe concave mir ror, such 
as that produced by the heating of a small mass of air at a, will deflect 
some rays of light so that they are intercepted by d, and others which 
are normally intercepted will be thrown clear of d and pass into the 
camera. Thus there will be formed on the plate an ‘image’ of a 
which is bright on one side and dark on the other. In the arrange- 



ment shown the rays pass through a twice, and this increases the 
optical sensitivity of the method. 

The camera G may be a kinematograph camera, and in that case 
the light entering it should be intercepted by a rotating disk situated 
as close behind d as possible, and having a narrow slit near its edge. 
The speed of the disk should be synchronized with that of the spark 
generator. It is unnecessary to synchronize the camera, since the 
exposure is so short (about sec.) that the mechanism for 
moving the film intermittently through the camera may be removed 
and the film driven at constant speed by a small motor. 

A spark may be used as light source instead of an arc lamp, and 
this spark may be supplied by the same magneto or coil that provides 
the spark used as heat source in the air-stream. The rotating shutter 
is then unnecessary. - } - 

The velocity distribution at different points in a flow may be 
determined by using several spark gaps. Pl. 27 shows the distribution 
in a 3-inch square pipe using seven spark gaps. The sparks were 
discharged in series. The following conditions of flow are depicted. 
(a) and (6) Laminar motion near the entry of the pipe, velocity 
distribution uniform across the pipe; (c) laminar motion 60 
diameters downstream, velocity distribution parabolic; (d) and 
t See Report of the National Physical Laboratory (1933), pp. 196-198. 
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(e) turbulent motion 60 diameters downstream. In records (b) 
and (e) not only are the hot spots due to the sparks visible, hut 
the filament lines springing from the ends of the electrodes them- 
selves, which are kept hot by the stream of sparks, are also 
apparent. This is because the edge of diaphragm d, Kg. 77, was 
parallel to the direction of flow. In the other records the edge was 
at right angles to the direction of flow, and then the filament lines 
are practically suppressed, because the deflexion of the light rays is 
mainly transverse to the filament lines themselves and so does not 
alter the amount of light passing over the edge of d. 

Records of the kind shown in PI. 27 (d) have been used to make 
a statistical analysis of the turbulent velocities in the flow through 
a pipe.f By measuring the displacements of a spot relative to the 
spark gap for several hundred pictures, the mean velocity at the point 
can be found, and also the root-mean-square values of the lateral 
and axial components of the turbulence. Quantitative estimates 
of the turbulence are thus obtainable, and the distribution of turbu- 
lence across the field may be measured.^ 

In nomturbulent motion the position of the centre of a hot spot 
may be estimated to about 0-02 inch at a distance of 5 or 6 inches 
downstream, since the spot does not change its shape. When 
measuring turbulence much less accuracy is obtainable owing to 
dispersion of the spot. If, however, the turbulence is small and 
incidental to the measurements required, as in exploring a steady 
flow in a normal wind tunnel, the uncertainty introduced is small. 

Convection becomes appreciable below 2 feet per second, but can 
be corrected for, when necessary, by measuring it in a uniform 
stream.|| 

135. Water flow. Water channels and tanks. 

The water channel provides a simple method of obtaining pictures 
of the flow around a body. The body is either held fixed in a moving 
stream or is moved through stationary water. A common method 
of making the flow visible is to inject colouring matter, such as red 

■f Townend, Proc. Roy. Soc. A, 145 (1934), 180-211. 

t Information concerning turbulent fluctuations may also be obtained by utilizing 
the eSect of the air-stream on a glow discharge between two electrodes. See F. C. 
Lindvall, Electrical Engineering, 53 (1934), 1068-1073. 

|| For later developments of the methods described in this section see Townend, 
A.R.C. Reports and Memoranda, No. 1803 (1937.) 
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ink, in the form of a fine jet, the velocity of efflux being the same as 
the local -water velocity. Another method is to add to the water 
small drops of oil, and to illuminate them by a beam of light from an 
arc lamp. When the drops are viewed at the appropriate angle they 
appear as bright points of light, which can easily be photographed. 
If the time of exposure is sufficient, the image of each illuminated 
particle traces a line on the plate, and the velocity of the particle 
can be determined from the length of this line and the time of 
exposure. To e limin ate the effects of gravity the drops used are 
obtained from a mixture of two oils in such proportions that the 
specific gravity is unity. The best results are obtained when the 
refractive index of the oil drops is such that the angle between the 
incident and emergent rays is 90°, for then all the illuminated drops 
can be brought into focus on the photographic plate at the same time, 
if the plane of illumination is sufficiently thin. A mixture of olive 
oil and nitrobenzene has been found suitable for this purpose, j 
Minute particles of aluminium or Ij'copodium powder scattered 
on the surface of the water have been used to reveal the flow past 
a two-dimensional obstacle when it projects beyond the surface.! 
Very fine flakes of micaj| on the surface may also be used to reveal 
the flow. In such experiments the surface has to be kept very clean 
to minimize capillary effects. A test for cleanliness is to sprinkle 
aluminium powder on the surface and to spread the powder by 
blowing gently on it. If the particles do not collect together, the 
surface is clean. Movement of the aluminium particles away from 
the obstacle, under capillary action at the junction, can be prevented 
by coating the obstacle with a thin layer of paraffin. Motion of a 
regular pattern is clearly revealed by this method because a great 
number of the particles have the same orientation. 

An apparatus has been designed at Cambridge-] - ]- which allows 
observation of the flow when a model is given an impulsive start 
from rest. This apparatus consists of an enclosed tank filled with 
water and having parallel sides 6 inches apart, between which the 

t Keif, Adv. Comm, for Aeronautics, Reports and Memoranda, No. 76 (1913). 
t Ahlbom, Abhandl. Gebiele Kat unpiss. 17 (1902), 8-37; Rubach, Forschungs- 
arbeiien des Ver. deutseh. Ing., No. 185 (1916), 1-35. 
liPrandtl and Tietjens, Die Naiurwissen3diafUn f 113 (1925), 1050-1053; Prandtl, 
rrhandlungtn des dritten intemationalen MaihemcUiker-Kongresses, Heidelberg, 1904 
(Leipzig, 1905), pp. 490, 4 gj. 

tt Jones, Farren, and Lockyer, A.R.C. Reports and Memoranda, No. 1065 (1927). 
oee also Walker, ibid., No. 1402 (1932). 
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model can be moved through the water, which is at rest apart from 
the disturbance created by the model. Oil drops suspended in the 
water reflect light into a camera focused on the plane of flow to be 
examined, and the movements of the drops due to the disturbance 
set up by the model are photographically recorded. When the 
exposure of a plate is of short but finite duration, the photograph 
records motions relative to the undisturbed water, and a short trace 
made by a drop can be taken as a vector giving the fluid velocity at 
its middle point. The energy required to give an impulsive start to 
the carriage carrying the model is obtained from a flywheel. 

136. Water flow. The ultramicroscope. Ultramicroscope 
photography. 

The above methods involve the introduction of particles into the 
water, and reliable views of the flow are obtained when the motions 
of relatively large molar masses of water are concerned. Some doubt 
arises, however, if particles are added for the examination of micro- 
turbulence, especially near the boundary of the fluid where the scale 
of the turbulence is small, since such particles may be comparable 
in size with the molar masses, and then the internal motions of these 
masses would not be faithfully represented. The ultramicroscopef 
affords a means of obtaining reliable information on minute details 
of fluid flow without any possible interference with the motion, since 
neither particles nor measuring instruments are introduced into the 
fluid. 

The principle of the ultramicroscope depends on the fact that very 
small particles usually present in most fluids, but invisible in ordinary 
light even under the most powerful microscope, become visible when 
intensely illuminated provided they are seen against a dark back- 
ground. Even particles smaller than the wave length of light 
become visible as bright points of light, if the intensity of the light 
beam is sufficiently great. A photograph of the ultramicroscope 
arranged to examine turbulent flow in a square pipe is given in PI. 28. 
The water flowing through the pipe is illuminated through a glass 
window let into one side of the pipe, and observation is made through 
a window let into an adjacent side. The light from an arc lamp 
taking 5 amperes is brought to a focus by a single condensing lens, and 

f Fage and Town end, Proc. Roy. Soc. A, 135 (1932), 656-677. See also Nisi and 
Porter, Phil. Mag. (6), 46 (1923), 754-768. 
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then passed through a compound lens and through the glass window 
into the water. A small cylindrical lens is interposed between the image 
of the arc and the compound lens in order to convert the conical inci- 
dent beam into a wedge-shaped beam: the width of the beam of 
illumination is thus increased up to the diameter of the field of the 
microscope without an increase in depth. The illumination of particles 
well outside the focal plane of the microscope, which would impair the 
darkness of the background, is thus prevented, and the light available 
is also conserved. A fine slit placed in the focal plane of the first 
condensing lens can be used to obtain a very thin illuminating beam. 
The height of the incident beam can be adjusted by mounting the 
lens system on an optical bench pivoted at one end and provided 
with a screw adjustment at the other: this adjustment, used in 
conjunction with lateral and vertical movements of the microscope, 
allows observation to be made at any selected point in the fluid. 
Observation through the microscope can conveniently be made 
under a magnification of about 50 (except very near a surface, 
when a higher magnification to increase sensitivity is necessary in 
order to show the finer details of the motion). 

The particles passing through any fixed point in a completely 
eddying stream move in different directions. When the radii of 
curvature of the sinuous paths of these particles are large compared 
with the diameter of the field of the microscope, only short lengths of 
the paths are seen when the particles are illuminated. These short 
lengths appear as bright rectilinear streaks inclined at various 
angles to the mean direction of flow, and at high speeds they appear 
to intersect each other, owing to persistence of vision. The direction 
of a path of a particle can be measured by mounting in the focal 
plane of the eyepiece a fine platinum wire which can be rotated 
about the axis of the microscope by means of a pointer moving over 
an angular scale. Observation is facilitated if this wire is rendered 
luminous by heating it electrically to a dull red glow. 

To measure the speed of a particle, use is made of the principle 
that the particle appears as a bright stationary point when viewed 
at the speed at which it is moving. Instead of moving the microscope 
as a whole, the same effect is obtained, over a limited region, if the 
eyepiece and the microscope tube are held fixed and the objective is 
moved in the same direction as the particle. The objective is there- 
fore carried on a wheel which is rotated about an offset axis, so that 
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once in every revolution the axis of the objective coincides with the 
axis of the microscope tube. The position of the axis of rotation is 
chosen so that at the instant of this coincidence the direction of 
motion of the objective is parallel to the mean direction of flow. The 
factor for obtaining the speed of a particle from the speed of rotation 
is easily obtained by direct calibration. In turbulent flow the 
successive views seen when the objective rotates differ on account 
of the fluctuations in the velocity of the stream at any point in the 
fluid: the velocity component in the direction of mean flow fluctuates 
continually between minimum and maximum values, so that 
particles can only appear as points provided that the corresponding 
speed of the objective lies between these limits. Hence the minimum 
speed at a point is obtained by slowly increasing the speed of rotation 
until particles first appear, and the maximum speed until they just 
cease to appear. The mean velocity is taken as the mean of the 
maximum and minimum velocities measured at the point, and the 
maximum velocity fluctuations as one-half the difference between 
these values. 

The maximum lateral components of the turbulent velocity can 
be deduced from observations of the maximum angular deviations 
of the particle paths from the mean direction of flow.f 

It has been found possible to take photographs under a reduced 
magnification of some of the views seen with an ultramicroscope.j 
The kind of photograph obtained is illustrated in PI. 29, || where views 
are given of ordinary tap water (without any particles added) 
flowing past a long circular cylinder at very low Reynolds numbers 
(U 0 djv). These photographs were taken with a small camera having 
an // 3 lens (f = 2 inches). Photograph (a) shows the steady nature 
of the flow in the empty tunnel. Photographs (b)-(h) were taken 
on the median plane at right angles to the axis of the cylinder at 
values of U 0 d[v lying within the range 17-7 to 170. Photographs 
(i), ( j ), (k) were taken on the plane passing through the axis of 
the cylinder: in photograph (j), the flow in the standing vortices at 
U Q dlv — 38-0 is of a spiral character. 

f Fage, Phil. Mag. (7), 21 (1936), 80-105. 

J Fage, Proc. Roy, Soc. A, 144 (1934), 381—386. 

|| Report of the National Physical Laboratory (1933). 









FLOW IN PIPES AND CHANNELS AND ALONG 
FLAT PLATES 

137. Introduction. 

Tut subject-matter of this and the following chapter may be con- 
veniently divided into three sections : — (i) laminar flow ; (ii) the transi- 
tion from laminar to turbulent fiovr: (iii) fully developed turbulent 
flow: (i) and (ii) will be discussed in the present chapter and (iii) in 
Chapter VTli . In each section those problems which have received 
theoretical consideration will be discussed first, since they are, in 
general, fundamental. When theoretical solutions have not been 
obtained, experimental results will be reduced by dimensional con- 
siderations to forms which facilitate application to other problems 
of the same type. 

The Reynolds number is defined for flow in a pipe or channel of 
any section as 4 mu n !v, where m is the hydraulic mean depth (defined 
as the area of the cross-section divided by its perimeter), is the 
average velocity over a section, and v is the kinematic viscosity. 
This definition will always be used in the absence of a specific state- 
ment to the contrary. (For a circular pipe m is a quarter of the 
diameter d, and the Reynolds number is u^djv: for two-dimensional 
flow between parallel walls at a distance 2 h apart m is Ji, and the 
Reynolds number is 4 u m h[v.) 

In steady flow along straight pipes and channels, far away from 
the inlet and the exit (i.e., where the flow at any section is similar 
to that at any other), the skin-friction r 0 and the pressure drop j 
Ap per unit length are related by the equation 

AAp = Ltq, ( 1 ) 

where A is the area of the section and L its perimeter. (F or problems 
of turbulent flow only mean values are considered.) In terms of the 
hydraulic mean depth m equation (1) may be written 

m&p = r 0 . ( 2 ) 

For any length 1 of a straight pipe ox channel a non-dimensional 
resistance coefficient -/ is defined by the equation 


v - P1-P2 m 
/ hp< l ’ 


(3) 


t The pressure is taken throughout e.s the difference of the actual pressure end the 
hydrostatic pressure. 


SSS7.S 


Qq 



298 


FLOW IN PIPES AND CHANNELS, ETC, [VH. 137 

where p l and p 2 are the pressures at the end sections of the length 
considered. 

For a fully developed flow (at a sufficient distance from the ends) 
the pressure gradient is constant, so that (p x — p 2 )/Z is A p and the 
definition of y in (3) is equivalent to 

y == To/dpO- (4) 


SECTION I 
LAMINAR FLOW 


138. Flow through a straight pipe of circular cross-section. 

The theoretical solution of this problem has been given in Chap. I, 
§ 6 (p. 20). The following results were obtained on the assumption of 
no slip at the walls : — 

(i) The velocity distribution across a section is parabolic and such 
that the mean velocity, u m , is half the ma ximum . 


.... a 2 dp 

(H> 

where a is the radius of the pipe, \i is the viscosity, and —dp fix is 
the pressure gradient; the total flux, Tra?u m , therefore varies directly 
as the fourth power of the radius and the first power of the pressure 
gradient. 


(iii) y = 16 jR. (6) 

It was also pointed out that the velocity distribution is not parabolic 
all the way from the entry; a certain length — the inlet length — is 
required before the parabolic distribution is attained. The flow in 
the inlet length will be considered in § 139. 

The theoretical results have been compared with experiment by 
taking measurements of the flux and obtaining its variation with 
change of radius and pressure gradient. The easiest way in practice 
to overcome the difficulty of end effects in the measurement of the 
pressure gradient is to observe the pressures at holes in the pipe wall 
in the fully developed region; otherwise the pipe used must either be 
sufficiently long for the inlet length to be negligible, or some end 
correction must be applied. 

Hagenf and Poiseuille,J using water in capillary tubes, found by 

t Poggendorjf’s Annalen d. Physik «. Ghemie (2), 46 (1839), 423—442, 
t Comptes Rendus, 11 (1840), 981-967; 1041-1048; 12 (1841), 112-115; Mimoim 
dee Savants Strangers, 9 (1846), 433-543. 
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experiment the proportionality of the flux to the pressure gradient 
and to the fourth power of the radius; later workers, by applying 
end corrections to the experimental results of Poiseuille, and also 
by many further experiments with various fluids in tubes of various 
materials and widely different radii, have obtained excellent agree- 
ment between theory and experiment. Stanton and Pannell.t using 
water and oil in smooth brass and steel pipes, have made a few 
velocity measurements and obtained good agreement with the pre- 
dicted values. Thus the collected results of various experimenters 
verify the theoretical predictions, and so are in accord with the 
assumption of no slip at the walls. 

139. Flow in the inlet length of a circular pipe. 

With a well-designed short trumpet-shaped intake, if care is 
taken to avoid disturbances^ the velocity at the entry to a circular 
pipe will be practically constant over the cross-section. The velocity 
at the wall is, however, zero, so that an infinitely thin boundary 
layer is formed round the walls of the pipe; the thickness of this layer 
increases as we pass downstream until it becomes equal to the radius 
of the pipe. Until this happens there is a core of fluid practically 
uninfluenced by viscosity, and in it the total head may be considered 
constant. Since the flux across any section is constant, and since 
the boundary layer thickness is increasing, this core is accelerated, 
and there is a corresponding fall in pressure. The fully developed 
parabolic distribution is theoretically attained only asymptotically; 
but we are now interested in the distance which it is necessary 
to travel downstream before the difference from the parabolic dis- 
tribution becomes less than the least experimental error. It should 
be remembered that this state may not be reached simultaneously 
with the boundary layer thickness becoming equal to the pipe radius: 
calculations onpp. 304-308 indicate that the whole of the fluid across 
a section becomes influenced by viscosity some distance before the 
parabolic distribution is approached. 

We require expressions for (i) the pressure difference between any 
two sections; (ii) the velocity distribution at any section; and (iii) 
the value of x for which the fully developed parabolic flow may be 
said to be attained. 

t Phil. Thxtis. A, 214 (1914), 199-224. 

^ The infl uence of friction in the intake is neglected. 
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If the fluid enters the pipe from a cistern in which the pressure P 
is maintained and in which the velocity is negligible, and if p L is 
the pressure at a distance L from the entry to the pipe, at which 
distance the permanent regime may be considered attained, then 
a usual approximate result for the pressure difference P—p L is 
given by equation (8) below, whilst a more accurate result (hut still 
obtained by neglect of friction in the intake before the entry to the 
pipe) is given by equation (44) with x — L. 

We obtain a first approximation to the difference between the 
pressure at the entry ( x = 0) and the pressure when the final velocity 
distribution may be said to be attained (x = L) by means of the 
kinetic energy end-correction.f In this approximation the dissipa- 
tion of energy in the inlet length is supposed to be equal to the 
dissipation in the same length when the velocity distribution is 
parabolic. If p 0 , p L are the pressures at x = 0 and at x = L, then 
the rate at which the pressures are doing work is 

° 

^P 0 u m -p L [27T J w<*r] = tt ahi m {p 0 -p L ), 

0 Z 

since the velocity at x — 0 is constant and equal to the average 
velocity, u m , over a section. The rate of inflow of kinetic energy at 
x = 0 is l-ncPpU'^, and the rate of outflow at x = L is 

a 

2-np J \vi?r dr = 'npa 2 u* l . 
o 

Thus the difference in the rate of inflow and the rate of outflow of 
kinetic energy gives rise to an additional pressure drop of Ipu^ 
between x = 0 and x — L. On these grounds it is assumed that 


Po-Pl _ lQ pu m L 


■ I = •HUj'-f 1. (7) 

If the fluid enters the pipe from a large cistern in which the pressure 
is P and the velocity is negligible, there is a pressure drop of 
between the cistern and entry (the influence of friction in the intake 
being neglected), so that 

( 8 ) 


P—PL _ 1Q P U m L 




pu 2 m a 2 


-2 = 


32 L 
aR 


- 2 . 


f Hagenbach, PoggendorjJ’s Annalen d. Physih u. Chemie (4), 109 (1860), 385-42 , 
Couotto, Ann. de Chimie el de Physique (6), 21 (1890), 433-510 ; Prandtl and Tietjens, 
Hydro- und Aeromeclianik, 2 (Berlin, 1931), 25, 26. 
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An approximation can also be obtained by treating the retarded 
layer in a manner analogous to that used by Pohlhausen in his 
discussion of flow in a boundary layer (Chap. IV, §60 (p. 157)). 
We suppose that the retarded layer has a thickness 8 at any cross- 
section; we write y — a—r, and then, following Schiller, f we put 


8 8 2 


( 9 ) 


in the retarded layer, where u 1 is the velocity in the core. It will be 
noted that the assumption that the velocity distribution becomes 
parabolic when 8 = a is inherent in this method. 

The equation of continuity and the momentum equation give two 
relations between %, x and 8. Elimination of 8 leads to a relation 
between u y and x which, with 


integrates to 


X — «i/«m-l> 
xJ(aR) =/(*), 


( 10 ) 

( 11 ) 


R = 2 aujv 


1 / J n \ 1 n >-> tr\ c% 1 n n nr 


16/4— 2 X U 37 V2 
" 5 i Uv / in 


A graph of /(x) is shown in Eig. 78. In the parabolic flow — w mai , 
and since M max = 2 u m , x = 1; this occurs first when 

x — 0-057 oaR; 


so according to this approximation the permanent regime is 
established after a finite distance 0-0575 aR. The approximate 
nature of the calculation is illustrated by the fact that the maximum 
velocity in the inlet length does not join on smoothly to its final 
value 2 u m , since dxjdx does not vanish at y = 1. (Cf. Eig. 80, p. 304.) 

If Pi and are the pressures at the sections x x and x 2 , it follows 
from the constancy of the total head in the core, since 

U l = u m(X+ 1 )> 

that 

tel -PJKhO = [2x+x%-[2x+x% = A(2 X + X 2 ) (13) 

t Zeilschr. f. angew. Math. u. Mech. 2 (1922), 96-106; Bandbuch der Expert- 
rnentalph’jeik, 4, part 4 (Leipzig, 1932), 48-57. 

t This is a simplified form of Schiller’s result. 
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(eay). The resistance coefficient y defined in equation (3) is 
fore equal to oA(2 x+x 2 ) 

2(^2 — *1) 

The theory can he checked against experiment by finding 



X 


there- 
(14) 
y for 


Fia. 78. 


fixed x t and x 2 and various values of jR. Typical results found by 
Schiller are shown in 3Tig. 79, where the straight line gives the un- 
corrected theoretical result. 

For x < 0-0575ajR, 

Po—P = lp u U 2 X+X 2 )’ ( 16 ) 


where p 0 is the pressure at the entry, and p and x are evaluated at 
the section at the distance x from the entry. When a; = 0-0575aU, 
x = 1 and po _ p = 1 . 5 ^ (16) 


For x > 0-0575aJ?, 


— dpjdx = 8 puja? — IQpulKaS), 

and hence p 0 — p — 1 ’ 5 P u m+-^^ S ( x ~ 0-0675aF), 

so that (Po-pMpO = 1*16+32 x/{aR). W 

For flow out of a cistern where the pressure is P, 

{P-P)l(lpul) = 2-16+32*/(afl), ( 18 ) 
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friction in the intake being neglected. The term 2-16 corresponds to 
the term 2 of the kinetic energy end-correction. 

Schillerf also tested his results by measuring the value of C in 


the relation 


(P-P)l(h<) = C+32xl(aRy,t 


(ID) 



R 


Fio. 79. 


ho found G — 2-115, 2-35, 2-36, 2-45 in four series of experiments. 
The mean of these results is 2-32, but Schiller attaches more weight 
to the first one than to the other three. It seems, in fact, that no 
sufficiently accurate experiments!) to determine C have yet been 
performed; if they are it will be necessary to take into account 
friction in the intake. This may be done by assuming an increase in 
the length of the pipe and determining this increase together with 
0 experimentally. 

Velocity measurements in the inlet length have been made by 

t Forschungsarbcilen des Ver. deutsch. Jng., No. 248 (1922), pp. 29-33; Sandbuch 

4 E *P mmenba Phy*ik, 4, part 4 (Leipzig, 1932), 56, 57. 

I The value of 0 is of importance in the measurement of viscosity of liquids, hor 
further details see Hatschek, The Viscosity of Liquids (London, 1928), chap. H. 

II Results of other experiments are given by Hatschek, toe. cit. 
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Nikuradse, and the results for rja = 0, 0-2, 0-4, 0-6, 0-7, 0-8, and 
0-9 are reproduced in Kg. 80, | which also contains results calculated 
by Schiller’s method. 





*04 


f-0-6 


--0-7 


* 0-8 

*0-9 


0-12 0-13 


A more accurate solution near the pipe entry may be obtained by starting 
from the equations of motion 4 


8u , 8u 


dv , dv 

U Tr+ V ¥ = 


p 8x \8r z ' r dr ‘ dx*! 

1 dp ld z v Idv v 8*v\ 
p dr \0r* r 8r r z 8xV ’ 


( 20 ) 

( 21 ) 


in which use is made of the symmetry of the motion about the axis, and v is 
the radial component of velocity (which must be present since u changes 
with x). 

The equation of continuity is 


= o. 


( 22 ) 


so a stream-function ip exists such that 


w = 


1 8ifi 
rdr’ 


1 8jP 
r 8x' 


f The experimental results in Fig. 80 are reproduced from a small-scale graph in 
Prandtl and Tietjens, Hydro - und Aeromechanik, 2 (Berlin, 1931), 28. Further details 
do not appear to have been published. 

f At kins on and Goldstein (unpublished). The method is a variation 6f a method 
due to Schlichting for the corresponding problem in two dimensions. See p. 309. 
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The boundary conditions are 

u = u m , v = 0 at x = 0, 
u = 0, v = 0 at r = a. 

We are concerned only •with large Reynolds numbers, and the approxima- 
tions usual in boundary layer theory may be made. The term vdhijdx 2 in 
the first equation of motion may be neglected, and p~ l 8p!8x may be taken to 
be a function of x only. So long as there is a core uninfluenced by viscosity 
we put 



where tq is the velocity in the core. We assume that 

= (25) 

where the K’b are constants to be determined: we shall see that with the 
assumption (25) the K ’ s can be determined so that the flux across a section is 
constant. 

A solution can then be obtained by generalizing Blasius’s solution of the 


two-dimensional boundary layer equation. We put 

<A = (26) 

so that « = < 27 ) 

We substitute in the equation of motion and equate coefficients of powers 
of f. This yields the following equations for the /’ s: 

fi+fJl = 0, (28) 

K+fifS-fifl+Wft = -41^+477/r-H/n (29) 


fi+fJl-y'Jz+Vlh = -8K 2 -4K~ +f? - 2fj: + 4/;. (30) 


where (so long as a core exists) 

/n(0)=/;(0) = 0, /(( 00) = 2, /' n (co) = 2 K^ (n > 1). (31) 

The necessary K’b can be determined, as below, before the respective /’s are 
calculated. 

For large values of 77, Sx 2r]+A 1 , /. ~ f s ^ 2K z r)+A s ,..., 

whore the A’s are determined by the numerical integration of the equations 
(28), (29), etc. 

For constancy of flux the difference in the values of 2 nip at r = a (i.e. 77 = 0) 
and at r = 0 (i.e. 77 = l/(4f)) must be constant and equal to the flux 7 rahi m . 
The stream-function ijj vanishes at 77 = 0, and so long as there is a core unin- 
fluenced by viscosity, l/(4f ) must be sufficiently large for the above approxi- 
mations to hold in finding the value of iji at 77 = l/(4£). The condition of 
constancy of flux therefore becomes 

^(4 +4i ) + H§ +j4!! ) + H5 +43 ) + - = *• 

Er 


3837.8 


(32) 
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Hence K x = -2 A v K t = -2 A 2 , K a = -2 A,, etc. ( 33 ) 

Thus a solution is obtained for small values of xftaR). It is found that the K’s 
increase rapidly (K x = 3-4416, K 2 = —9-0938, K 3 = 141-982, K t = —2788). 
Beyond about | = 0-06 the series (25) up to the term K t £ l does not give 
sufficiently accurate results, whilst some allowance must be made for tho 
following terms even for £ = 0-05. It appears that for £ < 0 05 the values of 
u/u m calculated by Schiller’s method are accurate to within 1 per cent, for 
r/a < 0-8 and to within 5 per cent, for r/o = 0-9. It follows that the experi- 
mental results in Fig. 80 do not agree with the accurate solution for very small 
values of xftaR). The singularity in the solution at x = 0 will cause some 
discrepancy very near the entry; whether this is sufficient to explain the 
actual discrepancy between the observed and calculated values we cannot tell 
in the absence of further experimental details. 

The solution for small values of xftaR) may be continued by a method due to 
Boussinesq.f If we write 

X = 2 xftaR), Y = r t /a t , w = Rrv/(2a) and R = 2« m a/v, (34) 

the equation of continuity becomes 


du .^dw 
8X +2 8Y 


= 0 , 


so that 


2 w ■■ 


■I 


du 

dX 


dY 


(35) 


(sincoMi — 0 at F — 1). Hence equation (20) (with v&ujdx 1 neglected) becomes 

l 

du , . 

“s + - 


wjls dr --lm+ i '‘-w( I U)- < 3S > 


Differentiation with regard to Y gives the equation for u; also, from (36), 
1 dp [du 8 ( du\l 

pdX~ rdX 4Um dY\ Y dY)\ Y ~o’ 


since dpJdX is independent of Y and 

fdu. 

J dX 

o 

^becauso J u dY is constant^ . 


dY =0 


In tho permanent regime u = 2u m (l— Y), 
so wo now put u = w m {2(l — F)+m}. (37) 

For a first approximation, vt x , we suppose ur small and neglect squares; we 


then find that 


1— Y d 
Y dX 


- 2-(y 8 -^A 

V dY 1 ~ 8YA dY )’ 


(38) 


which is an equation for Y dvrJSY. 

f CompUs Rendus, 113 (1891), 9-15; 49-51. Actually Boussinesq applied his 
method right from tho entry, but it is more accurate when used to continue a 
solution such as that described above. 
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1 A 

Since J u dY is constant, J m t dY =0; and since ■m 1 = 0 at Y = 1, 

o o 

l l 

J Y W ** = l 7 ™ Jo - J = 0 . 

0 0 

If we put YdvrJdY — cer txx <f>{Y) (39) 

in (38) we find that = 0. (40) 

l 

The boundary conditions are <f>(0) = 0 and J <f> dY = 0. Equation (40) with 

o 

these boundary conditions shows that A has one of a series of characteristic 
values. If Ax,..., A„,... are the characteristic values, then the complete solu- 


tion is 
Hence 

where 


YSmJaY = c t e- u i-^ 1 (y) + c I e- y i^j(F) + .... 

— urj = C[ e -2A i x <I | 1 (y') 4 -c 2 e -u ! x <I>j(F) -f ..., 


<t r (F) 


= J tr(Y)~. 


(41) 

(42) 

(43) 


The condition to determino the c’s is that 

l 

J (c 1 d> I -fCj<D J -f...-fc n O n -fur 0 ) s dr 
0 

is a minimum, where m 0 is the value of tni when X = 0, which we take to be 
the section from which the solution is started. 

Atkinson and Goldstein took into account the terms in c, and c, in (42), and 
also found a second approximation by substituting the result so obtained into 
the neglected terms in (36) and solving again, taking into account in this 
second approximation only the term in cj. This solution was then joined 
to the series solution (27) at £ = 0-05 by making the mean-square difference a 
minimum. The results for xftaR) > 0-016 are shown in Fig. 81. For smaller 
values of xj(aR) they are certainly inaccurate. 

The calculated values of (p 0 — p)/dp u c>) ar ® shown in Table 12 below. The 


Table 12 


X 

oR 

Po-P 

*1*4 

X 

aR 

Po-P 

if4 

o 

0 

0*015 

1*36 

0*001 

0*32 

0*020 

1-63 

0*002 

0-46 

0*025 

1-88 

0*003 

0-56 

0*030 

2*10 

0*004 

0-65 

0*040 

2-51 

coos 

o-73 

0*05 

2*88 

0*007 

0-87 

0-06 

3-24 

0*009 

1*00 

0*07 

3'59 

o-oii 

I*II 

0-08 

3'93 

0*013 

1*22 

0-09 

4-26 

0*015 

i-33 

0*10 

4'59 



0*11 

4-92 
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values in the first two columns are found by Schiller’s method; those in the 
third and fourth by Atkinson and Goldstein’s extension of Boussinesq’s 
method. At xj[aR) = 0-015 the results differ by about 2 per cent. For more 
accurate results the values of u(u m found from the series (27) would have to be 
continued for larger values of x/(aR) by step-by-step calculations, and the 



x/laR) 


Fro. 81. 


-r/a=0 0 
*0 2 


"06 

-07 

"08 


t=4-=0-9 


0-12 013 


extension of Boussinesq’s solution joined to the values so found at a larger 
value of xj(aR) than is at present possible. 

For larger values of xftaR) than those shown in the table 

ip< aR + ’ 

and for flow out of a cistern where the pressure is P 


P-P 

ip< 


32s 

aR 


+2-41. 


(44) 


140. Two-dimensional flow through a straight channel. 

At sections far from, the ends the velocity distribution for steady 
flow in a channel of breadth 2 h may be obtained by integrating the 
equation of momentum for a symmetrically situated rectangular 
slab of fluid of breadth 2 y, with the boundary condition u — 0 at 
y = Tv. the result is 
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where y is the distance from the middle of the channel. The mean 
velocity over a section is 


h 2 Sp 
3 [tdx 


(45) 


The mean velocity is two-thirds the maximum, and the velocity 
distribution is parabolic. 

The hydraulic mean depth, m, is equal to the half-width, h. As 
Reynolds number we therefore take 


R = 4hu m /v, 

and for the resistance coefficient y we obtain the equation 

7 = TolipUm = 24 IB, (46) 

where t„ is the shearing stress at a wall. 


141. Two-dimensional flow in the inlet length of a straight 
channel. 

By calculations similar to those in § 139 the velocity distribution, 
the pressure drop and the skin-friction in the inlet length may be 
determined for two-dimensional pressure flow between parallel walls. 
The equation for the pressure drop from the entry to any section 
where the parabolic flow is fully established, when calculated by 
Schiller’s method, is 

(Po-p)l(ipU 2 m ) = 24x/(hR)+0-626.f (47) 

The corresponding result from the kinetic energy end-correction is 

(Po~P)l(ifO = 242/(^)4-0-543. (48) 

A solution^ by a method similar to that described on pp. 304-308 
for a circular pipe leads to the result 

too-P)HifO = 2ixl(hR)+ 0-601 : (49) 

the velocity distributions calculated by this method are shown in 
Kgs. 82 and 83. The broken line in Kg. 82 is the Poiseuille parabola: 
the broken lines in Pig. 83 give the asymptotic values for the para- 
bolic flow. In Table 13, {Po—p)l(ipu 2 t ) is tabulated against vxj(hhi m ), 
where p 0 is the pressure at the entry and p is the pressure at a 
section distant z downstream. 

t Schiller gave 0-614 in place of 0-626. See Scblichting, Zeitschr.f. angew. Math. v. 
Mech. 14 (1934), 372. 
t Schlichting, op. cit, pp. 388-373. 
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142. The effect of roughness on laminar flow in pipes and 

channels. 

We can estimate the order of magnitude of the maximum size of 
protuberances which will not alter the character of the flow in a 
circular pipe.f If e is the maximum permissible height of a pro- 
tuberance, then (e being small) the velocity at its tip is 

= 4u m e/a 

to the first order. (It is assumed that the presence of the roughness 
has not altered the character of the flow.) Therefore 

R t (— eujy) — 2{eja) i R, where R = 2au m jv. 

For uniform flow past an obstacle a critical Reynolds number 
R e exists such that for R > R r a vortex wake forms behind the 
obstacle, whereas for R < R e the flow closes up behind. If the flow 
past the protuberances which form the roughness in the pipe is such 
as to cause the production of vortex wakes, then the form of the flow 
in the pipe will be considerably different from the flow in a smooth 
pipe. In order to obtain an order of magnitude for the size of the 
protuberances which do not produce great variation in the flow 
we may therefore express the condition that R ( should be less than 
the value of R c for flow past an obstacle of the shape of the pro- 
tuberances. For a circular cylinder, for example, we may take 
R c = 50,! ar >d this value leads to the condition 

e/a < ojRl. 

If for a flat plate normal to a disturbed stream we assume that 
R c — 30, we obtain e/a < 4 /R* as the condition for sharp-edged 
roughnesses. 

If we write U T for <J(r 0 fp), where t 0 is the shearing stress at the wall, 
and if we assume that t 0 is unaltered, then the condition can be 
expressed in the form that must be less than Vl R„ or, with 
R e = 30, less than about 5-5. This order of magnitude appears to be 
in satisfactory agreement with experiment.[j 

For a channel R c — \R{ejh)' i , and ejh must be less than about 
for sharp-edged roughnesses to be without effect. eU 7 [v must 
again be less than \<R C . 

t Schiller, HawUruch der Experimentalphynl', 4, part 4 (Leipzig', 1932), 191, 192, 

+ Cf. Chap, IX, § 184. 

I! Schiller, op. ext., p p. 189-192; see eLso p. 377 sad Nilairad.se, Ver. deuUefi. Ing., 
FondiXingiheJt 361 (1933). It should be- observed that, with a disturbed entry, the 
above estimate will not apply till the disturbance has died down. 



312 


[VII. 143 


FLOW IN PIPES AND CHANNELS, ETC. 

143. Flow through, curved pipes. 

We confine our attention to flow through pipes of circular cross- 
section whose axes are bent into circles. We take coordinates as 
shown in Fig. 84 ( 0 being the centre of curvature of the axis of the 
pipe), and denote by L the radius of curvature of the axis, by a the 
radius of the pipe, and by U, V, and W the velocities in the directions 

In the region where the flow is fully 
developed U, V and W are independent 
of 6. The equations of motion referred 
to this system of coordinates are to be 
found in a paper by Dean; j they are 
complicated. If ajL is small and if terms 
of order 1 [L are neglected compared 
with terms of order 1/r, the equations 
simplify. By reducing these simplified 
equations to non-dimensional form it 
may be shown that dynamical similarity 
depends on the parameter 

only, where W 0 is the mean velocity in flow through a straight pipe 
under the same pressure gradient as that along the pipe axis in the 
curved pipe. Thus the ratio of the flux F c through the curved pipe to 
the flux Fg through a straight pipe under the same pressure gradient 
is a function of K’ only for small values of ajL] further, if y c and y„ 
are the resistance coefficients in the curved pipej and in a straight 
pipe when the flux is F s in both cases, it may be shown that 
F e /F e = y s /y c . Expanding in powers of K’, Dean finds that 

y t - I = 1 - 0 ' 03058 (S) , +°- 0 II 95 (S) 4 +- • <“> 

The error when only the three - terms shown are taken into account 
increases with K'. It is probably not serious at any rate for K' < 30. 

To a first approximation the parameter K' is equal to K, defined as 
(alL) i (2W m aju), where 11^ is the mean velocity in the flow through 

t Phil. Mag. (7), 4 (1927), 208-223; 5 (1928), 673-695. 

f Y e a definition equivalent to the definition (3) for y,, viz. 

1 &p a 



of r, (f>, and 6 increasing. 
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the curved pipe: it follows immediately from the definition of K 
that it is in any case a function of K' only (since WJIV 0 is a function 
of K’ only), so dynamical similarity depends on the value of K only. 
Experimenters have usually preferred to use K instead of K'. 

Experiments have "been per- 
formed by White| and Adler,i 
whose results are shown in Fig. 
85 by curves with log I0 (y Jy t ) as 
ordinates and log 10 K as abscissae. 
White remarks that once turbu- 
lence sets in the parameter K is 
not sufficient to define the ratio 
yjy *; this is supported by Adler’s 
measurements. It appears, there- 
fore, that the value of log K at 
which turbulence sets in for any 
Fig. 86. particular pipe is the abscissa of 

the point where the correspond- 
ing observed curve in Fig. 85 leaves the universal curve. 

The empirical equation 

^ = [l-|l-^J M5 J 222 ]~ 1 (11-6 < K < 3000), (52) 

due to White, gives a. good representation of the observed non- 
turhulent results. The corresponding curve is included in Fig. 85. 

Adler {loo. cit.) has made a large number of measurements of 
the velocity distribution, for which reference may be made to the 
original paper. 

The calculated projections of the particle paths on a cross-section 
of the pipe are shown in Fig. 86 for a very small value of if; they were 
calculated by neglecting terms of order K i , but serve to show the 
secondary motion which is set up.|j White and Adler both found 
this secondary motion experimentally for laminar flow: ft the former 
observed that it was by no means as evident once the flow became 
turbulent. This he ascribed to the fact that in turbulent flow the 

f Pros. Roy. Sex. A, 123 (1929), 645-663. The results when L/a = S-9 were obtain'-d 
after the publication, of the paper, and kindly communicated to us by Prof. White. 

+ Zeilschr. j. angew. Math. u. Mech. 14 (1934), 257-275. 

(] Dean, loc. cit. For a qualitative explanation, see Chap. II, § 28 (p. 84). 
ft This secondary flow has also been confirmed in a striking manner by Taylor 
using a colour thread ( Proc . P.oy. Soc. A, 124 (1929), 243-249). 
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velocity distribution is much more nearly uniform than in laminar 
flow, and correspondingly the pressure gradients producing the 
secondary motion are less. 


144. Two-dimensional flow through curved channels. 

We confine our attention to a channel formed by two coaxial 
cylindrical walls, and consider two-dimensional flow perpendicular 
to the common axis due to a pressure gradient parallel to the walls 
and perpendicular to the common axis. 

If we denote by W the velocity parallel to the walls and per- 
pendicular to the common axis, and by W m the mean value of W, 
we find from the equations of motion that 


w _ 1 dp (6 2 log 6— g 2 log a) 

2/jLdel (b 2 -a°~) 


A n, \nr 1 2y>r(6 2 — O 2 ) 

and (b-a)W„ - 


(63) 

a 2 6 2 /, 6\ 2 1 

(6 2 -c 2 )( l0g aJ J’ 


(54) 


where r is distance measured from the common axis, 9 is angular 
distance measured round the common axis, the walls are at r — a 
and r = b (b > a), and p is the pressure. (8p/89 may be shown to be 
a constant independent of r and 6.) The other velocity components 
vanish: there is a pressure gradient across the channel which just 
balances the centrifugal force. 

We may obtain alternative forms for (53) and (54) by writing 
b = a-\-2Ti, r = hja = a. These forms are 


W = 


W — 


1 8pfefr (l+2o t ) 2 log(l + 2 a) ]r , gy 1 1 

2[i89 oc\\_ 4a-f4a 2 h l+a-t-ay/^-J 

— ■ (l+a+ay/A)log(l-fo:-fay/A.)|, (55) 


Curves in Fig. 87 show W/W m plotted against yjh for a = 2, 0-5, 
0-1, and 0 (straight channel). The effect of the curvature is very 
small when a = 0-4. 

The fact that no secondary flow occurs has been pointed out 
previously. - ]- The pressure gradient across the channel due to 


t Chap, n, § 28 (p. 87). 
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centrifugal force produces no secondary flow in the absence of walls 
parallel to it, no retarded layers being produced on which the pressuro 
gradient could act. 



Fia. 87. 


145. Flow along a fiat plate. Roughness. 

The laminar flow along a flat plate placed edgeways to a steady 
stream has been calculated on the assumptions of the boundary layer 
theory in Chap. IV, §53 (pp. 135, 136). The velocity distribution 
has been measured experimentally by Hansenf in an open jet wind 
tunnel, and his results are compared with theory in Fig. 88: there is 
quite good agreement. (In Fig. 88, % is the velocity outside the 
boundary layer, z is distance from the leading edge, and u the 
forward velocity at a distance y from the plate.) The experimental 

f Zeitschr. f. angeto. Math. u. Mech. 8 (1928), 185-199. 
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values of u\u x obtained by Drydenf in a closed tunnel, when plotted 
against y^ujvz), are also in very satisfactory agreement with the 
theoretical curve ; whereas the results of measurements in a closed 
tunnel by Burgers and Van der Hegge ZijnenJ are consistently 
greater than those of theory. Burgers attributes the discrepancy 
to the fact that the main stream may not have been quite steady, 



and suggests that the interchange which subsequently arises in the 
boundary layer would lead to these increased values: on the other 
hand, it is possible that the acceleration of the main stream due to 
the growth of the boundary layer along both the plate and the 
channel walls would account for the discrepancy.|j 

In Chapter IV it was pointed out that for flow along a cylinder open 
at both ends (with generators parallel to the main flow) the same 
results should hold as for a flat plate provided that the cylinder is 

t N.A.C.A. Report No. 562 (1936). See especially Fig. 17. 

t Proc. let Intemat. Congress for Applied Mechanics, Delft, 1924 (Delft, 1925), 
pp. 113-128. 

!! Due account was taken of the pressure gradient in the direction of flow in 
reducing tho observations, but no account was taken of the pressure gradient in the 
theoretical calculations. 
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short enough. Experiments have been carried out on small rings of this 
type by Miss Marshall,! who obtained the skin-friction from measure- 
ments in the wake; the results were larger than those of theory. 

The resistance of a flat plate has been obtained by FageJ by 
measurements in the wake in an open jet tunnel; he too finds values 
which are larger than those calculated. 

It may be remarked that considerable fluctuations in the velocity 
in the ‘laminar’ portion of the boundary layer along a flat plate have 
been observed.|| These fluctuations are dye to fluctuations in the 
main flow. The fluctuating components of the velocities are un- 
correlated, and so do not give rise to any transfer of momentum or 
‘apparent stresses’. The fluctuations are of amplitude several times 
the amplitude in the main stream, but are much slower. 

A limit can be set to the permissible height of roughnesses in order 
that they may not materially affect the flow. From equations (44) 
and (46) of Chapter IV 



where a = 1-32824, q — ~V> 

so that at the tip of a projection of height e, 

. a u\ e 

Ue ~ I 

to the first order. Thus 




where R x — % x/v. 

Using the same estimates of the critical value (R c ) of R as in § 142, 
namely R c — 5 0 for rounded roughnesses and 30 for sharp ones, we see 

that we require R*(e/z ) 2 < 200/a == 150 

e/x < 12-2(12*)-* 


or 


for the former, and 


or 


RUe/x)* < 120/a = 90 
ejx < 9-5(-jR a )-* 


AM.C. Reports and Memoranda, No. 1004 (1926). 
t A. R.O. Reports and M emoranda, No. 1580 (1934), pp. 1-7. _ 

II Dryden, Proc. Fourth Internal. Congress for Applied Mechanics, Cambridge, W* 
(Cambridge, 1936), p. 176; Journal of the Washington Academy of Sciences, 25 (I9d&). 
106; N.A.C.A. Report No. 662 (1936). 
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for the latter, if the effect of the roughness is to be inappreciable. It 
is evident that a given size of roughness is more likely to have a 
disturbing effect near the leading edge than elsewhere. 

In terms of U T the condition is eU T /v < Vi? c , exactly as for pipes 
and channels (§ 142). 

SECTION II 

THE TRANSITION FROM LAMINAR TO TURBULENT FLOW 
146. The transition to turbulence in smooth pipes and 

channels. 

The phenomena in a pipe or channel are closely associated with the 
entry conditions. With disturbed conditions at entiy the disturbances 
die out after a certain length if R is small enough. As I? is increased a 
critical value R alt is reached such that for R > R„ it the disturbances 
are no longer damped out and the flow in the pipe is turbulent. There 
is a minim um value of i2 crlt such that for R less than this minimum 
value all disturbances, however great, are damped out sufficiently 
far downstream. This minimum value of Rcm. is determined experi- 
mentally by imposing very disturbed conditions at entry: the values 
obtained by various experimenters are shown in the following tables 
for straight and for curved pipes. 


Straight Pipes 


Rent 

Shape ofi cross-section \ 

Experimenter 

Method 

2000 

Smooth circular 

Reynolds! 

pressure drop and flux (water) 

2100 

tt tt 

RuckeaJ 

tt tt tt tt (®* r ) 

2100 

ft tt | 


„ „ „ „ (air and 



Stanton and 

water) 

2000 

tt tt 

Pannelj| 

u„ Jurux nr >d aUn^Jv (air and 


) 


water) 

1900 

tt tt 

Barnes and 

axial temperature (with pipe 



Cokerjt 

surrounded by jacket) and 




flux (water) 

2800 

Rectangular pipe : ratio 

White and 

resistance and flux (water) 


of sides 104:1-165:1 

DaviesfJ 


2100 

Square 

Schiller||]| 

tt tt tt tt 

1600 

Rectangular pipe : ratio 


tt tt It tt 


of sides 2-83:1 

Schiller!||| 


24OO 

Annular pipe: ratio of 




radii 0-818:1 

Fagefft 

pressure and flux (water) 


f Phil. Trans. 174 (1883), 935-982; Scientific Papers, 2, 51-105. 

% Ann. d. Phys. (4), 25 (1908), 983-1021. 

II Phil. Trans. A, 214 (1914), 199-224. 

tt Proc. Boy. Soc. A, 74 (1905), 341-356. %% Ibid. 119 ( 1928 ), 92 - 107 . 

HI) Zeilschr.fi. angtw. Math. u. Mech. 3 (1923), 2-13. 
f ft Proc. Roy. Soc. A, 165 (1938), 520-525. 
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The two quantities mentioned in the last column were in each 
instance plotted against each other, and a sudden change in the 
relationship was taken to indicate the onset of turbulence. The 
resistance was obtained, in those methods where it was used, from 
pressure measurements; there is therefore effectively no difference 
between the two methods. The experimental fluid is mentioned in 
brackets. 

Curved Pipes of Circular Cross-Section 


Hcrlt 

a/L 

Experimenter 

Method 

759°t 

0-066 

White} 

Curves of y c /y s plotted against K (see 

6 o 20 *f* 

0'02O 

White} 

PP- 3i3> 3I4)- Point where particular 

5620 

0*020 

Adler|l 

curve leaves universal one taken to 

473° 

3980 

2270 "! 

O'OIO 

0*005 

0*00049 

Adler]] 

Adlerjj 

White} 

indicate onset of turbulence. 


White ( loc . cit.) remarks that turbulence arises, in all his experi- 
ments, when y c = 0'0090. It is rather difficult to take values 
accurately from Adler’s graph; it appears that, in the order given in 
the table, his results give y c = 0-0095, 0-0090, 0-0084. The differ- 
ence between 0-0090 and the first and last of these results is probably 
greater than the error in estimating values from the graphs. Even 
so, y c = 0-0090 gives a rough idea of the value of Jt CTit . 

147. The effect of roughness on the critical Reynolds number. 

If the disturbances produced by the roughnesses are less than those 
introduced in the entry, roughness may be expected to have no 
effect on A! crit : if they are bigger, roughness will certainly affect 
J2 orit . No systematic effects of roughness on the minimum value of 
JR cvlt are apparent from experimental data available, and no great 
differences between the minimum values of i? crit for smooth and 
rough pipes have been obtained. 

148. The entry length. Experimental results for smooth entry 

conditions in straight pipes. 

In determining the values of B ciit experimentally a sufficient entry 
length must be allowed in order to determine whether an initial 
disturbance will increase or be damped out. This length depends 

t These figures are given by Taylor { Proc . Roy. Soc. A, 124 (1929), 243-249), who 
took them from White’s results. He also confirmed these values of R cM by means 
of colour threads. 

| Loc. cit. ante (p. 314). II Loc. cit. ante (p. 314). 
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largely on the nature of the disturbances. Schiller found that a 
length of 130 diameters was sufficient, whereas one of 65 diameters 
was not. For flow in a channel (a rectangular pipe of large breadth/ 
depth ratio) Davies and White j found that 54 times the depth was 
a sufficient entry length. 

As the disturbances at entry decrease, fJ crlt increases. (There does 
not seem to be any evidence concerning a possible systematic de- 
pendence of i? crit on the form of the disturbances.) Reynolds believed 



that an upper critical number exists for flow in pipes such that for 
greater numbers the flow is necessarily turbulent: experimentally, 
using a colour thread, he found a value 6,000 for such a number. 
The available evidence seems to show, however, that R crit could be 
increased indefinitely if the disturbances present could be decreased 
indefinitely. Barnes and Coker ( loo . cit.) obtained laminar flow at 
a Reynolds number greater than 2 X 10 4 , and Schiller]) reached about 
the same value: Ekman,t| using Reynolds’s original apparatus, 
obtained laminar flow in one case at a Reynolds number as high as 
5 x 10 4 . Taylor, in some unpublished experiments with a very long 
inlet, found that laminar flow was possible up to a Reynolds number 
of 3-2 xlO 4 , and also showed that when the pipe was bent by an 
amount nearly equal to the diameter, the flow still remained laminar. 
Moreover, a filament line (shown — * — * — in Fig. 89) appeared 
nearly straight. 

t Zeilschr.f. angew. Math. u. Mech. 1 (1921), 435-444. 
f Proc. Roy. Soc. A, 119 (1928), 99. 
tt Ark.}, mat., astr. och.fys. 6 (1910), No. 12. 

3837,8 m 4 


1] Op. cit., p. 442. 
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149. The instability of laminar flow in curved channels. 

The theoretical and experimental results obtained by Taylor for 
the stability of the flow between two rotating cylinders were de- 
scribed in Chap. V, §75 (pp. 196, 197). f Taylor’s experimental work 
was confined to water and glass surfaces; Lewis J has covered a larger 
range by using xylene, nitrobenzene, and a mixture of the two as 
experimental fluids and by using a lead or silver inner surface 
together with a glass outer tube. 

We discussed steady laminar flow in a curved channel on pp. 315, 
310: Dean || has mado calculations concerning its stability, assuming 
infinitesimal disturbances symmetrical about the common axis and 
periodic along it. If 27/ and a denote respectively the distance be- 
tween the walls and the radius of the inner wall, as before, then 
Dean found for small values of hja a critical Reynolds number 
given by 2W m hjv — 25‘45(a/7/)k For greater Reynolds numbers the 
system is unstable, the instability first manifesting itself for a dis- 
turbance with a particular wave-length in the direction parallel to 
the axis. 

The type of disturbance for which instability is produced in this 
problem does not produce instability in flow through a straight 
channel. It is evident, therefore, that curvature has a marked effect 
on the stability of steady flow.tf This result is borne out by experi- 
ments on flow in straight and curved pipes. When turbulence appears 
in straight pipes there is a sudden increase in the loss of head, which 
is not observed in curved pipes. A possible explanation is that 
curved flow becomes unstable for infinitesimal disturbances, whereas 
straight flow becomes unstable for finite disturbances only. 

The stability of the flow due to a pressure gradient parallel to their 
common axis between two rotating cylinders has been investigated 
theoreticallyjf and cxperimentally.|||| If the radii of the cylinders 
are a, a-\-2h and their angular velocities D. v £L, "'here DJO-, = a, then 
for small values of hja stability depends, for a given value of the 
Reynolds number E of the flow parallel to the axis, on the value of 

n . r+2/i) 2 

(i +a ) 


+ For furtlior information ooncorning ciiticnl speeds for flow between rotating 
cylinders seo also pp. 388-300. t Proc. Roy. Soc. A, 117 ( 1028 ), 388-4°/- 

|| Ibid. 121 (1028), 402-420. tt Cf. also pp. 388-300. 

it Goldstein, Proc. Camb. Phil. Soc. 33 (1037), 41-01. 

HU Cornish, Proc. Roy. Soc. A, 140 (1033), 227-210; V age, ibid. 165 (1938), 513-oln 
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If a is not nearly equal to unity, this reduces approximately for small 
values of hja to (1-^)0 \Wa 


The theoretical numerical results have been evaluated for the outer 
cylinder at rest and for small values of R : for R — 0 they agree with 
Taylor’s result. The experiments also were performed with the outer 
cylinder at rest. Apart from a rapid fall in the calculated value of 
the critical rotational speed Q c near the highest value of R at which 
calculations were made (which was probably due to too drastic 
mathematical approximations), the calculated results are consistent 
with the results of Fage’s experiments. These experiments show a 
continual increase in with increasing R. The value of fl c was found 
by measurements of the pressure drop down a test length, and the 
results of these measurements, at each fixed value of R, show that 
as n x is increased beyond Q c the difference of the pressure drop from 
its theoretical value for laminar flow is at first very small and in- 
creases very slowly, arid that this stage is followed by a much more 
rapid increase at higher speeds. 

150. Phenomena associated with a disturbed entry. Schiller’s 

theory of the transition to turbulence in straight pipes and 

channels. 

The form of the disturbances associated with the transition from 
laminar to turbulent flow in a straight pipe of circular cross-section 
with various types of entry has been examined experimentally^ by 
introducing a coloured indicator. Three distinct types of flow were 
observed. 

(i) For the smallest Reynolds numbers, even though the flow 
before entering the pipe is disturbed, the flow in the pipe is smooth 
and the colour thread straight right from the entry. For a straight 
circular pipe with a sharp entry Naumann gives R — 280 as the 
Reynolds number at which this regime breaks down when the water 
from the reservoir is very disturbed. 

(ii) At higher Reynolds numbers the colour filament assumes a 
wave-like form in what is roughly the inlet length as calculated by 
Schiller (see p. 301), but becomes rectilinear farther downstream. 

t Schiller, Proc. 3rd Internal. Congress for Applied Mechanics, Stockholm, 1930, 
1, 226—233; Zeitschr. f. an new. Math . u. Mech. 14 (1934), 36—42; Naumann, Forsch, 
Ingwes. 2 (1931), 85-98; Kuraweg, Ann. d. Phys. 18 (1633), 193-216. 

3837.8 Tt2 
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Apparently a vortex-Bheet, arising from the edge of the entry to the 
pipe, encloses with the wall a dead water region. It seems probable 
that this vortex-sheet is unstable for sufficiently high speeds and 
that the wave-like form is due to this instability. When the colour 
filament is moved towards the centre of the pipe the point at which 
waves begin moves continuously farther from the entry. 

With increasing velocity the amplitudes of the waves increase. 
Finally, with still further increase of velocity, the vortex-sheet rolls 
up periodically and discrete eddies are formed. The disturbances still 
die away downstream and the flow is laminar sufficiently far from 
the entry. This type of flow continues for a sharp entry until R is 
between 1,600 and 1,700. The greater the value of R in the range 
280-1,600 the greater the distance the disturbances travel before 
being damped out: this distance is always roughly the same as the 
inlet length found by Schiller. 

(iii) When R is between 1,600 and 1,700 a second critical stage is 
reached. The vortex-sheet rolls up into a single large stationary 
cylindrical eddy which extends from the pipe entry to a distance L 
downstream and is of thickness d (L^> d). At a distance of about 



Fig. 90. 


from the entry this elongated eddy exhibits a gradually increasing 
constriction which leads finally to the separation of a disturbance 
eddy passing off downstream. This casting off occurs periodically. 
The distance between consecutive eddies is much greater than in 
stage (ii). 

With the formation of this elongated eddy damping-out of the 
initial disturbances no longer occurs and the flow is wholly turbulent. 

Similar results were found for a circular pipe with an annular 
cover — i.e. a plane annulus placed over the entry, effectively re- 
ducing the diameter there — ‘and also with a semicircular cover. 

In the neighbourhood of the critical Reynolds number, Schiller 
and Naumann observed (as did Reynolds) that the laminar flow was 
occasionally interrupted for a short distance by a vigorous eddying 
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motion. Reynolds called such regions of turbulence ‘flashes’, but no 
explanation of them has yet been given. 

Naumannf has discussed two-dimensional flow in a straight chan- 
nel, and finds results of the same kind as for a pipe. White and 
Davies, independently of Schiller, discovered by means of pressure 
measurements the existence of the three separate regimes (i), (ii), 
and (iii) for a rectangular channel of great breadth/depth ratio. J 
They also found 280 as the Reynolds number at which the first 
regime breaks down. 

In a circular pipe with a sharp entry the vorticity £ in the dis- 
turbance is about circles round the axis of the pipe. The circulation 
F per unit length in the disturbance is defined as J £ dS, the integral 
being taken over the area enclosed by the rectangular circuit which 
is formed by a line of unit length along the axis, two parallel radii 
at its ends, and the intercept they make on the pipe wall. Schiller 
and Kurzweg suggest that turbulence sets in when 

aT = l,170v, 

where a is the radius of the pipe.|J Naumannf obtained analogous 
results for flow in a channel. 

151. The transition to turbulence in flow along a flat plate. 

For sufficiently high velocities or sufficiently long plates laminar 
flow in the boundary layer near the leading edge of a plate at zero 
incidence is followed by a transition to turbulence farther down- 
stream. The flow does not become a fully developed turbulent flow 
immediately it ceases to follow the laws of laminar flow: there is a 
finite transition region. The shearing stress at the plate decreases 
with increasing distance downstream both in the laminar and in the 
fully developed turbulent regions; in the transition region, however, 
the shearing stress at the upstream end is considerably less than that 
at the downstream end. General statements concerning the length 
of the transition region, or any of the average conditions within it, 
cannot yet be made with confidence. Burgers and van der Hegge 
Zijnenff have investigated the conditions experimentally, and Rig. 91 

t For sell. Ingwes. 6 (1935), 139-145. 

j Proc. Roy. Soc. A, 119 (1928), 92-107. 

|| Hahnemann ( Forsch . Ingwes. 8 (1937), 226-237) has verified this criterion for 
sufficiently small disturbances at entry, such that U CT j t is greater than 3,200. When 
the entry disturbances are increased, so that Drft falls from 3,200 to the lower critical 
value 2,320, (aV/v)^ rises considerably. 

tt Proc. 1st Internal. Congress for Applied. Mechanics, Delft, 1924, pp. 113-128. 
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gives their measured values of the velocity gradient or at the surface 
of a glass plate in the transition region, plotted against the distance 
2; from the leading edge for various values of L\, the stream velocity 
outside the boundary layer. 

Dimensional considerations suggest- that in any particular experi- 


«(I)=400 cm./sec. aU^ 1200 cn./sec. 

• Uj=SOO, etl, = 1600 

• U,= S00 2 *» SC Uj =2400 •• 



X cm. 


Fig. 91. 


ment the transition region starts when R x (= U x xjv) reaches a certain 
value dependent on the turbulence in the main stream. Since R, 
and (= EZjS/v, where 8 is the thickness of the boundary layer) 
are related, any particular value of B x corresponds to a particular 
value of i? 5 . The values found experimentally for fix -I- the value of 
R x at the commencement of the transition region, vary between 
9 x 10 4 and 1*1 X 10 6 ;f the corresponding range for i? 5r is about 1,650 

t Dryden ( Jcntm . Aero. Science/, 1 (1934), 71, 72; P roc. 4th Internal. Congress for 
Applied. Mechanics, Cambridge, 1934, p. 175: XA.C.A. Report Xo. 562 (1936), p. 21) 
has reported that as a result of experiments in the Bureau of Standards tunnel he 
found that R zT = 1-1 X 10* for u/t/, = 0-005 (free tunnel) and i?- r = 10* for 
u fU x = 0-03 (str eam behind vrire screen of 1-in. mesh), u denotes the root-mean- 
gquare of the turbulent velocity component in the direction of the ma i n stream. The 
corresponding values of U x Sj/r were 1,700 and 560, where o, denotes the displace- 
ment thickness (Chap. IV, eqn. (15), p. 123). See p. 330 for recent results. 
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to 5,750. There is no evidence that these numbers are upper and 
lower limits to R xT or or that such limits exist. 

Small pressure gradients in the air-stream greatly affect the value 
of U x xjv at transition, an accelerating gradient delaying the transi- 
tion.! The value of QSJv is, however, less sensitive. (S x denotes 
the displacement thickness: see Chap. IV, equation (15), p. 123.) 

Prandtlf observes that the point where transition starts oscillates 
with time. Cathode ray oscillograph records|| of the fluctuations of 
the velocity component parallel to the stream show that transition 
is actually a sudden phenomenon, with an intermittent change from 
laminar to eddying flow in the transition region, eddying flow 
occurring at infrequent intervals and for only a Bhort fraction of the 
time near the beginning of the region and at more and more frequent 
intervals and for an increasing fraction of the time as the downstream 
end of the region is approached. Near the downstream end there are 
only short, infrequent occurrences of flow of the type in the laminar 
portion of the boundary layer (with slow, uncorrelated fluctuations: 
see p. 318). 

If transition is controlled by variations in the pressure gradient due 
to turbulence in the main stream, then fluctuations in the pressure 
distribution will cause fluctuations in transition; but turbulence will 
occur more frequently the thicker the boundary layer and so the 
farther downstream the section we are considering, until, sufficiently 
far downstream, it will be practically permanent. A satisfactory 
definition of a point of transition can, then, be given only on a 
statistical basis. The ideas described below furnish a beginning in 
this direction. 

We have remarked that the value of U x xjv or U l 8 jv at the com- 
mencement of the transition region depends on the turbulence in 
the main stream. It appears, however, that the value of XJ^jv at 
transition is not a function of uJXJ l only (where u is the root-mean- 
square of the turbulent velocity component in the direction of the 
main stream) but depends also on the scale of the turbulence- 
producing mechanism. G. I. Taylorff seeks to find the correct func- 
tional relation by associating the two suggestions that the disturbance 
necessary to produce turbulence is a function of t^S/v and that 

t Dryden, loc. cit. 

X Aerodynamic Theory (edited by Durand), 3 (Berlin, 1935), 152. 

|| Dryden, Journal of the Washington Academy of Sciences, 25 (1935), 105-107 ; 
N.A.G.A. Report No. 562 (1936). -ft ? roc - Roy. Soc. A, 156 (1936), 307-310. 
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transition is controlled by variations in the pressure gradient due to 
turbulence in the main stream. If dujdx is the root-mean-square of 
the ^-derivative of the turbulent velocity component along the plate, 
dp/dx the root-mean-square of the ^-derivative of the turbulent 
variation in static pressure, Taylor argues that, with isotropic tur- 
bulence, dpjdx is of the same order of magnitude as pu dujdx , and 
puts these two expressions proportional to one another.f From 
Chap. V, § 91, equations (76), (79) and (80), we see that dujdx is ujX; 
and if M is a characteristic length of the turbulence-producing 
mechanism, then (Chap. V, § 92, equation (84)) A is proportional to 
for sufficiently large values of Mujv. Hence 


^ = constant pu^M-iv-*. 


(57) 


Now in the Karman-Pohlhausen approximate method of consider- 
ing flow in a laminar boundary layer (Chap. IV, §60), the velocity 
distribution at any section depends only on the parameter 


A = 


8 2 dp 
pvUi fix’ 


(58) 


where .{Tj is the velocity in the main stream just outside the boundary 
layer, and dpjdx is the pressure gradient. This result (which rests on 
approximations of a rather drastic nature) makes the velocity dis- 
tribution depend only on the pressure gradient at the section con- 
sidered and not on the state of affairs upstream (except in so far as 
this affects 8): it seems reasonable to suppose that for fluctuating 
pressure gradients the result may still be applied with the same 
degree of approximation as before, and that the velocity distribution 
depends on A+A', where 

A '=-* d ±. (59) 

pvUi dx 

For a flat plate A = 0, and 8 2 is proportional to vxjU v Hence 


A' = conatant^jS)^) 1 . (60) 

If it is supposed that the critical value of A' necessary to produce 
turbulence is a function of BUJv or xUjv, it follows that xUJv at the 
point of transition to turbulence is a function of (ujUJixjM)*. 
Owing to its complexity, we cannot formulate a mathematical 
f See Proc. Boy. Soc. A, 151 (1935), 476, 477; Proc. Camb. Phil. Soc. 32 (1936), 
382-384. 
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theory of the flow in the transition region. In problems where it 
is necessary to consider a boundary layer containing both laminar 
and turbulent portions it is customary to neglect the length of the 
transition region. The point where, for mathematical purposes, the 
instantaneous transition is imagined to take place (say x = X) will 
presumably lie within the actual transition region. Suppose now 
that the actual flow is fully turbulent for x ^ L: the problem arises 
as to how X and the conditions at x = X may be determined in 
order that calculated and observed values of the velocity and of the 
wall friction may agree for x ^ L. We assume that X is determined 
by a condition Qx/v = C, where C depends on the turbulence in the 
main flow. The equation of momentum may be wiittenf 


d& _ r 0 
dx pUl’ 


(61) 


where r 0 is the wall friction and & the ‘momentum thickness’ (Chap. 
IV, eqn. (37)). Por an instantaneous transition # is therefore con- 
tinuous at x — X. If we take the flow as laminar on one side of a 
sudden transition, and as the completely developed turbulent flow 
on the other side, then if we calculate t? in terms of the boundary 
layer thickness 8 for the laminar flow by the Karman-Pohlhausen 
approximate theory (Chap. IV, § 60) and for the turbulent flow by 
means of formulae given in Chap. VIII, § 163, we find that making 
# continuous implies a fairly small discontinuity in 8. On the other 
hand, it implies a very large increase in r 0 — a much larger increase 
than is usually observed between the beginning and the end of 
the transition region. It may be possible, then, to obtain better 
agreement with observed values, especially for the wall friction, by 
making a different ad hoc assumption at a point where transition 
is assumed to take place. Prandtl’s assumption, J that for x ^ X 
the turbulent layer behaves as though it had been turbulent right 
from the leading edge, implies a considerably greater discontinuity 
in 8 and consequently a much smaller discontinuity in r 0 than making 
& continuous; and if X is taken as the abscissa of the point where 
file flow ceases to be laminar this assumption seems to give fairly 
good agreement with experiment in the fully developed turbulent 
region. When some assumption is required we shall then, for flow 
along a flat plate, use Prandtl’s condition. 


f Chap. TV, equation (38), p. 133. 

t Ergebnisse der Aerodynamiechen VerauchsansiaU zu QCltingen, 3 (1927), 1-5. 
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